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The ferrimagnetic spin-1/2 chain composed of alternating Ising and Heisenberg spins in an arbitrarily oriented
magnetic field is exactly solved using the spin-rotation transformation and the transfer-matrix method. It is
shown that the low-temperature magnetization process depends basically on a spatial orientation of the mag-
netic field. A sharp stepwise magnetization curve with a marked intermediate plateau, which emerges for the
magnetic field applied along the easy-axis direction of the Ising spins, becomes smoother and the intermediate
plateau shrinks if the external field is tilted from the easy-axis direction. The magnetization curve of a polycrys-
talline system is also calculated by performing powder averaging of the derived magnetization formula. The
proposed spin-chain model brings an insight into high-field magnetization data of 3d -4 f bimetallic polymeric
compound Dy(NO3)(DMSO)2Cu(opba)(DMSO)2, which provides an interesting experimental realization of the
ferrimagnetic chain composed of two different but regularly alternating spin-1/2 magnetic ions Dy3+ and Cu2+

that are reasonably approximated by the notion of Ising and Heisenberg spins, respectively.
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1. Introduction

Exactly solved quantum spin chains belong to the most attracting issues to deal with in the condensed
matter theory, because they are capable of providing a deeper understanding into many unconvential
quantum cooperative phenomena [1]. Recently, the particular research interest has been turned towards
sophisticated Ising-Heisenberg chains, which are aimed at describing hybrid spin systems composed of
‘classical’ Ising and quantum Heisenberg spins [2–10]. Among other matters, the Ising-Heisenberg chains
have become helpful in providing the evidence for several novel and unexpected quantum states [2–6],
fractional magnetization plateaus in the low-temperature magnetization process [4–6], enhanced magne-
tocaloric effect during the adiabatic demagnetization [5], thermal entanglement [7], etc. It is, therefore,
quite challenging to search for suitable experimental realizations of the Ising-Heisenberg chains testi-
fying to the aforementioned theoretical findings, but only a few experimental systems satisfy a very
specific requirement of a regular alternation of the Ising and Heisenberg spins. Up to now, the mag-
netic behaviour of three different polymeric chains Cu(3-Clpy)2(N3)2 [8], [(CuL)2Dy][Mo(CN)8] [9] and
[Fe(H2O)(L)][Nb(CN)8][Fe(L)] [10] was successfully interpreted within the framework of the Ising-Heisen-
berg chains.

The main goal of the present work is to examine the magnetization process in the spin- 1
2
chain of

alternating Ising and Heisenberg spins, which brings an insight into ferrimagnetism of 3d -4 f bimetallic
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coordination compound Dy(NO3)(DMSO)2Cu(opba)(DMSO)2 [11]. The organization of this paper is as fol-
lows. Exact results for the total and sublattice magnetizations of the investigated spin-chain model are
derived in section 2. The most interesting theoretical results are presented in section 3, where they are
also confronted with the relevant experimental data. The paper ends upwith several concluding remarks
given in section 4.

2. Spin alternating chain

Let us consider the spin- 1
2
chain composed of alternating Ising and Heisenberg spins in an external

magnetic field of arbitrary spatial direction. It is quite plausible to suppose that magnetic properties of
this ’classical-quantum’ spin-chain model will be highly anisotropic due to the presence of the Ising spins.
In this respect, it is of particular interest to examine how the magnetization process depends on a spatial
orientation of the external magnetic field, which can be unambiguously given by the deviation angle θ

referred with respect to a unique easy axis of the Ising spins. The investigated spin-chain model can be
defined through the following Hamiltonian

H =−J
N
∑

i=1

Sz
i (σz

i +σz
i+1)− g z

1µBB cosθ
N
∑

i=1

σz
i − g x

2 µBB sinθ
N
∑

i=1

Sx
i − g z

2µBB cosθ
N
∑

i=1

Sz
i . (1)

