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The theory of superconducting pairing due to the exchange and kinemati-
cal interactions in the ¢ — J model in a paramagnetic state is developed.
The Dyson equation for the matrix Green functions in terms of the Hubbard
operators is obtained in the noncrossing approximation. The linearized self-
consistent system of Eliashberg equations is proposed to study the tem-
perature and doping dependence of the quasi-particle hole spectrum in
the normal state and to calculate the temperature of the superconducting
phase transition and the symmetry of the gap function.
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1. Introduction

In 1960 D.N. Zubarev [1] proposed a theory of superconductivity for an elect-
ron-phonon system based on the equation of motion method for two-time Green
functions [2]. The paper was published simultaneously with the famous papers by
G.M. Eliashberg [3] where the temperature diagram technique was used to obtain
the Gorkov type equations for an electron-phonon system. However, Zubarev’s
formulation did not draw proper attention of the following investigators, while the
Eliashberg theory was cited frequently in many papers and his formulation became
known as the Eliashberg (or Migdal-Eliashberg) theory of superconductivity for an
electron-phonon system. The real advantage of the Eliashberg formulation is that
it permits one to consider a strong coupling limit by using the skeleton diagram
technique. In the Zubarev formulation based on a successive differentiation of
the Green functions over the same time one cannot employ the skeleton diagram
technique. However, in the two-time differentiation method for the Green functions
this problem can be easily overcome and the Eliashberg type equations, as it has
been shown in [4], can be formulated in a very simple and transparent way for a
general model of an electron boson-field interaction.
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In the present paper the theory of superconductivity is formulated for the
t — J model by applying an equation of motion method for the Green functions in
terms of the Hubbard operators. It should be pointed out that superconducting
pairing due to the kinematical interaction in the Hubbard model in the limit of
strong electron correlations (U — oo) was first obtained by Zaitsev and Ivanov [5].
However, they considered only the mean field approximation which results in the
s-wave pairing irrelevant for strongly correlated systems (for a discussion see [6]).
Later on the theory in the mean field approximation was considered for the ¢t — J
model within the Green function approach in [6,7] where d-wave spin fluctuation
superconducting pairing was obtained due to exchange interaction J.

In the present formulation we have calculated a matrix self-energy operator in
the noncrossing approximation for kinematical and exchange interactions which
neglects vertex corrections, as in the Migdal-Eliashberg theory. The self-energy
operator allowing for the finite life-time effects for electrons plays an essential
role both in the renormalization of the quasiparticle spectrum and in supercon-
ducting pairing. It was clearly demonstrated in [8] where the ¢ — J model in the
polaron representation was considered. A self-consistent numerical solution of the
Eliashberg equations has proved a strong renormalization of the quasiparticle hole
spectrum due to spin-fluctuations and d-wave pairing at a finite concentration of
doped holes. However, the two-sublattice representation used in [8] can be rigor-
ously proved only for a small doping. At a moderate doping one has to consider
the paramagnetic (spin-rotationally invariant) state in the ¢ — J model. In that
case the Hubbard operator technique is useful. However, due to unconventional
commutation relations the Hubbard operators cannot be treated within the stan-
dard diagram technique (see, e.g., [9]). To overcome this problem one can employ
different types of the slave-boson (-fermion) technique to use the standard fermion-
boson diagram technique. However, due to crude treatment of constraints which
should be observed in the slave-field techniques the results of that calculation
appear to be quite unreliable.

The two-time Green function approach in terms of the Hubbard operators was
also used to consider superconducting pairing in the ¢ —.J model with an electron-
phonon interaction in [10] and to discuss the electron and hole spectra in the
normal state in [11]. A general discussion concerning the ¢ — J model and its appli-
cations in the description of physical properties of the systems with strong electron
correlations, as copper-oxide superconductors, can be found, e.g., in [12-14].

