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Self-diffusion coefficients of a binary fluid mixture with components differing only in their particle masses are
studied, in particular the case when mass ratio . of light and heavy particles tends to zero. These coefficients
were calculated within the memory function formalism, using the systematic subsequence of approximations
for the relaxation times of velocity autocorrelation function. We obtained a general relation for the self-diffusion
coefficients which show polynomial dependence on the mass ratio . The obtained expression has a correct
Brownian limit. We developed the hierarchy of approximations for the self-diffusion coefficients that tends to
an exact result from above and below when the order of approximations increases.
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1. Introduction

Binary fluids with strong asymmetry in masses, sizes or charges of particles, forming a mixture
present a good example of the system with complicated multiscale dynamics and have been the
subject of numerous studies during the last years [1-14]. As a result of asymmetry, special features
of such mixtures are revealed: fast sound, anomalous diffusion, dynamic arrest and cage effect,
crossover to Brownian limit, etc. Some of these features can be already observed by the behaviour
of self-diffusion. In particular, it was found [7] that

e (2.

(ml) m2

where D(ms2) and D(mq) are the self-diffusion coefficients of heavy and light particles respectively,
mso and my are masses. The coefficient x was evaluated in various approaches which provide
substantially different results.

For example, in the kinetic theory of gasses this coefficient is equal to 1/2. However, molecular
dynamics (MD) simulations have shown that in the condensed state the ratio of self-diffusion
coefficients varies more weakly with mass ratio. For equimolar systems, the change of the mass of
one species has nearly the same effect on the self-diffusion coefficient of both species [1]. Of course,
there is some difference in mass-dependence in favor of the species whose mass is changing.

Extensive MD simulations for equimolar mixtures of Lennard-Jones (LJ) isotopes [7] showed
that x varies from 0.06 to 0.1. However, computations for much wider ranges of mass ratio yu =
m1/me and ratio of light (N7) and heavy (N3) particle numbers showed that relation (1) is too
raw. In particular, the results for mass ratios changing from 1 to 0.02 for LJ and Weeks-Chandler-
Anderson (WCA) fluids [1], state that the self-diffusion coefficient of the Brownian particle with
mass ratio less than 0.04 reaches a thermodynamic limit depending neither on its mass nor on the
number of light particles. The same qualitative behaviour was obtained in a range of other works
(see for example [2,3,5] and references therein).

*Dedicated to the 100th birthday of Prof. M.M. Bogolyubov.
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A number of researches provided by Tankeshwar et al. [8-10] showed that in case of a tracer
diffusion (N = 1) a relation takes place

D(mg) - /1+m1/m2

Still, this result is not precise enough because of a range of approximations. The most crude of them
are: (i) the Kirkwood superposition approximation used in describing the three-body contribution
to the fourth-order sum rules and (ii) unreasonable neglecting of some terms in the expression
for the self-diffusion coefficient. These lead to a simple relation (2), which is the same for Mori
approximations of the second and the third order (see definition in the next section). This means
that the result cannot be improved by using higher-order approximations and hence it remains not
close enough to the exact solution.

The goal of our work is to study analytically the mass dependence of the self-diffusion coefficient.
We avoid using any approximations or perform any MD calculations until this is necessary. The
case of Brownian regime and mechanism of changing & from 0.5 to 0 in equation (1) is of particular
interest to us.

The paper is organized as follows. In the next section we provide theoretical background for
the approximation scheme we use. Then, we give the main points in derivation of mass dependence
of the self-diffusion coefficients, and subsequently we present an analysis of the obtained results.
Finally, we end with a conclusion and a short outlook.

2. Theoretical background
2.1. Mori memory function formalism
The general Green-Kubo relation [16] for the self-diffusion coefficient D; is given as

_ keT [
-0

D B(t)dt,

where kg and T are the Boltzmann constant and the temperature of the system, respectively; ¢ (¢)
are the normalized velocity autocorrelation functions (VACFs) defined as

00 = 50 (v (0)

Since the exact evaluation of VACFs is not yet available, they can be calculated directly in molec-
ular dynamics simulations. This way presents a popular and widely available approach to getting
desirable quantities for a wide range of input data. But still MD results obtained in that way do
not provide us with direct mass-dependence of self-diffusion coefficients. Subsequent approximation
models need to be used to describe the behaviour of self-diffusion. This causes additional distortion
of the real form of the dependence between the observed quantities. Also, MD results fall under
the finite-size effect [5,12,17], when in the limit of big mass of heavy particles finite-size correction
should be applied.