Here,σz
i
and Sα

i
(α= x, z) denote standard spatial components of the spin- 1

2 operator, whereas the former
(latter) operators apparently refer to the Ising (Heisenberg) spins. The first summation takes into account
the Ising-type exchange interaction J between the nearest-neighbour Heisenberg and Ising spins, the
second term determines the Zeeman’s energy of the Ising spins in the external magnetic field with the
projection B cosθ towards their easy (z) axis, while the last two Zeeman’s terms determine the overall
magnetostatic energy of the Heisenberg spins affected both by the transverse (B sinθ) and longitudinal
(B cosθ) component of the external magnetic field. The quantities gα

1 and gα
2 (α= x, z) label spatial com-

ponents of Landé g -factors of the Ising and Heisenberg spins, respectively, µB is Bohr magneton and B

stands for the external magnetic field. Notice that the Hamiltonian (1) is built on the assumption that the
transverse component of Landé g -factor of the Ising spins is negligible (g x

1 ≈ 0), i.e., the situation, which
is realistic only for the highly anisotropic (the so-called Ising-type) magnetic ions [12, 13].

Taking advantage of a ‘classical’ nature of the Ising spins, which represent a barrier for local quantum
fluctuations induced by the transverse component of the external field acting on the Heisenberg spins,
one may rewrite the total Hamiltonian (1) as a sum of commuting site Hamiltonians

H =

N
∑

i=1

H i , (2)

whereas each site Hamiltonians H i involves all the interaction terms of the i th Heisenberg spin and the
Zeeman’s energy of its two nearest-neighbour Ising spins

H i =−JSz
i (σz

i +σz
i+1)−H x

2 Sx
i −H z

2 Sz
i −

H z
1

2

(

σz
i +σz

i+1

)

. (3)

For simplicity, we have introduced here three ‘effective fields’ H z
1 = g z

1µBB cosθ, H x
2 = g x

2 µBB sinθ, and
H z

2 = g z
2µBB cosθ in order to write the Hamiltonian (3) and all subsequent expressions in a more ab-

breviated form. Owing to the validity of the commutation relation [H i ,H j ] = 0 between different site
Hamiltonians, the partition function of the considered spin-chain model can be partially factorized into
the following product

Z =
∑

{σi }

N
∏

i=1

TrSi
exp

(

−βH i

)

=
∑

{σi }

N
∏

i=1

T (σz
i ,σz

i+1), (4)

where β = 1/(kBT ), kB is Boltzmann’s constant, T is the absolute temperature, the symbol TrSi
denotes

a trace over two spin states of the i th Heisenberg spin and the summation
∑

{σi } runs over all available
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configurations of the Ising spins. To proceed further with a calculation, the partial trace over spin degrees
of freedom of the Heisenberg spinsmust be performed before summing over spin states of the Ising spins.
It is, therefore, quite convenient to diagonalize the site Hamiltonian (3) bymaking use of the spin-rotation
transformation

Sx
i = Sx

i
′ cosφi +Sz

i
′ sinφi , Sz

i =−Sx
i
′ sinφi +Sz

i
′ cosφi , (5)

which brings the site Hamiltonian (3) into the diagonal form

H i
′
=−Sz

i
′

√

[

J
(

σz
i
+σz

i+1

)

+H z
2

]2
+

(

H x
2

)2
−

H z
1

2

(

σz
i +σz

i+1

)

(6)

provided that the spin rotation (5) is performed by the specific angle

φi = arctan

[

H x
2

J
(

σz
i
+σz

i+1

)

+H z
2

]

. (7)

The effective Boltzmann’s weight, which enters the factorized form of the partition function (4), can
be now simply evaluated by employing the trace invariance and the diagonalized form of the site Hamil-
tonian (6)

T (σz
i ,σz

i+1) = TrSi
exp

(

−βH i

)

= TrSi
′ exp

(

−βH i
′
)

= 2exp

[

β

2
H z

1

(

σz
i +σz

i+1

)

]

cosh

{

β

2

√

[

J
(

σz
i
+σz

i+1

)

+H z
2

]2
+

(

H x
2

)2
}

. (8)

The effective Boltzmann’s factor (8) apparently depends, after tracing out the spin degrees of freedom of
the i th Heisenberg spin, only upon its two nearest-neighbour Ising spins σi and σi+1. Thus, the expres-
sion (8) can alternatively be viewed as the effective two-by-two transfer matrix

