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Diffusion processes in the transition layer
of the Earth’s magnetosphere
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Turbulence has a different nature in the interplanetary magnetic field and in the transition region, thus it
requires a different type of analysis. The “Cluster 2” satellite mission provides magnetic measurements with a tem-
poral resolution of 22.5 Hz. We analysed the evolution of the probability density function over time, as well as that
of the structural function. From the analysis we can conclude that for small time scales, the fluctuation distribution
differs significantly from the Gaussian. Furthermore, we see that in the foreshock region, the fluctuation becomes
almost Gaussian. Using the extended self-similarity structure function we compare the experimental data with the
Kolmogorov K41 model. Calculated diffusion coefficients have a good agreement with the analysis of the probability
density function and this can prove the existence of superdiffusion processes in the transition region of the Earth’s

magnetosphere.
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INTRODUCTION

A new type of instability arises in inhomogeneous
plasma, as compared with a classical description. In
the case of evolution of these instabilities, the plasma
can become a turbulent medium. In addition, the
transverse diffusion of plasma in the magnetic layer
can play a significant role in areas where magnetic
reconnections are ineffective. Thus, diffusion in the
absence of actual particle collisions can be ensured
as a wave-particle interaction (anomalous resistive
diffusion). Since gradients of density, temperature,
magnetic field and flow are observed in the transi-
tion region of the magnetosphere, a large number
of instabilities for anomalous diffusion evolves. A
number of macro-instabilities may also contribute to
the diffusion. The Kelvin-Helmholtz instability and
eddy turbulence are the most important instabilities
to evolve the inhomogeneous plasma characteristics.
Both mechanisms can promote mixing of the plasma
on a large scale, and can create the necessary con-
ditions for micro-instabilities. Chaotic electric and
magnetic fields that occur, lead to anomalous trans-
port processes that are orders of magnitude higher
than that of classical processes. Macroscopic flows
of particles, momentum, and energy are defined not
only by the mean field and profiles, but also by the
fluctuation spectrum [17].

The notions and concepts of anomalous dynamic
properties, such as long-range spatial or temporal
correlations manifested in power-laws, stretched ex-
ponentials, or non-Gaussian probability distribution
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functions (PDFs), have been predicted and observed
in numerous systems from various disciplines includ-
ing physics, chemistry, engineering biology, meteo-
rology, astrophysics, and others. The standard tools
to describe anomalous dynamics are continuous time
random walks [7, 8, 20| and fractional dynamical
equations [15, 16, 21].

The anomalous features usually stretch over the
entire data window, but there exist examples when
they develop after an initial period of sampling (fi-
nite size/time effects), or they may be transient, i.e.,
eventually the nature of anomalous process turns
into normal transport or relaxation dynamics. The
most fundamental definition of anomaly is the devi-
ation of the mean squared displacement ((Ar)?)
{(r — (r))?) ~ Dt> from the ‘normal’ linear depen-
dence {(Ar)2) ~ Dt over time. Here D is the gen-
eralized diffusion constant. The anomalous diffusion
exponent a # 1 determines whether the process will
be categorized as subdiffusive (dispersive, slow, etc.)
if 0 < o < 1, or superdiffusive (enhanced, fast) if
1 < a. Usually, the domain 1 < a < 2 is con-
sidered, &« = 2 being the ballistic limit described
by the wave equation, or its forward and backward
modes [14]. Processes with o > 2 are known, such
as the Richardson pair diffusion in fully developed
turbulence [18].

Generally, one can not create a closed system
of equations describing the anomalous transport
processes; the results are mostly limited to semi-
quantitative assessments. The weak turbulence,
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with quasi-linear approximation, is a case when the
anomalous transport processes can be analytically
described.

Therefore, it is necessary to determine the statis-
tical properties of the environmental parameter fluc-
tuations from the experiment which are related to
the scale invariance, and get estimates for the type
of diffusion processes. This will qualitatively and
quantitatively describe transport processes in differ-
ent regions of the magnetosheath.

METHODS TO DETERMINE THE
TYPE OF DIFFUSION PROCESSES

EVOLUTION OF THE FLUCTUATIONS PDF

Probability distribution of fluctuation amplitudes
of a random process obeys the Gaussian law (the so-
called normal law) [3, 10]. The dependence of the
maximum probability density function in the analy-
sis of data series X (¢) at different time scales can be
approximated by a power law: P;(0) ~ 7%, where
7 is the scale shift over time, and s is a param-
eter that characterizes the homogeneity or hetero-
geneity of the studied process (for Gaussian distri-
bution s ~ 0.5 and the presence of heterogeneity
s> 0.5 [3, 6].

