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Kinetic equations for the dielectric properties of CsHxPOy-type ferroelec-
trics are derived within the nonequilibrium statistical operator method pro-
posed by D.N.Zubarev. These equations are solved with two different ap-
proaches. In the first approach the closure relation in the spirit of a two-site
cluster approximation is used. In the second approach the exact relation
between the static correlation functions is extrapolated to a dynamic case
and used as a closure relation. The both approaches give similar results.
The obtained dynamic characteristics are close to those of the Glauber
model and are shown to describe the dynamic dielectric permittivity of
CsHyPO,4 and CsD,POy4 crystals.
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1. Introduction

The Ising model (IM) appears to be very effective for the formulation and solu-
tion of problems in the theories for electrically or magnetically ordered compounds,
binary alloys, etc. [1-8]. In the case of low-dimensional structures, the model al-
lows an accurate calculation of the thermodynamic quantities (order parameters,
static susceptibility, specific heat) and the spin correlation functions [7-9]. Accu-
rate solutions of the two-dimensional IM [2,9] and the one-dimensional Kac model
make a substantial contribution to the understanding of the nature of the second
order phase transitions.

Great interest is given to the dynamics of the IM. The study of Ising systems’
kinetics was initiated by Glauber’s paper [10], where a one-dimensional (1D) model
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was treated. The papers [11-13] extend Glauber’s approach to 2D and 3D Ising
lattices. As in these cases the problem becomes rather intractable, the mean field
approximation [11] and the cluster approximation [12,13] had to be used. Paper [13]
differs from the preceding work [12] due to the account of a long-range interaction.
Glauber’s idea also inspired studies of the model with several modifications [14,15].

Within Glauber’s approach one can derive [32] a chain of coupled equations for
time-dependent distribution functions (DF). Their solution can be found only for
1D model. For pseudo 1D model Zumer [20] suggested the simplest decoupling of
the chain, which leads to some interpolative equation for one-site DF that yields
the generally known exact result for static susceptibility. But Zinenko [30] dis-
covered that approximations of papers [21,22] lead to incorrect results in the low-
temperature region. Paper [32] suggests a detailed analysis of the coupled equations
for time-dependent DF obtained from the Glauber master equation. Several de-
coupling schemes are suggested. One of them yields thermodynamic and dynamic
quantities of the model similar to those obtained within a cluster approach devel-
oped in papers [28,29]. These theoretical results were extensively used for the dis-
cussion and analysis of experimental data on ferroelectric of CsHyPO, type [16-32].

The crystal structure of CsHyPOy4 can be described as “PO, tetrahedrons con-
nected by hydrogen bonds of two types”. The shorter H-bonds connect PO, groups
forming zig-zag chains along the b-axis. In the paraelectric phase the protons of
these bonds are distributed symmetrically with respect to the centre of an H-bond,
whereas in the ferroelectric phase there appears a spontaneous asymmetry. The
protons of the longer H-bonds are ordered in both phases. Deuteration signifi-
cantly changes the temperature of the phase transition, the dielectric and thermal
properties of CsHyPOy crystal [16-29]. It is the evidence of the important role of
H-bonds in the ferroelectricity of these crystals.

Ferroelectric crystals PbHPO, contain only short H-bonds connecting PO,
groups along the c-axis [17,18,19,33,34,35]. The H-bonds in these crystals are al-
most parallel to the direction of the spontaneous polarization. The phase transition
in these crystals is also closely connected with the proton ordering. However, the
effects of deuteration in PbHPQOy crystals are much less pronounced in comparison
with CsHyPO, crystals.

It is nowadays commonly accepted that the ordering of protons (deuterons) in
the ferroelectrics of CsHyPOy type is of a quasi-one-dimensional nature implying
strong intrachain and weak interchain interactions. This results in some specific
properties of such compounds which should be explained on a microscopic level.

Papers [16-27] are focused on the discussion of the selected experiment and
the suggested model parameters which provide the best fit to those data. Such a
one-sided approach sometimes leads to incorrect conclusions. Thus, the authors
of papers [22-25], comparing predictions of the model with such parameters with
other measured quantities, found a marked disagreement and concluded that the
model cannot describe the compounds under investigation. However, papers [28,29,
32] show that the theory [28,32] which allows for short- and long-range interactions,
describes thermodynamics and dynamics of these compounds with a satisfactory
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accuracy.

Glauber’s approach, however, has several deficiencies. This is, first of all, lack of
substantiation for the master equation, which contains phenomenologically chosen
spin-flip probabilities and unknown kinetic parameters that should be provided
by a separate ab-initio theory. Such drawbacks are not intrinsic to the kinetic
equations method [33—43]. There exists a number of approaches in this field. In this
paper we shall use a nonequilibrium statistical operator (NSO) method suggested
by D.N.Zubarev. In the presence of a small parameter, the NSO method allows
one to obtain kinetic equations for the model [41-43]. We intend to use the method
in order to describe the dynamics of quasi-1D ferroelectrics with hydrogen bonds.
In section 2 a kinetic equation is derived. It is solved in section 3 within a two-site
cluster approximation. In section 4 a chain of coupled equations for time-dependent
DFs is derived and a decoupling scheme is proposed, which supports the results of
the cluster approximation. If the kinetic parameters are independent of frequency,
the NSO method yields the results that coincide with those [28,32] obtained within
the Glauber master equation approach.