T
(

σz
i ,σz

i+1

)

=

(

T
(

+
1
2

,+ 1
2

)

T
(

+
1
2

,− 1
2

)

T
(

−
1
2 ,+ 1

2

)

T
(

−
1
2 ,− 1

2

)

)

=

(

T+ T0

T0 T−

)

(9)

with three different matrix elements defined as

T± ≡ T

(

±
1

2
,±

1

2

)

= 2exp

(

±
β

2
H z

1

)

cosh

[

β

2

√

(

J ±H z
2

)2
+

(

H x
2

)2
]

,

T0 ≡ T

(

±
1

2
,∓

1

2

)

= 2cosh

[

β

2

√

(

H z
2

)2
+

(

H x
2

)2
]

. (10)

Substituting the matrix (9) into the relation (4) one may consequently employ the standard transfer-
matrix approach in order to obtain the exact result for the partition function

Z =
∑

{σi }

N
∏

i=1

T (σz
i ,σz

i+1) = TrTN
=λN

1 +λN
2 , (11)

which is written in terms of two respective eigenvalues of the transfer matrix (9)

λ1,2 =
1

2

[

T++T−±

√

(T+−T−)2 +4T 2
0

]

. (12)

Now, let us proceed to the calculation of the most important quantities, which are relevant for our
subsequent analysis of the magnetization process. The Gibbs free energy can easily be calculated from
the exact expression (11) for the partition function. In the thermodynamic limit N →∞, one obtains the
following precise analytical result for the free energy per elementary unit

f =−kBT lim
N→∞

1

N
lnZ = kBT ln2−kBT ln

[

T++T−+

√

(T+−T−)2 +4T 2
0

]

. (13)
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Subsequently, one may readily calculate the sublattice magnetizations of the Ising and Heisenberg spins
by differentiating the free energy (13) with respect to the appropriate effective fields. The sublattice mag-
netization of the Ising spins in two mutually orthogonal directions of the external magnetic field oriented
either perpendicular or parallel with respect to the easy axis read

mx
1 ≡ g x

1 µB〈σ
x
i 〉 = 0, mz

1 ≡ g z
1µB〈σ

z
i 〉 =

g z
1µB

2

T+−T−
√

(T+−T−)2 +4T 2
0

. (14)

Similarly, the sublattice magnetization of the Heisenberg spins in two aforementioned orthogonal direc-
tions of the external magnetic field can be calculated from the following unique formula

mα
2 ≡ gα

2 µB〈S
α
i 〉 =

gα
2 µB

2

(T+−T−)
(

Uα
+ −Uα

−

)

+4T0Uα
0 +

(

Uα
+ +Uα

−

)

√

(T+−T−)2 +4T 2
0

(T+−T−)2 +4T 2
0 + (T++T−)

√

(T+−T−)2 +4T 2
0

, (15)

which is valid for both spatial directions α= x and z if the coefficients Uα
± and Uα

0 are defined as

U x
± =

H x
2

√

(

J ±H z
2

)2
+

(

H x
2

)2
2exp

(

±
βH z

1

2

)

sinh

[

β

2

√

(

J ±H z
2

)2
+

(

H x
2

)2
]

,

U x
0 =

H x
2

√

(

H z
2

)2
+

(

H x
2

)2
2sinh

[

β

2

√

(

H z
2

)2
+

(

H x
2

)2
]

, (16)

and

U z
± = ±

(

J ±H z
2

)

√

(

J ±H z
2

)2
+

(

H x
2

)2
2exp

(

±
βH z

1

2

)

sinh

[

β

2

√

(

J ±H z
2

)2
+

(

H x
2

)2
]

,

U z
0 =

H z
2

√

(

H z
2

)2
+

(

H x
2

)2
2sinh

[

β

2

√

(

H z
2

)2
+

(

H x
2

)2
]

. (17)

It should be pointed out that the exact analytical formula for the free energy (13) permits a straightfor-
ward derivation of the magnetization formula for the most general case of arbitrarily oriented external
magnetic field as well. The final magnetization formula in the external field of an arbitrary spatial di-
rection can be conveniently expressed in terms of the formerly derived sublattice magnetizations (14)
and (15) of the Ising and Heisenberg spins

m(θ) =
(

mz
1 +mz

2

)

cosθ+mx
2 sinθ. (18)