From the behaviour of the PDF the spatial or
temporal scales where the PDF losses the Gaussian
properties, can be defined.

Evaluation of particle biases can be carried
out using the “Levy flight” (Levy flights) [2, 22]:
(X2(7)) oc 725, where s is the maximum exponent
of magnetic field fluctuations PDF P(0).

Statistical averages properties.

For the turbulent field X (¢), the structural func-
tion (statistical average) of order ¢ is defined as a
statistical average over the ensemble of relations [9]:
6, X = X(t+7) — X(1), Syt) = (|8 X[7) ~ 50,
where the exponent ((q) — describes the type of
process and turbulent diffusion properties of the
medium. The linear dependence of ((gq) indicates
homogeneity of turbulent processes (particularly,
for the Kolmogorov model — ((¢) = ¢/3, and
Iroshnikov-Kraichnan model ((q) = ¢/4) [9, 12, 13,
23]. For turbulence intermittence of high order struc-
ture functions there is a nonlinear dependence of ((q)
on ¢q. This reflects the deviations from the Gaussian
law [5]. In addition, the structure functions of high
orders allow one to characterize the properties of het-
erogeneity on small scale process.

Analysis of experimental data has a great impor-
tance to the presence of extended properties of self-
similarity (ESS), for a power law of the structure

functions S, ~ Sg(q)/ ®) and allows one to charac-
terize fluctuations in the turbulent flow for a large
range of Reynolds numbers [1]. Using the extended
self-similarity property, the good accuracy values of
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¢(q) and diffusion properties of the plasma can be
evaluated. To interpret the nonlinear dependence
¢(q) the log-Poisson model is used, for which {(q) is
given by [4, 11, 19]:

q A a

= _ — 3

stroa o)

where [ and A are parameters that characterize the

intermediate and singularity processes, respectively.
As a result of ESS-analysis for log-Poisson scal-

ing parameters 5 and A are used to determine the

characteristics of turbulent plasma transport. The

gen[era]xlized diffusion coefficient depends on the ((q)

as 22|

((g) = (1 —=4)

DoctR,

where R = A(1/8 —1).

This relation is used to evaluate transport prop-
erties in a heterogeneous environment. In general,
the parameter R is defined by the fractal properties
of the medium.

Thus, there is a relation between the exponent
that characterizes the evolution of PDF, and the pa-
rameter R. Displacement law for the particles is
given by the relation: (§X2(7)) oc DT ox 7% o 79,
with order of 25 = 1+ R [2, 22]. Where, normal
diffusion corresponds to o = 1, and the convective
(ballistic) motion is characterized by the a = 2.

SATELLITES USED FOR MEASUREMENT

We used the data from “Cluster 2” space mission.
We analysed 5 events of satellites C1 passing the
magnetosheath from 2004 to 2010, with a temporal
resolution of 22.5 Hz. The examples of analysed mag-
netic field fluctuations are shown in Fig.1. In two
events out of five (2009/05/11 and 2010/03/31), the
satellite crossed the magnetosheath, moving from the
magnetopause region to the interplanetary medium.
In other cases it was moving from the solar plasma
wind medium.

2009-03-23T06:00:00Z / 2009-03-23T16:30:00Z
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Fig. 1: Example of analysed magnetic field.

In different regions of magnetosheath there are
different levels of magnetic field fluctuations ob-
served:

e in foreshock region, the variance of variations
normalized with the current mean value is

§B/B = 0.1 — 0.25;

e after crossing the shock wave in postshock re-

gion, fluctuations increase several times, com-
pared to the foreshock §B/B = 0.5 — 0.6;
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e in deep magnetosheath region, fluctuations de-
crease to a value of B/B ~ 0.15 — 0.2.

Even with almost complete absence of magnetic
field fluctuations in the solar wind, there are high
fluctuations in the magnetosheath region.

RESULTS

To study the probability density function of fluc-
tuations of the magnetic field B(t) we chose the offset
time 7, which is a multiple of discrete measurements
Tmin = 0.0445s, and we analysed the statistical prop-
erties of the absolute value of the magnetic field vari-
ations dB = B(t+ 7) — B(t) in the foreshock region,
postshock region, and magnetosheath, on different
time scales.
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Fig. 2: Maximal value for magnetic field fluctuations
PDF P(0) in logarithmic scale for 3rd March 2004. Ex-
perimental data approximated with a line: P ~ ¢t7°: 1
— foreshock, 2 — magnetosheath, 3 — postshock. Val-
ues of s presented in Table 1.