Another way of approximating the VACFs is to use the memory function formalism. Mori
showed [18] at microscopic level that 1)(t) satisfies the equation

L+ [ eate-nuiriar =o

where ¢1(t) is the first-order memory function, which in its turn satisfies the same equation with
©2(t) being its memory function and so on.
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An important property of the memory function equation is the continued fraction representation
for the Laplace transform of the VAC function:

~ 1 1 1
R0 B e
Z+ Pnt1(2)
and r
7 =" =1, 2,...
(JOTL(Z) Z+§5n+1(z)7 n b bl bl

where T'y, = ¢,,(0) are initial values of the nth stage of the memory function ¢, (t) and are called
Mori coefficients. Such representation provides a guide for a systematic development of model
computations of the VAC functions.
With the help of the first-order memory function, the self-diffusion coefficient can now be
presented as follows
kgT 1

m 50) (4)

2.2. Mori coefficients and frequency sum rules
The first three Mori coefficients I'1-T's are [19]

I'1(0) = Un, (5)
ra(0) = 22 T, (6)
['3(0) = F?;Q — r[jIQ*Q (T'1 +Ty). (7)

Here

i=1
is the ensemble average of the IV particle contribution; vgn) denotes the nth time derivative of the
normalized velocities. Note that the coefficients Uy (m), Uz(m) and Us(m) are the second-, fourth-,
and sixth-frequency sum rules in the short time expansion of the VAC function

12 4 16
1/)(15):17U15+UQE*U3@+"'~ (8)

2.3. Phenomenological forms of the memory function

A number of phenomenological forms of the memory function have been proposed [16]. The
most common of them is the Gaussian model which in general can be written as

on(t) = aexp[—b*t?/2].

The parameters a and b can be determined by requiring that the first two coefficients in the
expansion of the above equation and that of the exact memory function (8) are the same. In
particular, in studies [1,9,13] n = 2, a = I'; and b = y/T'3; and in the study [10] n = 3, a = I'y and
b= Ts.

Since according to the Bogolyubov’s hypothesis of relaxation time hierarchy [15] the higher
order memory functions ¢, in continued fraction representation (3) are expected to converge, we
assume that for some s, there takes place the equality

Ps+1(0) = Aps(0), 9)
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where A is a fitting parameter. Substituting equation (9) into a continued fraction representation
(3) we obtain a range of approximations for ¢;(0) which in general can be written as follows

T
r U even,
<H 20— 1) . \/_)\ (10)
AL,
=1 Lo if n is odd.
V Fn+1

As can be seen, representation (10) coincides with the Gaussian form for n = 2 and n = 3 when
A=m/2.

3. Expressions for the self-diffusion coefficient

3.1. Frequency sum rules

We consider a two-component mixture consisting of N = N; + Ny particles, where Nj is
a number of light particles of mass my, and N, is a number of heavy particles of mass mo.
Coefficient u = (mi1/ms2) < 1 denotes the mass ratio of light and heavy particles. We assume
that the interaction potential depends only on the distance between particles and does not depend
on the sort of a particle. Hence, Uy (m1) can be found as

Unlmn) = 5 <;v”> ("> <[v§”>r>, (11)

where the 1st particle is assumed to be of mass mj. Also we consider the case of homogeneous
and isotropic fluids so that all the directions (x, y, z) are equivalent. Hence, instead of calculating
([v{12), we calculate ([v\™]2).

In the present work we derive expressions for Uy, Uz and Us in which explicit mass-dependence
is drawn out. For this purpose, we present time derivatives of the normalized velocities via potential
derivatives.

Assume that the particle with index 1 is a light particle. Then its velocity derivatives can be
found as

. _ 1 aUlj
Uiz - my ]2 87"193 )
N N
. 1 aQUlj . . 1 aQUlj
Vg = T j; m(ma —Tja) = T ; m(vla — Vja)
Ny N ) ,
o 1 0 Ulj 1 O Ul] 1 ) Uy
my ; 10710 ) Z EISE p— Z OO Via
L 3 MU
1 £ Or1,0r1a ko
N N ,
(3) Uy o L Uy,
Vg = 21 91201100115 (Via = vja)(v1g — v;8) p— j; EIC (V1 — Vja)
N
1 o0,
Via — Via )V — v
21 67‘1187“1@87“15( 1 ja) (V15 i6)
N N
1 8 Ul] aUll 1 anl
: 12
_]z; 87"19;87”1& < =1 arla ; 87’]'& ( )
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After substituting (12) in the expression (11) we obtain

@3, 1 il oU,; 0Uy,
Ul(ml) - (’U2 > - k’BTml jlz_l 87"1;3 87‘1;5 .