2. Nonequilibrium statistical operator. Kinetic equation

In this section we shall consider relaxation phenomena in systems with the
Hamiltonian

H=Hy+V; V=H(s1), (2.1)

where

Hy = Hi(s) + Ha(t). (2.2)

Here H,(s) denotes the Hamiltonian of the quasispin subsystem, Hy(t) is a Hamil-
tonian of the dissipative subsystem, H'(s,t) describes their interaction. Non-spin
degrees of freedom constitute a heat bath, i.e. their heat capacity is so large that
any perturbation caused by the quasispin subsystem cannot push the heat bath
out of the equilibrium. The nonequilibrium statistical operator of the entire system
satisfies the Liouville equation

0 . -5
= A(t) +1Lp(t) =0, (2.3)
ot
where il is a Liouville operator defined by
LA = —% A, ). (2.4)
i

In order to calculate NSO for the system with a small parameter, the following
form of (2.3) is convenient [43]:

% In p(t) +iL Inp(t) = 0. (2.5)

Solution of the Liouville equation (2.5) (or (2.3)) requires boundary conditions.
Following the Zubarev NSO method [40] we shall look for such solutions of (2.5)
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which depend on time only via several observable variables. These variables of
a reduced description set the nonequilibrium state of the system. The desired
solutions can be selected, including an infinitely small source in the right—hand
side of equation (2.5) [40]:

% Inp(t) +iL Inp(t) = —e[lnp(t) — In py(t)]. (2.6)
Here p,(t) is a quasiequilibrium statistical operator that has to minimize the en-
tropy of the system at fixed variables of a reduced description and the normal-
ization Spp,(t) = 1. The source in the right-hand side of (2.6) violates the time-
reversal symmetry of the equation and selects retarded solutions corresponding to
a reduced description. After the thermodynamic limit one has to set ¢ = 0 and to
obtain the solution of the equation (2.5).

The described above approach is based on Bogolubov’s idea that the nonequi-
librium dynamics of the macroscopic physical system is characterized by a hierar-
chy of relaxation times [33]: parts of the system reach the equilibrium long before
the entire system does. Therefore, these parts can be described by a small number
of quasiintegrals of motion which slowly change under the action of weaker interac-
tions that equilibrate all the subsystems. Thus, for times that are longer than some
relaxation times, the nonequilibrium dynamics of the system can be described by
a small number of parameters. In such a way a reduced description becomes suffi-
cient [33]. Let P, be a set of reduced description variables. The quasiequilibrium
statistical operator takes the form [40]:

5ult) = exp{—®(t) = 3 Fu(t) P, (2.7)
where R
®(t) =In Sp exp{—>_ Fn.(t)Pn,} (2.8)

ensures the normalization of p,(t), F,,(t) being the corresponding Lagrange pa-
rameters that have to be found from self-consistency conditions

(Pr) = (P, (2.9)
where
(=) =Sp(p(t) -+ ); (+)g = Sp(Pg(t) - -+)- (2.10)
These conditions lead to
0D (t) B - B R
S = ~(Pabe=—(Pu). (2.11)

It means that F,(t) are conjugated to (P,,). An expression for entropy clarifies
the physical meaning of the parameters F,,(t):

S(t> = _<1npq(t>>q = (I)(t> + Z Fm{t><pM>- (2~12)
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This leads to the thermodynamic relations

557@ = F,.(1). (2.13)
0(Frm)
Equation (2.6) can be written in terms of Aln () = Inp(t) — In p,(¢):
{gt —|—1L—|—5}A1np( ) = ( —|—1L> In p,(¢) (2.14)

The formal solution of equation (2.14) is of the form:

0

Alnp(t) = — / e”e“cﬂ(% + 1[2) In p,(t + 7)dr (2.15)
or
0
~ ~ et iLT d e ~
Inp(t) =1np,(t) — / eTe (875 + 1L) In p,(t + 7)dr. (2.16)

If we introduce the entropy operator
S(t) = B(t) + 3" Fult) B = —Inpy(1) (2.17)

and use the identity

A

5() = 8(1) + 2 Fult) P (2.18)
then integral equation (2.16) takes the form:
0 = o] - 50

0 1
+/ “Te ILTO/A()‘ t+7')(8a +1£)5’(t+7') p(1- A(t+7')d)\d7}

= exp{ — B(t) — Z F.(t)P, (2.19)
+/”M/ 6+ o+ S o Fnli 4 7)Ey

+> F(t+ T)P }ﬁfj Nt + T)d)\dT},

m

where

P,, =iLP,,.
This expression for NSO coincides with that obtained by Pokrovskii [41], if the

following relation is taken into account:

A

1L7'p Pm(T) — eiHT/hpme_iHT/h. (220)
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Using NSO (2.19) one can get general expressions for the average values of interest

d

S {P) = (P (2.21)

The evolution of the free system is determined by quantities a,,

[y, P Z i By . (2.22)