The paper is organized as follows. In the next section the ¢ — J model in terms
of the Hubbard operators is introduced. In section 3 the Dyson equation for the
matrix Green function is obtained by the projection technique in the equation of
motion method. In section 4 a self-consistent system of Eliashberg equations in the
noncrossing (self-consistent) approximation is formulated and the linearized gap
equation for the calculation of T is presented. Conclusions are given in section 5.
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2. The t — J model

The simplest model allowing for the electron correlations in copper oxides is
the one-band Hubbard model [15]:

H= —tZa;’Uajo + UZniTn“, (2.1)

ijo i

where t is an effective transfer integral and U is the Coulomb one-site energy. In
the strong coupling limit, U > t, we can reduce the Hubbard model (2.1) (or a
more realistic for copper oxides p — d model [16]) to the ¢ — J model [17]:

t o~ 1
Ht,J = — Z tl'jC;;Cjo + JZ(SZS] — anj), (22)
(i7)

i#j,0

where the first term describes electron hopping with the energy ¢;; for the nearest
neighbours, ¢;; = t, for the second neighbours, ¢;; = t', etc., on a two dimensional
square lattice. The electron operators ¢ = cif (1 —n;_,) act in the space without
double occupancy and n; = n; + n;; is the number operator for electrons. The
second term describes the spin-1/2 Heisenberg antiferromagnet (AFM) with the
exchange energy J for the nearest neighbours which is equal to J = 4¢?/U for
the Hubbard model (2.1) or can be considered as an independent parameter in
the case of the p — d model. In the model (2.2) two main features of a doped
hole motion in copper-oxides are properly taken into account: a constraint on no
double occupancy for the holes on lattice sites due to strong electron correlations
and an interaction of holes with AFM spin fluctuations which result in strong
renormalization of the quasiparticle spectrum (for a review, see [14]).

To take into account on a rigorous basis the exclusion of doubly occupied states
in electronic hopping, we employ the Hubbard operator (HO) technique. The HOs
are defined as

X2 = i, a) (i, B] (2.3)

for the three possible states at the lattice site ¢
i, ) = 12,0), i, 0), (2.4)
for an empty site and for a singly occupied site by an electron with spin o/2
(o0 = #£1). In the t — J model only singly occupied sites are retained and the

completeness relation for the HOs reads:

XP 43 X7 =1 (2.5)
The spin and density operators in equation (2.2) are expressed by HOs as

S = X7, 57 = %Z“Xf”v ni=» X7, (2.6)
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where & = —o. The HOs obey the following multiplication rules
XX = b5, X0 (2.7)
and commutation relations

pamel = (05 X727 £ 030 X77) (2.8)

In equation (2.8) the upper sign stands for the case when both HOs are Fermi-like
ones (as, e.g., X?). The spin and density operators (2.6) are Bose-like and for
them the lower sign in equation (2.8) should be taken.

The Hamiltonian of the t — J model (2.2) in terms of HOs reads

H_;=- Z tinfOXJQ" — /”LZXZ‘M + % Z Jij (Xf"XJ‘-’” — Xf"X]‘."’) . (2.9)
i1#j,0 i i1#j,0
where the exchange interaction is written in a more general form with the exchange
energy J;; for the lattice sites (i, j).

The unconventional commutation relations (2.8) hamper the treatment of the
model within the standard diagrammatic technique. To overcome this problem
we will use the equation of motion method for the two-time Green functions [2]
in terms of the HOs (2.3) which rigorously preserve the constraint of no-double
occupancy.