It is worth noting that the magnetization formula (18) might be of fundamental importance for the anal-
ysis of the angular dependence of the magnetization process in a single-crystal sample related to the
considered spin-chain model. On the other hand, the magnetization of a powder sample pertinent to
the investigated spin-chain model can also be formally obtained by integrating the magnetization for-
mula (18) over one hemisphere yielding

mp =

π
2

∫

0

m(θ)sinθdθ, (19)

but the involved integral precludes derivation of the closed-form analytical expression due to too compli-
cated functions involved in the sublattice magnetizations (14) and (15) of the Ising and Heisenberg spins,
respectively. Of course, the integral entering the relation (19) for the magnetization of powder samples
can be evaluated numerically and hence, it may be of practical importance for an investigation of the
magnetization process in the related polycrystalline systems.
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3. Results and discussion

Let us proceed to a discussion of the most interesting findings acquired for the ferrimagnetic spin- 1
2

chain of alternating Ising and Heisenberg spins coupled through the antiferromagnetic nearest-neigh-
bour interaction J = −|J | < 0. First, we will present a comprehensive survey of theoretical results with
the aim to shed light on typical magnetization features of the proposed spin-chain model and then, high-
field magnetization data of one specific polymeric coordination compound will be clarified within the
framework of the model under investigation.

3.1. Survey of theoretical results

Let us begin with the analysis of the ground state. The diagonal form of the site Hamiltonian (6) allows
one to get the lowest-energy eigenstate of the investigated spin alternating chain

|FRI〉 =
N
∏

i=1

∣

∣

∣σz
i =

1

2

〉

(

c−

∣

∣

∣Sz
i =−

1

2

〉

+c+

∣

∣

∣Sz
i =

1

2

〉

)

, (20)

which indicates the quantum ferrimagnetic ordering with a perfect alignment of the Ising spins towards
their easy axis and, respectively, the quantum superposition of two spin states of each Heisenberg spin
that basically depends on a mutual interplay between the exchange constant, Landé g -factor, size and
spatial orientation of the external field via the occurrence probabilities

c2
± =

1

2





1∓
|J |− g z

2µBB cosθ
√

(

|J |− g z
2µBB cosθ

)2
+

(

g x
2 µBB sinθ

)2





 . (21)

The perfect alignment of the Ising spins is also confirmed by the following zero-temperature values of the
relevant sublattice magnetization in two conspicuous orthogonal directions (parallel and perpendicular)
with respect to the easy axis

mz
1 =

1

2
g z

1µB , mx
1 = 0. (22)

Contrary to this, both spatial components of the sublattice magnetization of the Heisenberg spins are
subject to the quantum reduction of magnetization on behalf of local quantum fluctuations arising from
the transverse field (i.e., perpendicular projection of the external magnetic field with respect to the easy
axis of the Ising spins)

mz
2 = −

g z
2µB

2







|J |− g z
2µBB cosθ

√

(

|J |− g z
2µBB cosθ

)2
+

(

g x
2 µBB sinθ

)2





 ,

mx
2 =

g x
2 µB

2







g x
2 µBB sinθ

√

(

|J |− g z
2µBB cosθ

)2
+

(

g x
2 µBB sinθ

)2





 . (23)

It is quite obvious from (22) and (23) [or alternatively from (20) and (21)] that the quantum ferrimagnetic
order changes to the classical ferrimagnetic order whenever the transverse projection of the external
magnetic field vanishes. However, the total magnetization of the ferrimagnetic chain of alternating Ising
and Heisenberg spins is subject to the quantum reduction of magnetization for any other spatial orienta-
tion of the external magnetic field

m =
µB cosθ

2






g z

1 − g z
2

|J |− g z
2µBB cosθ

√

(

|J |− g z
2µBB cosθ

)2
+

(

g x
2 µBB sinθ

)2







+
g x

2 µB sinθ

2







g x
2 µBB sinθ

√

(

|J |− g z
2µBB cosθ

)2
+

(

g x
2 µBB sinθ

)2






, (24)
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Figure 1. (Color online) Longitudinal and transverse projections of the sublattice magnetization of the
Ising (mz