Transfer equations can be written using these parameters:

d
dt

. 1 1
P, — mi (P P,V 2.23
G745 =~ 2 it )+ (B V1) (2.23)
If one calculates the last term in (2.23) using a linear in interaction V approxima-
tion for NSO (for the details of that calculation the reader is referred to [41]), the
following kinetic equations for (P,,) are obtained (to the second order approxima-

tion with respect to V):

%< b)) =LO + LW 4 [ (2.24)
where
. 1
LO = —hz (2.25)
l
. 1
LY = —h<[V Bul)as
Pe i /d (V(r), [V, P + th OLy) Dy (2.26)
= e , 1 . .
m m h2 l5<Pl>q q

The kinetic equation (2.24) can be rewritten in the form:

d

3 (P = =[P, Ha(s) + H'(s, )])g + By (Pr) + Ro(P), - (2:27)
Ri(Pu) = [ At ([ (1), [P, H1),
Ry(Py,) = / dte® ([H' (1), Pk%]) (2.28)

Now we must be more explicit and write the quasispin-heat bath interaction term
H'(s,t) of the Hamiltonian. Let us consider only one-particle interactions

=3V (2.29)
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where Uf(f) are operators related to the heat bath, and (U§(f)) = 0, V} =
S%, Vil Si S§ +15Y. Let us introduce (the equilibrium) statistical operator
of the heat bath

e BH(f)
= — 2.
and operator i ,(s, f) defined by
H(s. f) = 0'(s.f) = (H'(s. ). (2:31)
(H'(s, [)); = Sp; H'py, (2.32)
whose evolution is of the form:
ﬁ’(t) — QitlH1(s)+H2(f)] ]f]/e—it[ﬁl(S)-Fﬁz(f)}_ (2.33)
Using (2.29) one finds that
() = Y a0V, (2.34)
jo
Tra _ itHy(s) Yro.—itHq(s
‘/j(t)_eA()Vye f)u
g (t) = "W ag(t)e U ag(f) = (i (f)y- (2.35)

With the help of the time Fourier transformation
‘A/ja(t) =) YA/JO‘(Q — p%) exp(—it€2}) (2.36)
w

we obtain

A

() zzz/m@ﬂh

(s (60)a ) (V) [P, Vi ()] (2.37)
— (@G5 (1)) o[ B, Vi (B)IV ()}

Hereafter we assume that fluctuations of heat bath variables at different sites do
not correlate. Using also a translational invariance of the model we obtain:

/ /

(af ()u5 )q = i (ug (U5 )g, (2.38)
(s (1) ) = (G55 (—1))g = Yoo (8),

Re You (1) = m(m/(t) Mara(—t), (2.39)
Im Yoo (t) = Naw (t) = —nara(—1).

If there exists a diagonal basis for ﬁg( f), where matrix elements of operator U®( f)
are real, the following relations hold [44]:

Maa () = Mo (—1);  Naar (1) = —Ngar (—1). (2.40)
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In this case

Yoo (t) = maa/(t) Naa (1) = Maa(t) — inea(t), (2.41)
Yara(—t) = Mara(—t) = iNaralt) = Mara(t) + inea(t)

and (2.37) can be written in the form

ZZZ{ oo Qa lMa/a(Qz)]Qj_upa’a(pm> (2.42)

7 v oo

+ [ L (Q )+1Naa(Qa)]Q;ruuaa(Pm)}'
where the following notations are used:

Pr)

([P Vi (), V()] ) (2.43)

juua a(
00

Kya(2) = /dte’“ma/a(t) cosh Qit = /dte’stRe Yora(t)e it

8‘:

Loa(S2)) = /dte’“na/a(t) sinh it = /dte’“lmfya/a(t)e’mﬁt,

0
Mo () = / dte™ "1 (t) sinh Q21, (2.44)
Nua(2) = /dte’stna/a(t) cosh (0t

Using a spectral representation for time-dependent correlation functions in (2.43)

o0 [e.o]

wal®) = [ TQ)EHA, o (—t) = [ J(@,)" A, (2.45)

J(—Q) = J(Q%)e %,
one gets:
1
i Imy, (Q2) = —tanh(—BQO‘)Re%/a(ij), (2.46)
Loa(Q) = —tanh( B ) K ().

If correlations in the dissipative subsystem have a Markovian character and M, (t)

takes the form [7]

1 —o « —t/T
Mara(t) = 5([“ y U ]>q e fe (2.47)

where 74, are correlation times, then

MO/Oé(Q;O;) = QngaKa’a(Qg) (248)
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coefficients N and K can be related using (2.43), (2.46) and (2.47). We obtain:

1 BO°
N (t) = T tanh ( 2“)ma/a(t), (2.49)
(0% /8 (0%
Nara(25) = tanh %)Ka/a(QM).
Finally,
ZZZ{ [+ 12 70] Qoo (Pm) (2.50)
i pr adl
BQ“ . 5

+ [tanh T“ —itanh ]Q;ryua,a(pm)}Ka,a(Qﬁ).