3. Dyson equation for the matrix Green function

To discuss superconducting pairing within the model (2.9) we consider the
matrix Green function (GF)

Gijo(t = 1) = ((Win ()| T, (¢)) (3.1)

in terms of the Nambu operators:

X'OU + o0 0o
\IliO' = ( Xza—o ) ) \Ilio = (XZ XZ ) (32)

Here Zubarev’s notations for the anticommutator Green function (3.1) are used [2].
By differentiating the GF (3.1) over the time ¢ we get the following equation
for the Fourier component:

wé’z’jo(w) = z'j@o + ((Zzo ‘ \I’jv»m (3'3)

where Z;, = [W,,, H| and
Qo = ( %J ng ) s (34)

with the matrix elements Q, = (X + X?7). Here and in what follows we consider
a spin-singlet state for which the correlation functions do not depend on the spin o.
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In that case, by using equation (2.5) we get Q, = @ = 1 — n/2 where the average
number of electrons is given by the equation

n=(n)=>» (X7). (3.5)

g

Now, we project the many—particle GF in (3.3) on the one-hole one by intro-
ducing an irreducible (irr) part of the Z;, operator

(Zin | UF,) ZEM (U | UL + (200 |0 ) (3.6)

The projection is defined by the condition
{ZE vy =0, (3.7)
that results in the equation for the frequency matrix
Eijo = ({[Wio, H], V1,3) Q;* - (3.8)

Here {A, B} and [A, B] are the anticommutator and the commutator for the A, B
operators, respectively. To calculate the matrix (3.8) we use the equation of motion
for the HOs as, e.g.,

d 0o 0o’ 0o’
( 1 )X thleo'o"Xl + Z le Blaa - O'O'/>Xi ) (39)

where we introduced the operator
Biaa’ = (XZOO + X@ga>5a’a + Xfaéa’ﬁ . (310)

The Bose-like operator (3.10) describes electron scattering on spin and charge
fluctuations caused by the nonfermionic commutation relations for the HOs (the
first term in (3.9) — the so-called kinematical interaction) and by the exchange spin-
spin interaction (the second term in (3.9)). It can be demonstrated explicitly by
using the completeness relation (2.5) that results in the following representation:

i 1 1 sy L o
XP+XTT+ X7 = 1= o) X7 (X7 = X7 + X

lea

1 _
= 1—§nz—|—05f—1—5f

By performing commutations in (3.8), we get for the normal and the anomalous
parts of the frequency matrix:

B, = 05> {ta(X7°X1) Qo + Ju(Qo — 1+ X5 /Q0)}
l

—ti5(Qo + X5/ Qo) — Jii (X7° X))/ Qo (3.11)
By = 8y ta(XPX) + X["XP7)/Q,
l

I (XPX 4 XX [Q, (3.12)
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Here we introduce the charge- and spin-fluctuation correlation functions
1
XSJS = Z(énlc?nj) + <SiSj>, (313)

with on; = n; — (n;).

Now we introduce the zero—order GF in the generalized mean—field ap%)rom—
mation by neglecting the finite lifetime effects described by the operator Z,.
equation (3.6)

G?jo’( ) = {wTodi; — Eija}_lea, (3.14)
where 7 is the unity matrix. By writing the equation of motion for the irreducible
part of the GF in (3.6) with respect to the second time ¢’ for the right—hand side
operator \If+ _(t') and performing the same projection procedure as in (3.6), we get

(Z3 TN =D 0287 1 (259 )e Q7 Ghi(w) - (3.15)

l

By using (3.3), (3.6) and (3.15), we can obtain the Dyson equation for the GF
(3.1) in the form:

GijU(w) 1]0 + Z sza Zkla ) Gljg(u)), (316)

where the self-energy operator S kto (w) is defined by the equation
Tijo(w) = Yije(w) + Zzzko ) Gy (W) Thjo(w) - (3.17)

Here the scattering matrix is given by the equation

1

Tiolw) = Qs {257 1 207 )u Qo (3.18)
From equation (3.17) it follows that the self-energy operator is given by the ir-

reducible part of the scattering matrix (3.18) which has no single zero-order GF
(3.14) lines:

- (irr) irr) (irr o -1
Sie(w) = Q@ (25| 28 )0 @, (3.19)
Equations (3.14), (3.16) and (3.19) give an exact representation for the one-
hole GF (3.1). To calculate it, however, one has to apply some approximations for

the many—particle GF in the self-energy matrix (3.19) which describes inelastic
scattering of electrons on spin and charge fluctuations.