1
, mx

1
= 0) and Heisenberg (mz

2
, mx

2
) spins as a function of the magnetic field at low enough

temperature kBT /|J | = 0.01, one particular choice of g -factors g z
1 = 6, g x

1 = 0, g x
2 = g z

2 = 2, and several
spatial orientations of the external magnetic field.

which appears due to the quantum entanglement of two spin states of each Heisenberg spin arising from
the transverse field. In accordance with this statement, the quantum reduction of total magnetization
becomes greater, the higher the transverse component of the external field is.

Now, let us turn our attention to a discussion of the low-temperature magnetization process serving
in evidence of the aforedescribed ground-state features. For simplicity, we will further assume that the
Heisenberg spins have the completely isotropic Landé factor g x

2 = g
y
2 = g z

2 = 2 in contrast to the highly
anisotropic Landé factor of Ising spins g z

1 ≫ 2 and g x
1 = g

y
1 = 0. To provide an in-depth understanding of

the magnetization process, figure 1 illustrates typical field dependences for two orthogonal projections of
the sublattice magnetization of the Ising and Heisenberg spins under different spatial orientation of the
appliedmagnetic field. If the external field is applied along the easy axis of the Ising spins, one observes a
steep field-induced increase in the longitudinal sublattice magnetization of the Heisenberg spins mz

2 at a
critical field due to an abrupt reversal of all Heisenberg spins towards the external-field direction (at low
fields, the Heisenberg spins are aligned antiparallel with respect to the external field, because they pos-
sess lower g -factor compared to that of the Ising spins). This classical mechanism for the formation of an
intermediate magnetization plateau will consequently lead to a sharp stepwise profile in the total magne-
tization versus the external-field dependence (see figure 2 and the subsequent discussion). If the external
field is tilted from the easy-axis direction, the relevant behaviour of the Heisenberg spins becomes much
more intricate owing to a mutual competition between two different spatial directions given by the easy
axis of the Ising spins and the spatial orientation of the applied magnetic field. As a matter of fact, the
longitudinal component of the sublattice magnetization of the Heisenberg spins mz

2 apparently exhibits
a smoother variation if the external field is gradually tilted from the easy axis and the more gentle field-
induced reversal of the Heisenberg spins (given by the change of sign of mz

2) simultaneously appears at
the higher critical field

µBBc

|J |
=

1

g z
2 cosθ

. (25)

It should be mentioned that the transverse projection of the sublattice magnetization of the Heisenberg
spins mx

2 becomes non-zero for this more general case and mx
2 exhibits a striking non-monotonous de-
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Figure 2. (Color online) Low-temperature dependence of the total magnetization as a function of the
magnetic field for several spatial orientations of the external field and two different sets of g -factors:
(a) g z

1 = 6, g x
1 = 0, g x

2 = g z
2 = 2; (b) g z

1 = 20, g x
1 = 0, g x

2 = g z
2 = 2. Broken lines show magnetization curves

for the powder samples, which were obtained by the numerical solution of (19).

pendence with a more or less sharper global maximum located at the critical field (25). The particular
case of the external magnetic field oriented perpendicular with respect to the easy axis deserves a special
mention. Under this specific constraint, the Ising spins become completely uncorrelated (disordered) and
the Heisenberg spins gradually tend to align towards the external-field direction upon the strengthening
of the transverse field.