27 fa
The terms with Q) # QY give contributions of order K4 (2)/€ to the solution of
the kinetic equation. Such contributions are of no importance in many cases [7].
Condition 27 = QY in its turn, allows one to keep only the terms with o = —c/.
The last condition can be proven in a very general form [7,42,43]. The relaxation
term (2.50) takes the simplest form if the set {P,,} contains only diagonal oper-
ators. In this case imaginary terms in (2.50) and Ry(P,,) vanish, and the kinetic

equation (2.27) takes the form [7,42,43]:

d
dt P) ZZ{ ol +tanh5 n Qf o P )}Kf;. (2.51)

Here the following notations are used:

K& = K_0a(Q2); T (P, =QT (P,,). (2.52)

Jha Jopp—ao

It is equation (2.51) that will be used in the following section in order to describe
the relaxation dynamics of deuterated quasi-1D ferroelectrics with hydrogen bonds.

3. Dynamics and thermodynamics of deuterated quasi-1D fer-
roelectrics with hydrogen bonds in the two-site cluster
approximation

We shall consider a system of protons located at O-H...O bonds constituting
zig-zag chains. Elementary cells of such compounds contain two PO, tetrahedrons
with two short H-bonds related to one of them (tetrahedron of type A). H-bonds
related to the other (B-type) tetrahedron belong to two nearest structural elements
surrounding it [28]. The Hamiltonian of the proton subsystem of the considered
ferroelectrics has the form [28]:

1

H = —§UJZO'1Z;LZ,10'1Z;L],2[5RZ.Rj + 5R'L+1‘27Rj] (31)
ij
1 ~ z z z
if g if
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Here the first term describes short-range configurational interactions of protons in
chains near the A-type tetrahedron (the first Kronecker symbol) and the B-type
one (the second Kronecker); the second term is an effective long-range interaction
between the protons including interactions mediated by lattice vibrations, the last
term includes an interaction of protons with a longitudinal external field, o, , =
+1 is an operator of the z-component of the quasispin, which we juxtapose to the
proton located in elementary cell R; at the fth H-bond (f = 1,2);ry is a vector of a
relative position of H-bonds in the cell; ;1 denotes an effective dipole moment of the
elementary cell along the polar axis. We shall study thermodynamics and dynamics
of the systems with the Hamiltonian (3.1) in the two-site cluster approximation [12,
13,28]. The approximation is based on the one-site and two-site Hamiltonians [28]:

(2 w ., z x z z

Hé{j = _aaleo-R]Q - _25 (Jle + URjz)a (3.2)
A T,

Hy ;= QBaij.

Here
1%
x:5@x+§wn+gE) A= Ag,y,

= Z Jff/(RZ' — Rj); 77(1) = <O'1Z;Ljf>, (33)
Jf’

T = B(QA + %n(l) + ﬂ),

ARg,s denotes an effective field generated by those neighbouring H-bonds which
are not included in the cluster, %n(l) is a molecular field generated by remote
H-bonds via a long-range interaction. The fields Ag, are variational parameters
that have to be found via self-consistency equations. Following the Hamiltonian

H® the evolution of quasispin operators is given by

. T
aﬁﬂ(t) = Jj‘éﬂ exp(—uﬁa[waRj2 4 BD’ (3.4)
. T
aloijz(t) = Jj‘éﬂ exp(—lta[wale + B])

or in a frequency representation

0P —p+L @ 42 3.6
i 5 ] 5 (3.6)
and
o, () = of ; Br, 1 (7). (3.7)
Rr1(Q0) = =(1+ poq o), Rr2(QP) = = (1+ pog ) (3.8)

858



Nonequilibrium statistical operator approach

On the other hand, the Hamiltonian H) suggests

o, 5(1) = oR, 1 Br, (QV)e ", (3.9)
In TCA, operators Pm coming into kinetic equation (2.51) are

Pryy =ogr,;,  Prji2 = 0R,10R,2- (3.10)

Now one can calculate Qﬁj .o(Pm) and, taking into account the boundary condi-
tions,

(Uﬁjﬁq = <01Z1jf> = 77(1)3 <01Z1j10f1j2>q = (Uﬁjﬂf{ﬂ) = 77(2) (3.11)
obtain a system of equations for one-site and two-site DFs within the “H® ap-
proach”:

d
a77(1) = T1177(1) + T1277(2) + Tis, (3.12)
577(2) = Toun™ + Toon® + Tos,
and an equation for one-site DF within the “H") approach”
d QW
—n = 2KkWy® £ 2K tanh Al (3.13)
dt 2
Here the following notations are used:
Ty =K2:P - k22 - g® _ g (3.14)
Tyy = K(Z) K(Z) Tys = K(Z) @ L K(1) ()
Ty = 2(KP2P 4+ K®)202) K(2> + K%, (3.15)
Ty = —2(K? + K®), Ty = 2(K{ 2" — K)29),

= / dt cosh QWt e *'Re{(a~ (t)at (t)), + (@™ (t)a(t)),},

- / dtcosh QP e~ Re{(a~ ()it (t))g + (@ ()i 1))y}, (3.16)

where

)
69(2) BQ 2
21 , 28 1) tanh 5

Thus, the TCA algorithm leads to a system of nonlinear differential equations

(3.12), (3.13) for variables n", n® A. This system seems to be quite intractable.
Therefore, we consider only the case of small deviations from equilibrium values