Another way of deriving the expression for Uy (m;) is to shift the time derivative in (9%,) from the
first to the second multiplier and to cancel all the terms which give zero on average, i. e. the terms

like (A(r)viqu;g) for ice # jB:

9 . N
<Ulz> (UIICULL 1 < 0? Ul] >
Ui(m = = — 'U a 7 Vja)Vix
1( 1) <U%z> <U1m> kBszzl a’rlxarla 1 J ) 1
N N
1 RT ¥ 1 92Uy
= — - 1
kBT;< ar%x > my ;< or?, > (13)

Expressions for Uz(m;) and Us(m;) are obtained in the same way and they read
N N
1 L 02U, ; 62U1l L 0%U1; |2
U — J J
2(ma) m?2 Lz:: <8r1z8r1a Or1207m14 > + Jz:; <(8ru8r1a) >

N:
- 82U1k a2[]1771
* z;l <87"1x37’1a 3r118r1a> +

k,m
N N
1 2 82 (]'1 . 82 Ulk 1 2 82 Ulk )
2 J 14
N =1 k=1 <arlxar1a arlxarla >:| + mimso ];1 <(67"1x8’r1a) > ’ ( )

1 Ny 83U1 i 83U11 M 63U1 1 2
= — |6ksT § ’ kT G T T
Us(ma) m? Okp <6r1x8r1a6r15 67‘1x8r1a8r15> 0k ; (67“1x57“1a67°16)

N; N.
L 93Uy ; O3U1x
8kpT J
* B Z Z <8r1x8r1aar1g arlxarlaarm >

j=1k=1
N. . N
: 83U1k 83U1 1 83U1'
kT = —4 gy
+ 3 B Z <8’r1x67“1a67“13 arlxarlaarlﬁ > Z <8’r1x6r%a 81(m1)>
k,m=1 =
N .
: P3Uyy, 1 )
-2 = Ik
; <67‘1x8rfa Sl(m1)> + . <51(m1)>]
N : N .
B P RALTIRLT: L[ U B
4ksgT J 2knT m
{ B jz:l kzjl <8rm67‘%a 67‘1167“%[5 + 2kp 21 01202, arllﬁrfﬁ

N2 Nl
DUy Uy,
" 4kBTz_: < (arlxarmarm) > i Z <8r1x87’1a (m1)>

NE< Tk (s () - sa(m) = o sa(m)sa(m))|

P 87"11,87'1&
N N. 2
1 : BUy,  3Uim 2 O3U1g
kT 2kpT —_—

+ myms3 [ B k%; <8r1x8r%a Ir1,013 5 e ; (87’19587"1&87"15)

& ) PU 1

2 1k /2 1

i Z <6m8r1a 2(m 1)> T kT <52(m1)>]’ (15)
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where
N N1 N.
o L 82U1j 8U11 anl = 2 82U1j 8U1k ank
Sl(ml) o jlz_ 87‘1;867“10( <6r1a B 67“]‘@) + ;];1 87‘1;867“10( <6r1a B 67“]‘@)

82U1k aUlj aE aQUlk aUlm
+ Z ; arlzarla arla Z arlzarla arla

ZZ 82U1k aUkJ %2: 62U1k aUkm
1 87"19587'1& aTka 8r118r1a aTka

j=1 k=

S92 (ml)

Expressions for Uy (msg), Ua(ms) and Us(mg) can be obtained from expressions (13)—(15) by
interchanging mi; by mo and sums over N7 by sums over No.
In general, frequency sum rules can be presented as

U =—A 16
1(ma) A (16)
Uy(ma) = 4 (17)
me) = —
1 2 Mo 1,
Us(mi) = —=B, + ——B (18)
M) = m32 Y mame 2
Us(ms) = —= B, + B (19)
2Am2 m3 Y mame 2
Us(mq) ! Cy + ! Cy + ! C (20)
s 3 ! 2ms 2 mym3 8
Us(ms) = G + ——Co+ ——C (21)
s m3 ' mym?2 2 m2ma 8
where coefficients A, ..., 6’3 depend on the ensemble average of the partial derivatives of the

interaction potential and do not depend on the masses of particles.