In figure 2, the total magnetization is plotted against the magnetic field for various spatial orientations
of the external field and two different values of the Landé g -factor of the Ising spins. It is worth noting
that the profile of the displayed magnetization curves can readily be understood from the relevant low-
temperature dependences of the sublattice magnetizations (cf. figure 2 with figure 1). In agreement with
our expectations, the classical mechanism for the formation of the intermediate magnetization plateau
becomes quite evident under the particular orientation of the external field directed along the easy axis of
the Ising spins. Under this specific condition, one actually detects a sharp stepwise magnetization curve
with a marked intermediate plateau at the fractional value (g z

1 − g z
2 )µB/2 per elementary unit, which

implies the existence of the classical ferrimagnetic order due to an unequal magnetic moment of the
nearest-neighbour spin- 1

2
atoms differing in their g -factors. It can be clearly seen from figure 2 that the

intermediate magnetization plateau gradually shrinks and the relevant dependence of the total magne-
tization becomes smoother as the external field deviates from the easy-axis direction of the Ising spins.
The observed breakdown of intermediate magnetization plateau, the gradual smoothing of the magne-
tization curve as well as the overall quantum reduction of the total magnetization can all be attributed
to local quantum fluctuations, which arise from the transverse component of the external magnetic field
acting on the Heisenberg spins. For comparison, the low-temperature magnetization curve of a polycrys-
talline system is also depicted in figure 2 by a broken line. Interestingly, the powder averaging through
the formula (19) yields the magnetization curve of a polycrystalline system, which quite closely follows
the magnetization curve of a single-crystal system for the particular orientation of the external magnetic
field deviating by the angle θ = 60◦ from the easy-axis direction.

3.2. High-field magnetization of DyCu

Our theoretical findings for the magnetization process will be now confronted with high-field mag-
netization data of 3d -4 f bimetallic coordination polymer Dy(NO3)(DMSO)2Cu(opba)(DMSO)2 (DMSO =

dimethylsulfoxide, opba = orthophenylenebisoxamato) to be further abbreviated as DyCu. The polycrys-
talline sample of DyCu was prepared according to the procedure reported previously by Calvez and co-
workers [11]. Even though our efforts aimed at preparing a single-crystal sample suitable for a crystal-
structure characterization and magnetization measurements was not successful, the elemental analy-
sis has provided a strong support that the prepared polycrystalline sample should consist of bimetallic
polymeric chains representing a structural analogue of Ln(NO3)(DMSO)2Cu(opba)(DMSO)2 (Ln = Gd–Er),
which is visualized in figure 3 by making use of the crystallographic data reported by Calvez et al. [11].
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Figure 3. (Color online) The visualization of LnCu polymeric chain in bimetallic coordination com-
pounds Ln(NO3)(DMSO)2Cu(opba)(DMSO)2 (Ln = Gd–Er) by adopting the crystallographic data from ref-
erence [11] deposited at The Cambridge Crystallographic Data Centre. Coloring scheme for the atom la-
belling: Ln (magenta), Cu (green), O (red), N (blue), C (grey), S (yellow).

Bearing this in mind, it could be expected that the bis-chelating bridging ligand opba might mediate a
relatively strong superexchange coupling between the nearest-neighbour Dy3+ and Cu2+ magnetic ions,
which should consequently form the bimetallic polymeric chain running along the crystallographic c-
axis.

First, let usmake a few comments on the constituent magnetic ions of DyCu. It is quitewell established
that the magnetic behaviour of octahedrally coordinated Cu2+ ions can be quite faithfully represented by
the notion of Heisenberg spins with a more or less isotropic Landé factor g x

2 ≈ g
y
2 ≈ g z

2 & 2 [13], while
the eight-coordinated Dy3+ ions often obey more subtle requirements of the Ising spins necessitating a
highly anisotropic g -factor g z

1 ≫ 2 and g x
1 ≈ g

y
1 ≈ 0 [9, 12–14]. In fact, Dy3+ ion represents Kramers ion

with the ground-state multiplet 6H15/2, which usually undergoes a rather strong crystal-field splitting
into eight well-separated Kramers doublets [12, 13]. In this respect, the magnetic behaviour of Dy3+ ion
can be often interpreted at low enough temperatures in terms of the Ising spin with the effective Landé
factor g z

1 ≈ 20 and g x
1 ≈ g

y
1 ≈ 0 [9, 12–14]. With all this in mind, the coordination polymer DyCu could

provide a suitable experimental realization of the spin- 1
2
chain of the alternating Ising and Heisenberg

spins. However, one should also keep inmind that this simplification is reasonable only at sufficiently low
temperatures compared with the energy gap between the lowest-energy and excited Kramers doublets to
avoid any danger of over-interpretation inherent in this approximation.