W, 7 A, E

(3.17)

nV = q® g g = g, (3.18)
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and neglect nonlinear in nt(l), nt(z), Ay, E; terms in the kinetic equations. This leads

to separate equations for static quantities
gy sinhZ (2 coshi —a 1o 1+q% B 0

n T=—-1In

= — = —— 3.20
a+coshz coshZ +a’ 21— 4 - (3:20)

and dynamic deviations

(1) (1) (2) ‘~ t 2) (1) 2) ‘N t
-1 = an +a n +a -1 =) n + b ] + b 3.21
1+ t 17/t 271t 32]€ T’ 1t t 1M 211t 32]€ T’ ( )

where

Y By, YOY®
— (a1 — az) + —
y (@) _ oy (o) \ "t T 3l 4 YO 9y’
y @) B y 0y (@)
v —oy Y2 BT Tyay oy 0)
vy (©2) (@ — am) + & y0)y(2)
y (@) — gy \ "t T U8l 4 YD) 9y
Yy () yOy®)

vO oyl %= "yo ovor

ay = a1 —

(3.22)

ag = a12 —
by = ag —

by = ag —

an = K21 -2+ K201 - 2%, ap=K? - K2,

21 = 2[k£2)(1 - 59) - R'g)(l - 5321) ;o Qo2 = 2([(52) + f((—zl)a

YO = K22, (70 +1) — K92, (7Y — 1), (3.23)
YO =oK% (1 +1) + K&z 0 (7 — 1),

y© =og® cosh_Q(g); T=—

) =(1—a’+2asinh &)y, (3.24)

g) = (—=1+a*+ 2asinh @)y,

- w T
Z%?) = 1- tanh2<% + 5)

= 4a{2a + cosh ¥ — sinh & + a(cosh & + sinh &)}y 2, (3.25)

- w T
Z(_21)1 = 1- tanhQ(—% + 5)

= 4a{2a + cosh ¥ + sinh 7 + a(cosh Z — sinh &)}y 2,

i BN B
— = —+ — —=— 4+ — 3.26
2~ 2 4 > 2Tt (320
a=ePv y=1+a®>+2acoshz,

z _ BA | P 70 4 Bk,
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K = /dt e " cos(dw + %)t Re{(u (t)ua™), + (ut(t)a ).},

RO = [t e cos %t Re{ (@ (1)a*)y + (@* ()3 ), ). (3.27)

Equations (3.20) coincide with the results of the conventional static theory. The
general solution of (3.21) is of the form:

.\ pE
7]151) = O e t/m s et/ | C(iw) 2‘2}3; (3.28)
with the relaxation times
I \—1 1 2
()™ = 5 (@ +b) £ V(@ +02)2 — d(arby —ashy) ¢ . (3.29)
and (ash ) _
. 203 — a302) — A31W
C = - —. 3.30
(lw) (CleQ - CLle) + (CLl + b2)1w + (1w)2 ( )
The quantity C(iw) determines the dynamic susceptibility of the model
~ (1) 2 ()1
I . diy X
= — l = . 1
X () = - lim 2T ¥ i2avr] (3.31)
where _ ,
f /1 1\-1 - fi
X11,2 = iﬁ(T_lI — 7_—21) [T1172<CL3Z)2 — a2b3) - CL3], f = kaa. (332)
Consequently, the dynamic permittivity is of the form:
(1, T) = es0 + 41X (v), (3.33)

where €., is a high-frequency contribution to permittivity. Let us note that, if
K = K = K = ;- the obtained in this section kinetic equations (3.12) coin-
cide with that used in the stochastic Glauber model in [28]. Therefore, Glauberian
equations describe a physical system where Fourier-transforms of the heat bath
correlation functions do not depend on frequency [7,42,43]. In this case « is a
constant of time dimensionality which characterizes an interaction of the spin sub-
system with the heat bath.

Now let us note that the cluster approach yields exact results (obtained in
[5,7-10]) for the static properties (free energy, specific heat, static permittivity
£(0,T) (see (3.33)), order parameter (3.20)), equilibrium distribution functions
[32,37] of quasi-one-dimensional systems. For the results of the cluster approach
for the systems of higher dimensions the reader is referred to [13]. In the case of a
zero long-range interaction, formula (3.33) yields the result of [12].

To describe the property of some compound on the basis of the obtained above
results one has to consider a mechanism of relaxation of that compound and cal-
culate the kinetic parameters K }(f) and K. We shall not discuss this problem
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Table 1. The model parameters that describe experimental data on CsHoPOy
and CsDoPOy: the nearest neighbour coupling K; the long-range interaction J;
the effective dipole moment of a proton (deuteron) on a hydrogen bond p; the
parameter of the kinetic equation — relaxation time of the noninteracting proton
(deuteron) a.

CSH2P04 CSDQPO4
K/kg, K 390 610
J/kg, K 1.05 2.85
W, esu || 1.87x107¥ | 2.17x10718
Q, s 6.2x1071 3x1071°

here. Figures 1 and 2 show that dynamic permittivity of CsH,PO4 and CsDyPOy
crystals in the paraelectric phase can be described within the Glauberian approach
under certain choice of model parameters (see table 1). To describe the dynamic
permittivity in the ferroelectric phase one should suppose that bare relaxation
time a depends on temperature.