4. Self-consistent Eliashberg equations

To solve the Dyson equation (3.16) we introduce the k-representation for the
GF .
G (k,w) ZGW e K (4.1)
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For the zero-order GF (3.14) we get:
GO (h,0) ™ = {wo — (B — ) — ATA)Q3, (12)

where 7y, 71, 73 are the Pauli matrix. The energy of the quasiparticles £}, the
renormalized chemical potential ;i = p — dp and the gap function A7 in the MFA,
equations (3.11), (3.12), are given by

Elg = _E(k) /Qa — T Z '7 - q qos (43)
where
e(k) = t(k) = dty(k) + 4"y (k), (k) =4t v(k)xls + 4t (k) x2s,
v(k) = (1/2)(cos ayq, + cosayqy), 7' (k) = cos azq, cos a,qy,
with .
1= 37 @) Ngo — 41 (n/2 — x14/ Q) (4.4
A7 = Z J(k— (X2 X)), (4.5)

NQO'

The average number of electrons (3.5) in the k-representation is written in the
form:

n= ]bZ(X;’OX = ZQUN,W : (4.6)

k,o

which defines the function N, in equations (4.3), (4.4). In the calculation of the
normal part of the frequency matrix (4.3) we neglected the charge fluctuation (the
first term in equation (3.13)) and introduced the spin correlation functions for the
nearest (xi1s) and the next-nearest (x2s) neighbour lattice sites

X1s = <SiSi+a1> y o X2s = <SiSi+a2>7 (4-7)

where a; = (+a,, £a,) is the nearest and ay = +(a, + a,) — the next-nearest
neighbour lattice sites. In the gap equation (4.5) we omitted the k-independent
part caused by the kinematical interaction (the first term in equation (3.12)) since
it gives no contribution to d-wave pairing [6].

To calculate the self-energy operator f](k:, w) we employ a noncrossing approx-
imation (or the self-consistent Born approximation) for the irreducible part of the
many—particle Green functions in (3.19). In this approximation vertex corrections
are neglected as in the Migdal-Eliashberg approximation and it is given by the
two-time decoupling for the correlation functions in (3.19) as, e.g., given below:

(XZOB X (1) Bioor (1) = (XX () (B B (1)) . (48)

joo! joo!
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The proposed decoupling does not violate equal time correlations since in equation
(4.8) j # 7' and i # ¢ . Using a spectral representation for the GF we obtain the
following result for the self-energy in the noncrossing approximation:

S (kw) = _232(_k7—w)
+o0
1 ag
= NZ dzdQN (w, 2, VA1 (g, k —q | QA7 (¢, 2),  (4.9)
q —00

Nk w) = (35 (kW)

+o0o
1 (o
= _NZ// dzdQN (w, 2, Q) Ai2(q, k — ¢ | Q)AL (g, 2), (4.10)
q — 0

where 1 tanh(z/2T) + coth(€Q/2T
N(w, 2, ) = Lianh(z/2T) + coth(€/27) (4.11)
2 w—2z—K

Here we introduce the spectral density:

1

ATI(Q) Z) - _Q ﬂ_Im <<X((])U | X((170>>Z+i6 = Ag2(Q7 _Z)v (412)
1 _
ATQ(Q) Z) - _Q ﬂ_Im <<X¢(1)U | X9(171>>Z+'1(5 = Agl(qv Z)v (413)

and the electron — electron interaction functions caused by spin-charge fluctuations

Mg, k—q|Q) = ¢*(¢.k—q)DT(k—q,9Q), (4.14)
Mo,k —q Q) = ¢* gk —q) D™ (k—q,Q), (4.15)

where g(q,k — q) = t(q) — J(k — q) and the spectral density for the spin-charge
fluctuations is defined by the commutator Green functions

D¥0.9) = tm { Gy |0 owis £ (S, | S-Dawisp (410)