Figure 4 (a) shows the high-field magnetization curve of the powder sample of DyCumeasured at two
sufficiently low temperatures 1.3 K and 4.2 K (see reference [15] for more details on the set-up of magne-
tization measurements). The displayed magnetization curves exhibit a remarkable crossing around 12 T,
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Figure 4. (Color online) (a) High-field magnetization data recorded for the powder sample of DyCu at
two sufficiently low temperatures 1.3 K and 4.2 K; (b) High-field magnetization curve of DyCu at the
lowest measured temperature 1.3 K before and after subtracting the paramagnetic Van Vleck contribution
estimated from the quasi-linear dependence in the high-field range 36÷52 T.
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whereas the magnetization data recorded at a higher temperature 4.2 K become greater than the ones
recorded at a lower temperature 1.3 K above this crossing field. Apart from this fact, one may clearly
recognize three characteristic regions in the relevant magnetization process as illustrated in figure 4 (b)
by thin solid lines serving as guides for eyes only. Themagnetization initially shows a very rapid increase
with the magnetic field in the low-field range 0÷3 T, then it exhibits a rather steep increase in the range
of moderate fields 5÷32 T, which is consecutively followed with a more steady quasi-linear dependence
in the high-field range 34÷52 T. The steady quasi-linear dependence observed in the high-field range im-
plies a significant contribution of the temperature-independent (Van Vleck) paramagnetism [14], which
was evaluated to be mTIP = 0.029µB T−1 per Dy3+ ion from the linear fit of the high-field region 36÷52 T
and subsequently subtracted from the measured magnetization data. Even though this procedure might
give only a rather rough estimate of mTIP, the obtained value is in a rather good accord with typical
values of mTIP reported previously for other compounds involving Dy3+ ion [9].
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Figure 5. (Color online) High-field magnetization data of the powder sample of DyCu at two different
temperatures: (a) T = 1.3 K; (b) T = 4.2 K. Blue solid lines show the best theoretical fit obtained using the
formulas (18) and (19) for the spin- 1

2 chain of alternating Ising and Heisenberg spins.

High-field magnetization data of the powder sample of DyCu after subtracting the temperature-inde-
pendent paramagnetism are presented in figure 5 together with the best theoretical fit obtained by using
the magnetization formulas (18) and (19) derived for the ferrimagnetic spin- 1

2
chain of alternating Ising

and Heisenberg spins. As one can see, one generally obtains a quite plausible concordance between the
recorded experimental data and the relevant theoretical predictions except a small discrepancy observ-
able in the low-field region, where a more abrupt change in the magnetization is theoretically predicted
than the one experimentally observed. It should be nevertheless mentioned that the determined value of
Landé factor of Dy3+ ion g z

1 = 22.6 is somewhat greater than theoretically expected. This might indicate
a small but non-negligible effect of the transverse component of g -factor, which was completely ignored
for Dy3+ ions within our exact treatment. If the transverse component g x

1 of Landé factor is taken into
account for Dy3+ ions at the mean-field level, the magnetization formula (18) for a single-crystal sample
can be easily corrected for the contribution of the transverse magnetization of the Ising spins (Dy3+ ions)
yielding

m(θ) = (mz
1 +mz

2 )cosθ+ (mx
1 +mx

2 )sinθ (26)

with

mx
1 ≡ g x

1 µB〈σ
x
i 〉 =

g x
1 µBH x

1
√

(

2Jmz
2 +H z

1

)2
+

(

H x
1

)2

1

2
tanh

[

β

2

√

(

2Jmz
2 +H z

1

)2
+

(

H x
1

)2
]

. (27)

In doing so, the corrected magnetization formula (26) can be substituted into the formula (19) derived for
the polycrystalline system in order to analyze the magnetization curve of the powder sample of DyCu.
In this way, one actually resolves the problem with a too high value of the Landé g -factor of Dy3+ ions
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Figure 6. (Color online) High-field magnetization data of the powder sample of DyCu at two different
temperatures: (a) T = 1.3 K; (b) T = 4.2 K. Blue solid lines show the best theoretical fit obtained using the
formulas (26) and (19) for the spin- 1

2 chain of alternating Ising and Heisenberg spins with the mean-field
correction for the transverse magnetization of the Ising spins.

as evidenced by the best fitting data set indicated in figure 6. It is also quite evident from figure 6 that
the acquired theoretical prediction follows more accurately the relevant experimental data in the low-
field region and beside this, the values of g -factors gained for Dy3+ and Cu2+ ions from this latter fitting
procedure are simultaneously much more reliable.