In the theory of the CsHyPOy4-type ferroelectrics it is important to describe
dramatic isotope effects in these crystals. Partial substitution of hydrogens by
deuterons can be described within the disordered Ising model. In such a way a
problem of the calculation of dynamic properties of the disordered Ising model
arises. Papers [49-52] treat the Glauberian dynamics of the model within the two-
site cluster approximation. NSO dynamics of the disordered Ising model is an open
problem.

In the next section we shall consider alternative methods for the solution of
the kinetic equation in order to verify the cluster approach developed here.

4. Relaxation dynamics of the quasi-one-dimensional Ising
model

For the sake of convenience we write the Hamiltonian of quasi-1D ferroelectrics
of the order-disorder type in the following form [20,32]

ZJH i+1,5 Zj ZZJJ-WW z+m]+n z] ZME]SZZ] (41)

ij mn

The first term describes the short-range intrachain interactions between the hy-
drogen bonds, the second one accounts for their effective long-range interactions,
the last term is an interaction of hydrogen bonds with an external longitudi-
nal electrlc ﬁeld S7; is a quasispin operator corresponding to the hydrogen bond
(S5 = 2 0%; of; = *1). The spatial position of each quasispin is described by
two indices (ij). The first one denotes the sequential number of the quasispin in a
chain, the second is a chain number.

We shall treat the long-range interactions in the mean field approximation. In
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Figure 1. The dynamic dielectric permittivity ¢ = ¢’ —ie” of the crystal CsDyPO,
at the frequencies v = 5.1, 72.4, 251, 423, 730, 1044, 2000, 1150 MHz: the lines
are theoretical results that correspond to the model parameters of table 1, the
symbols present the experimental data [48,25,47].

this case the effective Hamiltonian takes the form:

2 z z Tij oz ]
H.(s) = —Z Jj i+1,5°45 Z Fjsij =- ZHjc(3>- (4.2)
ij ij J
Here the notations
Tij = B> Jimn (S jin) + BuE;; (4.3)
are used. The time evolution of the quasispin operator is defined by (2.33):
Se(t) =Y SE(Q)e ™, p=0,4+1, (4.4)
o
where
1 1 1
QQ = BIL'Z‘]‘, Ql = JH + Bl‘ij, Q_l = —J” + BIL'Z‘]‘, (45)
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Figure 2. The dynamic dielectric permittivity of the crystal CsHoPOy4. The lines
present theoretical results (parameters in table 1), the symbols show experimental
data [25].

S%<QH) = qujRij(Qu)a (4~6)

1 4 4 1 4 z
Rij(QO) = Z[l - 4Si71,jSi+1,j] = 5(1 - O-ifl,jo-iJrl,j)a (4~7)
1 z z
Rij(Q41) = 1(1 + Uz‘—l,j)(l + Ui-i—l,j)'

The choice of operators Py, which come into the kinetic equation, is determined by
the system’s properties and the form of its Hamiltonian. In our case the following

choice of P, is convenient:

i€l

The kinetic equation (2.51) takes the form:

%(H Ufj> = - ZKu {(H o5 ZRij(Qu»q - Zu(H o5 ZRU(QH»Q} . (49)

i€l i€l i€l i€l i€l
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By

where Z,, = tanh 5

K,=K"+K,'= 7dt e cos(Qt)Re[{(a (t)ua™), + (@ (t)a),). (4.10)

Now, on the basis of (4.9) one can obtain a system of equations for time-dependent
spin correlation functions

d

&77 = —aily + 2714 + azmaq -+ A47)3¢ + Qap, (4.11)

d
M= b1y — banig + bsnag + banzg + bo,

where the following notations are introduced:
1

ap = Ko+ §(K1 +K.)—a, a=KZ —K 7,

1
ar = —(K1 — K_y), a3=—-K¢Zy+ §(K1Z1 + K 1Z),

1 1
ag = K()Z(] + 5([(121 —|— K,lZ,l), ay = KO — §(K1 + Kfl), (412)

by =—(K1+ K_1) —bi, b =2(KiZ1+K_1Z,),
by = (K1 +K_1), bs=—-K\Z,—K_Z_,,
bo=K1Zy — K Z 1, by=—(K —K,);
n= (‘71‘23‘)7 m= <Ufjaf+1,j> = <Jizjaiz—1,j>7 2 = <Ufjaf—27j> = (Uz‘zjaz‘z+2,j>7 (4.13)
N = (050 m i Ok (mt1),) = Tmmt1, T2 = 13, (4.14)
Ng = <Uz‘zj>qv Nig = (-)gs  1=1,2,3.
The system of equations (4.11) is not closed. Unfortunately, we do not know other
relations between the nonequilibrium quasispin distribution functions of the model.
The equilibrium spin distribution functions for the quasi-one-dimensional Ising

model (4.1) were studied in papers [2,5,7-9]. The exact results for several correla-
tions functions are known [7,8]:
B

inhz/2
sinh 2/ i="vin+BuE, a=e P2 (4.15)

o = <Uiz‘>0 = )
’ \/sinh* /2 4 a 2

Nom = (05,07 em o =16 + (L —m3) [, f=

Mo — tanh & /2
no + tanh z/2’
Nomm+1 = (050 am i Ora(m+1),400 = Momor + f™ (1 + f)(1 — 7o) tanh /2. (4.17)

One can easily verify that all the correlation functions in (4.16) and (4.17) can be
expressed in terms of the equilibrium averages 1y and 7, (see [7,8]):

(4.16)

Nom = 15 + (no1 — mg)™ (L —ng)* ™, (4.18)
o1 — 7)8 m
Nomm+1 = 770{7701 + (1 — 7}01)( L ) }
0

865



R.R.Levitskii, I.R.Zachek, R.O.Sokolovskii

In view of relations (4.18) we can suggest closure relations for the kinetic equations
(4.11):

1

m—n’
— = 1— . 4.19
g 77{711-1'( nl)l_nz} (4.19)

m =+ (m —n?)?