0.1

Good temporal resolution of the measurement
allows us to observe the dependence of the maxi-
mum value of the PDF of magnetic field fluctuations
P.(0) on a small scale (less than 1 second), which
is very important because we can analyse on a scale
smaller than the ion cyclotron frequency. Logarith-
mic scale plots for measurements on March 27, 2010
and March 20, 2006 are shown in Fig.2, where the
experimental points were approximated by a straight
line Pr ~ 77%. The values for the exponents of the
events are presented in Table 1.

From the obtained values, we can conclude that
for small scales in the transition region of the Earth’s
magnetosphere, the distribution significantly devi-
ates from the Gaussian distribution.

The largest deviations are observed for the post-
shock region. Furthermore, in foreshock region we
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have an almost Gaussian distribution for magnetic
field fluctuations. The generalized diffusion coeffi-
cient R is shown in Tablel. R > 0 indicates the
existence of superdiffusion.

The extended self-similarity structure functions
of high orders are specified by the equation: S,(t) =
(|B(t+7)—B(t)|7) ~ 7€) where (...) — statistical
averaging of experimental data over time.
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Fig. 3: Relation of structural function on time scale for
a magnetosheath region (03/03/2004).

Structural scaling function normalized to scaling
for the third moment, ((q)/¢(3) can be obtained
from the slope of a logarithmic scale. This will allow
us to compare experimental data to the Kolmogorov
model of turbulence (K41) for which {(3) =3/3 = 1.

In Fig. 3 power law S, (7) ~ 7¢(9) (i.e. self-similarity)
is observed only in a limited range of time scales.
This interval corresponds to the inertial range, which
is considered a classic model of developed isotropic
turbulence (K41, etc.) [5]. In the transition region of
the magnetosphere this interval is observed on scales
less than 1 second (this will allow us to compare the
results obtained by different approaches — from the
analysis of maximum height of magnetic field fluc-
tuation probability density function and statistical
average).

Calculated results for ((q)/¢(3) of different orders
g in the analysis of small-scale turbulence and com-
parison with Kolmogorov model for the events on 3rd
March 2004 and 3rd April 2006 are shown in Fig. 4
and 5. The most significant deviation from the Kol-
mogorov model is observed in the postshock region.
Determined by the ESS analysis parameters 8 and
A and calculated values R = 0.3+0.98 are presented
in Table 2.

The obtained values are in good agreement with
the data presented in Table 2.
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Thus, using two independent techniques, we
proved the existence of superdiffusion processes in
the transition region of the Earth’s magnetosphere.
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Fig. 4: Relation of exponential value of structural func-
tion of g-order to the 3-rd order structural function for
3rd March 2004. K41 — values calculated for Kol-
mogorov models; FSH — foreshock region, MSH — mag-
netosheath, PSH — postshock.
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Fig. 5: Relation of exponential value of structural func-
tion of g-order to the 3-rd order structural function
for 3rd April 2006. K41 — values calculated for Kol-
mogorov models; FSH — foreshock region, MSH — mag-
netosheath, PSH — postshock.

CONCLUSIONS

The relative variations of the magnetic field in
magnetosheath exceed the values in the solar wind
by factor of 2-5. However, the converse proposition
is incorrect — not all variations of parameters in the
magnetosheath are generated by fluctuations of the
solar wind or the interplanetary magnetic field.

The largest deviation from a Gaussian process is
observed in the postshock region, and the distribu-
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tion closest to a Gaussian one is in the foreshock
region.

The value of the generalized diffusion coefficient
increases with time-scaling. Thus, the analysis of
the evolution of the magnetic fluctuations PDF —
the exponent field dependence on the generalized
diffusion coefficient of the scale (R) in the transi-
tion regions of the Earth’s magnetosphere: foreshock
region, postshock and magnetosheath — is in the
range of 0.32-0.92. The highest value is observed for
the postshock region. The analysis of the statistical
properties of points determined the parameter R to
be in the range of 0.3-0.98. Likewise, the highest val-
ues are observed for the postshock region in this case
as well. It can be noted that different approaches to
the analysis of turbulent processes give similar re-
sults and indicate the presence of superdiffusion pro-
cesses in the transition region of the Earth’s magne-
tosphere. This fact must be taken into account when
constructing quantitative models of transport.
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