The solution of the Dyson equation ( 3.16) can be written in the Eliashberg nota-
tions as

WZ7(w)To + (Bf + & (w) — )73 + D7 (w) T

) = QoG = Qe g — (B + &) — P o) 17
where
W1 - ZW) = 3[Zh(kw)+ S5k ),
Gw) = 350kw) - Shkw)], (119

Pi(w) = AL+ E0(kw).
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For the numerical solution of the system of equations (4.9)—(4.18) it is useful
to introduce an imaginary frequency representation for the Green function (4.17)
with w = iw, = i7T(2n + 1) and the spin-charge Green functions (4.16) with
Q = iw, = inT2n where n = 0,+1,4+2, ... . By using the representation for the
function (4.11)

1 1
N(i Q)=-T 4.1
(wn, 2,62) %: iwn — 2 (w, —wpy) — 2 (4.19)
after integration in equations (4.9), (4.10) we get:
o1 s T o . .
le(ka 1wn> = _N ? ; Gll(Qa 1wm>>‘11(q7 k — q | WWp — 1wm)7 (420)

: T o : :
X0 (kyiw,) = N Z Z G5(q, iwm) M 2(q, k — q | iw, — iwy,). (4.21)
qg m

The interaction functions are given by

Mg k—qliv,) = ¢*(a.k—a)D"(q,iw,) (4.22)
)\12(q7 k— q | iwu) - QQ(Q7 k— q>D_(q7 iwu)' (423)

Here we have G, (k,iw,) = -GS, (k, —iwn,), G (k,iw,) = G5, (k, —iw,, ).
A linearized system of the Eliashberg equations (4.18) for 7' < T, has the

following form:

) 1
GO (k,iw,) = : 4.24
(ks lwn) iwn — By + i — 9, (k, i) (4.24)

D7 (k,iw,) = A7+ ¢7(k,iw,) = % > {2J(k—q) (4.25)

~M2(q, b — q | iw, — iw) }G1(g, iwm) G5 (g, —iwnm) D7 (g, iwpn).-

At first the system of equations for the normal GF (4.24), (4.20) should be
solved for a given concentration of electrons

n —_—
1—-n/2

2T >
L+ > Gulk,iw,) . (4.26)

k n=—o0

Then, the eigenvalues and eigenfunctions of the linear equation for the gap func-
tion (4.26) should be calculated to obtain the superconducting transition temper-
ature 7. and the (¢,w) dependence gap function.

For numerical calculations one has to introduce a model for the charge—spin—
fluctuation functions in (4.16). By taking into account only the spin-fluctuation
contribution, we can write them in the form:

+o0

D (g.iw,) = —D7 (¢, ) = xe(q) /

QZdZ "
22 + w? Xs

(), (4.27)
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where we have introduced for the spin-fluctuation susceptibility a model represen-
tation (see, e.g., [11,18])

1" ]_
Xs ((Lw) = —;Im <<Sq ‘ qu>>w+15

1
Xo tanh —————— (4.28)

1+&%(q— Qap)? 271 + (w/ws)?

with the characteristic AFM correlation length ¢ and the spin-fluctuation energy
ws ~ J. To fix the constant yo in (4.28) we can use for the spin-fluctuation sus-
ceptibility the following normalizing condition:

= xs(9) x, (w) =

%ZZRSZSJ = %?Xs(@ / exp(;}ﬁxg(z) = Zn (4.29)

For the low temperature, T" < ws, we can integrate over frequency in equation

(4.29):

+00 d +oo too .
4 ” " z T
e — ~ d ~ — = —w,.
/ exp (2/T) — 1 ) / X (2) / T+ (z/we)? 27
o ] J
Therefore, for the constant y, we get from (4.29)
3n
- ~ Zn(l 4.30
Xo 2rwCy Cr = Nzl+£22 52 n(1+ &*/m). ( )

Here ¢ and ¢ are dimensionless quantities ({/a and ga where a is the lattice con-
stant). In the approximation (4.27), we get for the interaction functions (4.22),
(4.23):