3.2. Mori coefficients

Now the Mori coefficients can be found according to relations (5)—(7):

Ti(my) =Ui(my) = milAl’ (22)

Ly (ma) = = Ay = = pudy = Ly (), (23)

Ta(ma) = m%BlAlA% [1 s BEA%] . [1 s Kl}’ @
To(ms) = m%% [1 + (j§1 NQAI)] = —K, [1 +uK1} (25)
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For the next coefficients I's(m;) and I's(ms) we assume that p is small enough so we can use
Taylor expansion to simplify the coefficients and to present them in the form of polynomial:

A102 — 2B1B2 n 2A103 — B%

1
Fymy) — L A= B A TMAac B 1 AG-
3(ma my Ay (B — A?) L By T my Ay (B — A?)
B, — A2
o 14 (ArC2=2BiBy B,
M\Taci—-B2 B - A2
2 AC3—B3 B (A102 —2B1B; B, )
AC,—B2 B, —A2\ AC, - B2 A2
1
= —Lo [1+uLl+u2L2}, (26)
mi
1 A,Cs — B2 ACy —2BiBy B — A2
Is(mg) =~ —#[1—&—“( L et 1)—|—
m1 AlBg A103 — B2 BQ
+MQ(A151 — B} Bi-A} AC,-2BB, B —Af)ﬂ
A103 - B% BQ A103 - B2 Bg
1 ~ ~ ~
= —L() |:]. +[},L1 +HJ2L2:| . (27)
mi

3.3. Self-diffusion coefficients

The first three approximations for the self-diffusion coefficients follow from equations (4) and
(10) using expressions for I';, obtained in the previous subsection. Expressions for the first approx-
imation are

kT 1 1 ksTVA
D(ml):B\/_ BTV

VA VA
Dimy) = \/71,7’“% (29)

Now the ratio of these coefficients is equal to

(28)

D(my) _ [may
Dy~ Vs (30)

As can be seen, it coincides with the kinetic theory results, but does not give good mass-dependence
in the Brownian limit. Correct qualitative behaviour is obtained already in the second approxima-
tion:

kpT /Ko/ma[l + pKi] 1 ksTVK,

D) = = Vg, Lt K KT+ 00, (o)
ksTy/ K - . [
D(ms) =~ %%ﬁ[uéuméwﬂwm, (32)

D(my) Ko 1 K 3

Here we obtain polynomial mass-dependence for ¢ < 1 which vanishes in the limit g — 0:

K 0 B2
lim 34
n—0 D \/ Ko B, — A%’ (34)
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The third approximation does not change the qualitative behaviour of the expressions whereas
it refines the coefficients next to p™:

1 ksTVAK 1 5 1 3., 1 5
D(mi) = === L+ p(Ky = 5Ln) = p* (5L = gL+ 5LaKy) |+ O(17), (35)
1 kgTVAK 1~ 1~ 3~ 1+ ~
D(my) =~ m—iB 0 {1 + u(K — §L1) - M2(§L2 - gL% + §L1K1)] +0(?), (36)
1
A1/ Ly
lim D(my) _ & @ _ A1€1 —5%( B )3/2. -
n—0 D(ml) Ko Lo A1C3 — By By — A%

4. Results and discussion

In the previous section we have shown that for small mass ratio of light and heavy particles p
the self-diffusion coefficient can in general be presented in the form

kT i i i
Dmi) = == R (14 Bt B +--2), (38)

where RS ) are some coefficients which are expressed via static correlation functions and do not
depend on the masses.

We developed the hierarchy of approximations for Rﬁf ) that is expected to tend to an exact
result from above and below when the order of approximations increases. This prediction is based
on the qualitative behaviour of the results obtained by Tankeshwar and Sharma [10] and on the
work by Hachkevych and Mryglod [20] where the same approach is used to describe the generalized
hydrodynamics of a simple fluid in a wide range of wave vectors and frequencies. Also we plan to
test it in molecular dynamics.

As to the advantages of our representation, first of all, we remind that mass-dependence is
extracted from expressions for velocity correlation functions analytically. We do not guess the kind
of dependence from MD simulation results and do not use any interpolation techniques. No other
approximations except for the Taylor expansion are used within the memory function formalism.

Representation (38) provides a useful possibility to analyze the self-diffusion coefficients for a

wide range of mass ratios. Once the coefficients R for a particular interaction potential U (r)
were calculated (for instance, by means of MD simulations), they can be used to determine the
self-diffusion coefficients for a set of y changing from 0 to 1. Of course, for u close to 1 we cannot
use the Taylor expansion and intermediate expressions for T',, from equations (22)—(27) should be
used. But for smaller 4 we can estimate how many terms in equation (38) should be taken into
account to obtain the desired precision.