One can see that (4.19) is consistent with the exact relations (4.18), though there

is no guarantee that such a dependence among 7, 7,7, and 73 is preserved even in

weakly nonequilibrium states. Using (4.19) and the condition ([] S7;) = (I 5;),
i€l il

we derive a closed system of kinetic equations

d as 2, .2 2 aqm 2

Eﬁ:(%—al)ﬁﬂLaﬂhﬂLl_nQ(ﬁ +m =20 ?71)—1_772(1—?71) + ao,
(4.20)

d 3 ban

—m = (b1 + ba)n — b 2y = 2nPm) — 1 —m1)* + by.

uh (b1 + ba)n 2771+1_n2(71 + 11— 2n7m) 1—772( M)~ + bo

The system of equations (4.20) is nonlinear and quite complex. Therefore, we re-
strict further consideration to small deviations from the equilibrium and represent
the distribution functions as sums of their equilibrium values and (small) time-
dependent deviations:

n="0+ ", M =N+ M, Tij =T+ Tije. (4.21)

In this case the following relations hold:

1517 E

Zy = Zyo + [ 4L7}t + 5#2 t}Zm,
v E
Zy =2y + [64L7h + 5#2 t}Zu, (4.22)
v E
L1 =2 10+ [54l7h + 5/; t}Z—n,
where
ZOO = tanh g,

BJL :i) 1 —a*+ 2a*sinh 7 (4.23)

Zyo = tanh (225 4 1) =
10 an ( 2 +2 1+ a*+ 2a2cosh 2’
BJy :Z’) _ —(1 —a*) + 2a*sinh 7

7 _19 = tanh(—"—= + —
10 an( 2 +2 1+ a*+ 2a2coshz

711 =1 — tanh? (& n Ty 4a?[2a* + (1 + a*) cosh & — (1~— at) sinhfé]’
2 2 (14 a* + 2a® cosh 1)?
BJL @ 4a?2a® 4+ (1 4 a*) cosh 7 + (1 — a*) sinh 7]
Z 11 =1—tanh?(- ==+ 2) =
11 an ( 2 + 2) (1 + at + 2a2 COSh:Z’)Q )
Zoy = 1 — tanh? g (4.24)
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Substitution of (4.21) and (4.22) into (4.20) and linearization of the obtained
system of equations with respect to n;, n; and E; allow one to obtain two systems of
equations. The first one contains equilibrium correlation functions, and its solution
yield relations (4.15) — (4.17). The second one contains a dynamic part of the
correlation functions and has the form:

d
—n+ A Aoy = Az —— 4.2
E + Ay + Ao 5 QT (4.25)
d ,U/Et
— B B =B
dtnlt + D1 + Danie 3 T’
where
o (1 — 2 1 2V(1 — 12.)2
Ay = ajp — as Mo ;701) _ a4[1 _ (1 +m)( _ Mo1) }
(1 —mng)2 (1—mn5)°
Buir 16 + 16— 2m5n
— T[anﬁo + as; R 101_ 7 0101 + am}, (4.26)
2 - 2m(1 —
Ay = —[QQ + asp (ZOI_ 778?70) + ay 7}01( — 77:%701)}7
2 2 2
_ + -2
Az = apny + a31n0 7101 2 Toox + aoq,
=%
o (1 — 2 1 2V(1 — p2.)2
By = —byy — b30770(—;/01) _ 64{1 _ (1 4+ m)( _ Mo1) }
(1 —5)2 (1—n5)
By s % + 161 — 218701
= = b+ b P O bou (4.27)
2 — 2n0(1 —
By = by — b (ZOl 772770) — by 7701( 77;701)>
— o -0
7 5 + M6y — 205701
B3 = bi1mo + b3y + bo1.-

1—n3

Equations (4.25) yield the following expression for dynamic susceptibility of the
system:

() 2 (ByAs — A3Bs) + iwA; (428)
X QUQkBT (AlBQ — AQBl> + lu}(Al + BQ) + (1&))2 .
_ Xt X5
1+iwrt 14 iwrl’
where
2
1T jz 1 -
= AsBy — AsB3) — A 4.9
N R (g [ BP9
2
1
11 K [TQII(AgBQ — AyBy) — Ag} :

X =
> 20,kp T(1/7'1H — 1/7‘211)
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7'11712 =2 {(Al + Bg) + \/(Al + 32)2 — 4(AlBQ — A231>} . (430)
In the paraelectric phase our results have a particularly simple form:

2812 1 1
Ve 4a— Br, 1+iwr’
(1+a)*(1+a’)
[Ko(1 + a?) 4+ 2K,](4a — Bvy)

(W) = (4.31)

Like in the preceding section, in the case Ky = K; = K_;, expressions (4.26)
and (4.27) become simplified and we obtain the results of the Glauber approach
derived in [32].