4. Concluding remarks

The present article is devoted to an exact study of the spin- 1
2
chain of alternating Ising and Heisenberg

spins in the magnetic field of arbitrary spatial direction. The low-temperature magnetization curve of the
investigated spin-chain model was scrupulously examined in the dependence on a spatial orientation of
the applied magnetic field. It has been demonstrated that the magnetization curve becomes smoother,
the intermediate plateau shrinks, and the total magnetization is reduced by quantum fluctuations as
the external field deviates from the easy axis of the Ising spins. Accordingly, the powder averaging in the
related polycrystalline system yields a smooth low-temperature magnetization curve, which quite closely
follows the magnetization curve of a single-crystal system for a spatial orientation of the external field
deviating by θ = 60◦ from the easy-axis direction.

The proposed spin-chain model has been employed for interpreting high-field magnetization data
of polymeric coordination compound DyCu, which provides an interesting experimental realization of
the ferrimagnetic spin- 1

2 chain of regularly alternating Dy3+ and Cu2+ magnetic ions reasonably approx-
imated by the notion of Ising and Heisenberg spins, respectively. From this perspective, experimental
studies performed on single-crystal and field-aligned samples of DyCu represent a particularly challeng-
ing problem for future investigations.
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Феримагнiтний спiн-1/2 ланцюжок з почергових

Гайзенбергових та Iзингових спiнiв у довiльно

орiєнтованому магнiтному полi

Й. Стречка1, М. Хагiвара2 , Й. Ган2, T. Кiда2, З. Гонда3, M. Iкеда2

1 Природничий факультет, Унiверситет iм. П.Й. Шафарика, Кошiце, Словацька республiка
2 KYOKUGEN (Центр квантових наук i технологiй), Унiверситет м. Осака, 560–8531 Осака, Японiя
3 Факультет функцiонального матерiалознавства, Вища школа природничих наук та iнженерiї,

Унiверситет м. Сайтама, 338–8570 Сайтама, Японiя

Феримагнiтний спiн-1/2 ланцюжок, який складається з почергових Гайзенбергових та Iзингових спiнiв у
довiльно орiєнтованому магнiтному полi, розв’язується точно, використовуючи перетворення повороту
спiнiв та метод трансфер-матрицi. Показано, що низькотемпературний процес намагнiчення залежить
в основному вiд просторової орiєнтацiї магнiтного поля. Гостра сходинкоподiбна форма кривої намагнi-
ченостi з помiтним промiжним плато, яке з’являється у магнiтному полi прикладеному вздовж напрямку
легкої осi Iзингових спiнiв, стає гладшою та промiжне плато коротшає, якщо зовнiшнє поле вiдхиляється
вiд напрямку легкої осi. Крива намагнiченостi полiкристалiчної системи також обчислюється, здiйсню-
ючи конфiгурацiйне усереднення отриманої формули для намагнiченостi. Запропонована модель спi-
нового ланцюжка дає розумiння намагнiченостi у сильних полях 3d -4 f бiметалiчної полiмеpної сполу-
ки Dy(NO3)(DMSO)2Cu(opba)(DMSO)2, яка допускає цiкаву експериментальну реалiзацiю феримагнiтного
ланцюжка, складеного з двох рiзних, але регулярно змiнних спiн-1/2 магнiтних iонiв Dy3+ та Cu2+, що
прийнятно апроксимуються поняттями Iзингових та Гайзенбергових спiнiв, вiдповiдно.

Ключовi слова: феримагнiтний спiновий ланцюжок, точнi результати, плато намагнiченостi, 3d -4 f

бiметалiчна сполука
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