Moreover, since the coefficients Rﬁf ) do not contain masses in their definition, no finite-size
effect caused by different time scales for heavy and light particles has to be accounted for.

The obtained expression has a correct Brownian limit for the second and higher-order approx-
imations

(2)
im D(ms) = —RO . (39)
n=0 D(my) RV

Note that the coefficients Rél) and RéQ) contain only a subset of the whole variety of coefficients
Ay, .. Cs. Namely, for the second approximations these are A1, By and B, (see equation (34))
and for the third approximations this set is supplemented with C; and Cs (equation (37)). In other
words, in the Brownian limit only the coefficients in terms with the highest power of mfl (i. e. the
lowest power of m; ) in the expression for frequency sum rules (16)-(21) are significant.

An additional way of improving our approximations is to vary the parameter A in (9). The
value of A in a particular approximation which provides the less deviation from MD data (e. g.
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calculated using Green-Kubo relation or via the mean square displacement) should be picked out.
It can also be chosen as the initial estimate in other approximations.

5. Conclusion

In the present paper we have studied the mass dependence of the self-diffusion coefficient of
light and heavy particles of binary fluid mixture. In particular, we have investigated the case of
Brownian limit, i. e. when the mass of light particles is fixed and the mass of heavy particles tends
to infinity. We have used general Green-Kubo relation for the self-diffusion coefficient, and then the
memory function formalism to obtain recurrent relations for the velocity autocorrelation functions.
These functions were expressed via static correlation functions with the mass dependence being
separated.

We obtained a general relation for the self-diffusion coefficients which show polynomial depen-
dence on the mass ratio of light and heavy particles p. In the limit of u — 0 the self-diffusion
coefficients of light and heavy particles proved to be independent of the mass of heavy particles.
This is an important result since neither equation (1) nor equation (2) provide good limit for this
case. We developed the hierarchy of approximations for the self-diffusion coefficients that tends to
the exact result from above and below when the order of approximations increases.

There are several possible ways of extending the results presented here. First of all the results
are planned to be tested in molecular dynamics. Also we are interested in studying other transport
coefficients such as shear viscosity, thermal conductivity or mutual diffusion. In particular, shear
viscosity can be calculated directly from the Stokes-Einstein relation.
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3anexHicTb koediulieHTiB camoaudysii Big, macu y 6iHapHUX
MJINHax i3 CUIbHOIO MAaCOBOIO aCUMETPIEI0

[.M. Binac, |.M. Mpurnop,

IHCTUTYT di3ukun koHaeHcoBaHMx cnctem HAH Ykpainu, Byn. CeeHuiupkoro, 1, 79011 JlbBiB, YkpaiHa

OTpumaHo 24 yepsHs 2009 p., B ocTatodHOMY Bumsaai — 9 sepecHsa 2009 p.

JocnipxyoTbcs koediuieHTn camoandysii GiHapHMX MANHIB i3 KOMMOHEHTaMK, L0 BigpPi3HATLCS NnLLe
Macamu, 30KpeMa BMBHAETbLCSA BUMNAA0K, KOMW CMIBBIAHOLLEHHS MaC NIErkMX i BaXKNUX YaCTUHOK p NPSIMYE
0o Hynsi. Ui koediuieHTn pospaxoBaHi 3a gonomoro dopmaniamy GyHKLUIN nam’aTi 3 BUKOPUCTAHHAM
cUcTeMaTu4HoI NOCNiAOBHOCTI anpokCcUMaLin Ans YaciB penakcadii aBTokopensuiiHoi GyHKLIi WBK1aKOo-
ctenn. OTpMmaHo 3aranbHuii BUpas ansa koediuieHTis camoamdyasii, LWo AEMOHCTPYIOTb NoliHOMianbHy 3a-
JIEXHICTb BifL CNiBBiAHOLWEHHS Mac p. OTpMMaHuii BUpa3 Mae KOpekTHY OGPOYHIBCbKY rpaHuLio. Po3pobie-
HO iepapxilo anpokcumauin ans koediuieHTiB camoandysii, o npu 36iNbLIEHHI NOPSAKY anpokcrumMali
NPSIMYIOTb 4O TOYHOIO PO3B’A3KY 3BEPXY | 3HM3Y BiAMOBIAHO.

Knio4oBi cnoBa: camoangysis, macosa acumeTpis, 6iHapHi ¢oian, 6poyHiBCbKa rpaHuLs

PACS: 66.10.-x

656