5. Conclusions

In this paper we study relaxational phenomena in quasi-one-dimensional fer-
roelectrics of the order-disorder type. We use Zubarev’s NSO method in order to
describe the kinetics of these compounds. Two closure relations are used to deal
with the obtained kinetic equations. The first one uses the two-site cluster approxi-
mation in order to calculate the dynamic and thermodynamic characteristics of the
system. The second one uses suggested in [32] decoupling for a chain of equations
for quasispin distribution functions. The both approaches give numerically close
results. For the description of experimental data within the NSO method one must
calculate kinetic parameters K ;82) and K. In the course of such a calculation one
must consider mechanisms of relaxation in given crystals. Such problems will be
considered in our future works. Here we only note that if the kinetic parameters
are independent of frequency, our results coincide with those obtained in [28,32]
within the Glauber model and provide a good description of the experimental data
on quasi-one-dimensional ferroelectric crystals CsH,PO,4 and CsDyPOy.

Appendix

The obtained within the NSO method system of equations (4.11) for distribu-
tion functions is not closed. Therefore, the problem of the correct decoupling of
this system arises. The ones used in this paper are not unique.

For example, in paper [20] in order to decouple the equation

d z z 1 z z
_O‘a<aij> = _<Jij> +Po( )(<Ui—1,j+‘7i+1,j>)
1), = . nl
+ (Ml( )<Ui—1,j0i+1,j> + Lg )Qxija (A.1)
(1):11—a2 (1)_1(1—a2)2 (1):11+6a2+a4
O T2 14a2 TN T2\ 442/ 2 (14 a2)?
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from that for the pair distribution function the following approximation is used:

Tt
<Uz 1,5 z+1 _]> r + F/ ;j (A2)

where

B 2 {1 B 2a%> — (1 — tanh® BJ”/Q)(BVLHO/ZL)Q} 1

N tanh BJH/Q [a2 + (BVLHO/4)2]3/2 ’

r_ 4 B*Bu i /4a® (A.3)
tanh 3.J)/2 [a® + (Brino/4)?]3/? '

In this way one finds

f MO
XIII(07 T) - 9r ) ) (A4)
2t 1 - 2P — Buy J4m®)
T>T, a+a*—a

2t a? — Bvy J4(a+ a® —a?®)’

1

_ a {1 —9p — B”M“ } , (A.5)

T>T. 1+a?
- 2[e? = Bri/A(a+a® —a?))

where ]
MO = LO L MO 4 ZBVMOF’M(”- (A.6)

Numerical calculations show that these results are close to (4.29), (4.30) at high
temperatures, but in this approach the static susceptibility and relaxation time
become negative at T — T..

In [21] the equation for the dynamic part of the distribution function is written
in the form:

d, . .
aa<aij>t = —(og)h+ PO( )(< O 10t + (0500 (A.7)

1-2P? 3 . Bu

—F <Z ; JLmn<0i+m7j+n>t + 7Etij)>
where
inh? 2\3/2
@ 1 B B (sinh” Bv, /4ng + a®)

Ry = 4(Zm Z_ ), F= o cosh Bu, /A, . (A.8)

The solution of this equation coincides with the results (3.32), (3.29) of the
two-site cluster approximation, except that at T < T

WV =q {1 —2p? — 6 PPl - 2P(§2));} . (A.9)
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Ao Teopil penakcauiiHMX sBULL, Y KBa3i0oAHOBUMipHUX
cerHetoenekTpmkax 3 BsogHeBMMu 3B’a3kamu. Mipxig
HepiBHOBa)XXHOIro CTaTUCTUYHOrO oneparopa

P.P.JleBuubkunn, |.P.3a4yek, P.O.CokonoBcbkuin

IHCTUTYT @i3nkn koHaeHcoBaHnx cuctem HAH YkpaiHu,
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B pamkax meToay HepiBHOBaXXHOIrO CTaTUCTUYHOro onepatopa .M.3y-
HapeBa BMBeAEHI KIHETUYHI PIBHAHHS 0151 AieNeKTPUYHUX XapakTeprucTuk
cerHetoenekTpukie Tuny CsHyPO,. Lli piBHAHHS po3B’a3aHi B HabAu-
>KEHHi ABOYACTMHKOBOIO KJlacTepa Ta LWISXOM PO3LLENIEHHS NTaHLLIOXKA
piBHSHb A5 YHKLA po3noainy. Obuaea MeToau AaTb 6113bKi pe3yib-
Tatun. NokasaHo, o po3paxoBaHi AMHAMIYHI XapaKTePUCTUKM € BNU3bKN-
MW [0 TUX, LLLO OTPUMYIOTBCS B pamkax KiHeTMYHOI moaeni Maybepa Ta
[03BOJIAI0OTL OnNncaTy AUHAMIYHY OieNIeKTPUYHY NPOHUKHICTb KpUCTanis
CSH2P04 i CSD2P04.
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