—)\11((], k —q ‘ iwu) - )\12(% k —q ‘ iwu) = 92((17 k - Q)Xs(k - Q)Fs<iwl/)7 (431)

where
—+o0

2zdz 1 z
Fy(iw,) = tanh — . 4.32
(i) / 224+ w? 14 (2/ws)? WoT (4.32)

By using the model (4.28), we get for the static spin correlation functions (4.7):

X1s = <SiSi+a1 NZ’Y Ss—q

XQS = <Sisi+0«2> = N z :Vl(q) <SqS*Q>7 (433)
where
+OO d /l( ) 3 1
_ AXs\F) oo~ 21

Therefore, we have obtained a closed system of equations which should be solved
numerically as it was recently done for the spin-polaron model in [§].
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5. Conclusions

In the present paper the theory of the quasiparticle spectrum and supercon-
ducting pairing in the t — ¢ — J model (2.2) in a paramagnetic state is formu-
lated. By employing the equation of motion method for the two-time GF [2] and
differentiating it over two times, ¢ and t’, we easily obtained a self-consistent sys-
tem of equations for the matrix GF (4.17) and self-energy (4.9), (4.10) in the
noncrossing approximation, equation (4.8). The latter is equivalent to the Migdal-
Eliashberg approximation which neglects vertex corrections. Though in the t—t'—J
model (2.2) we have no small parameter as in the electron-phonon model consid-
ered by Eliashberg [3], the vertex renormalization in the former may be not so
important as it was proved for the spin-polaron representation of the ¢t —t' — J
model (2.2) (see, e.g., [19]). All the calculations are performed in the real time
representation, though the imaginary frequency representation which is more con-
venient for a numerical study is given for the linearized system of Eliashberg
equations (4.24), (4.26).

However, the theory is not fully self-consistent in that respect that a phe-
nomenological model for effective electron-electron coupling due to spin fluctua-
tions is to be proposed, equation (4.27), to enable a numerical study of temperature
and doping dependence of the quasiparticle spectrum and superconducting pairing
in the model (2.2). The results of numerical calculations and the comparison with
other approaches will be presented in a separate paper.
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Superconductivity in the ¢ — J model

Nipxin dyHkuini I'pina B Teopii HapnpoBiaHocTi ang
t — J mopeni

M.M.lMnakipa

O6’egHaHU iIHCTUTYT 90epHUX aocnigxeHs, 141980 lybHa, Pocis
OTtpumaHo 28 ciyHa 1998 p.

Po3BVHYTO Teopito HAAMNPOBIAHOIrO CNaptoBaHHS, LLLO BiaOyBaETbLCS 3aB-
OSKN OOMIHHUM Ta KiHeMaTuU4YHUM B3aemogiamy t — J mopgeni B napa-
MarHiTHoMy cTaHi. OTpumaHo piBHsAHHA JaincoHa ana matpuui GyHKUin
I'piHa yepes onepatopu Xabapaa y HenepexpecHoMy HabnvmkeHHi. 3a-
MPOMNOHOBAHO JliHEapPM30BaHy CaMOyY3roJXeHy CUCTeMY piBHAHb Enialu-
Oepra Ans BMBYEHHS TeMrnepaTypHOi Ta KOHUEHTpAaLNHOI 3aneXHOoCTi
KBa3i4aCTUHKOBOIrO CMEKTPY AIPOK Y HOPManbHOMY CTaHi, a TakoX Ans
3HaxXOKEHHA TemMnepatypu HaAnpoBigHoro ¢asoBoro nepexony i cu-
METPIT LWiANHN.

Knio4oBi cnoBa: HaanpoBiaHiCTb, KBa3i4aCTUHKA, PIBHSIHHS [aricoHa,
pyHkuii [piHa, onepatopu Xabapaa

PACS: 74.20.-z, 74.20.Mn, 74.72.-h
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