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Thermodynamics of solids in the limit of infinite pressure formulated by Stacey reveals that the thermal ex-
pansivity (alpha) of solids tends to zero at infinite pressure. The earlier models for the volume dependence
of thermal expansivity do not satisfy the infinite pressure behaviour of thermal expansivity. The expressions
for the volume dependence of the isothermal Anderson- Griineisen parameter (delta T) considered in the
derivation of earlier formulations for alpha (V) have been found to be inadequate. A formulation for the volume
dependence of delta T is presented here which is similar to the model due to Burakovsky and Preston for the
volume dependence of the Griineisen parameter. The new formulation for alpha (V) reveals that delta T infinity
must be greater than zero for satisfying the thermodynamic result according to which alpha tends to zero at
infinite pressure. It is found that our model fits well the experimental data on thermal expansivity alpha (V) for
hcp iron corresponding to a wide range of pressures (0-360 GPa).
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1. Introduction

The Anderson-Griineisen parameter is an important physical quantity for understanding the
thermoelastic properties of solids at high pressures and high temperatures [1]. In the present paper
we study the volume dependence of the Anderson-Griineisen parameter and derive an improved
formula for thermal expansivity of solids which is found to be consistent with the thermodynamic
constraint at extreme compression. The isothermal Anderson-Griineisen dris defined as [1]
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where « is the thermal expansivity or volume thermal expansion coefficient
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Equation (5) can be integrated to obtain « as a function of volume V, provided we know the
dependence of the Anderson-Griineisen parameter T on V. It has been found by Anderson and
Isaak [2] that ér depends on V in the following manner
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where 1 = 0% at V = Vj, the reference state (P = 0). k is a dimensionless thermoelastic parameter
defined as [2]
Oln 5T
k= . 7
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An alternative form for (V') has been considered by Chopelas and Boehler [3] as follows

Vv
o= (6% +1)— — 1. (8)

o

Equation (8) is the basis for an equation of state (EOS) formulated by Kumar [4,5] which turns
out to be the same as the usual Tait EOS [6]. Equation (6) with k = 1 is also used for developing
an EOS and for investigating the thermoelastic properties of solids [7-10].

The Chopelas-Boehler formulation (equation 8) when used in equation (5) gives the following

relationship [7,8]
o v\ o 1%
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where apis the thermal expansivity at P = 0. On the other hand, when the Anderson- Isaak
formulation (equation 6) is used in equation (5), we get
} . (10

- (5)
Vo
Anderson et al. [8] have made a comparative study of equations (9) and (10). It should be
emphasized here that the Chopelas-Boehler relationship (equation 9) and the Anderson-Isaak for-
mulation (equation 10) are not consistent with the infinite pressure behaviour based on thermo-
dynamics. The thermal expansivity o should tend to zero at extreme compression, V approaching

zero [11,12]. But equation (9) predicts a — oo, and equation (10) gives a finite value of a at
extreme compression (V — 0, P — 00). We therefore present a revised formulation for a(V).

2. Formulation based on the Burakovsky-Preston model

Burakovsky and Preston [13] have recently formulated a model for the volume dependence of
the Griineisen parameter v based on the following expression

Vv 1/3 Vv n
’Y’Yoo+a<70> +b<70> ) (11)

where o is the value of v at extreme compression V' — 0. The value of vo,= 1/2 or 2/3 based
on the Thomas-Fermi model [13,14]. 7o is treated as a universal constant, i.e., the same for all
materials, whereas a, b and n(> 1) are material-dependent parameters. It was found [15] that
the Burakovsky-Preston model equation (11) satisfies the thermodynamic constraints v — 7Yoo,
qg = (dlny/dlnV)r — 0, and A = (dlng/dInV)r — A, where 75 and A are finite positive
values.

It is appropriate to consider that the Anderson-Griineisen parameter dr follows a volume de-
pendence similar to equation (11). A similarity for the volume dependence of v and 1 was pointed
out earlier by Tallon [16]. We can thus write
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where 01 represents the value of ér at V' — 0. In analogy with equation (11), d1o can be
considered as a universal constant and c1, co and m as constants for a given material. When we
use equation (12) in equation (5), and then on integrating we find the following expression for the

thermal expansivity «,
STOQ 1/3 m
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On comparing equation (13) with equations (9) and (10) we note that droe = —1 in the

Chopelas-Boehler formulation (equation 9), and d1..= 0 in the Anderson-Isaak formulation. The
infinite pressure condition for a based on thermodynamics (o — 0 at V — 0) is satisfied only when
0Two is greater than zero. This is a result similar to that (dg» > 0) obtained by Stacey and Davis
[11]. Here dg is the adiabatic Anderson-Griineisen parameter related to the temperature derivative
of adiabatic bulk modulus Kg [1]

_ 1 0Ky
5SaKS<aT>P' (14)

It should be mentioned that Kg and Kt are related by the thermodynamic identity
Kg=Kr(14+~aT). (15)

Stacey and Davis [11] emphasized that isothermal and adiabatic properties become identical in
the limit of infinite pressure. So, when dso > 0, we should also have d1o, > 0.
An independent expression for d1, can be obtained from the thermodynamic identity [1]
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which gives at P — oo
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To know more about droe, we use the following thermodynamic identities [1,12]
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3. Results and discussions

The Griineisen parameter is related to the thermal and elastic properties of the material by the
formula

aKtV  aKgV
Cvy  Cp ’

where Cy and Cp are the specific heats at constant volume and constant pressure, respectively.
It follows from equation (20) that « should decrease with a decreasing volume or an increasing
pressure since gamma decreases and bulk modulus increases faster than 1/V. It is desirable to
judge the suitability of equation (13) for a (V) which is based on a model for é7(V) (equation 12)
similar to that (equation 11) formulated by Burakovsky and Preston [13] for v(V).

We have in all five parameters viz. o, dreo, €1, ¢2 and m in equation (13). Equation (12) at
V =V gives

(20)

5% = 0Too + €1+ C2. (21)
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We take dpoo= 2/3 based on equation (17) using K., = 5/3 derived from the Thomas-Fermi
model [13,14], and neglecting the last term in equation (17) for the volume derivative of Cy since
it is very small at high pressure and high temperature [1,11]. The value 2/3 for d1o can also be
supported from the identities (18) and (19). Equation (18) can be integrated along an isotherm
whereas equation (19) can be integrated along an adiabat. We integrate equation (19) between the
limits V =V, to V' — 0 to obtain

n(ax)l}, = [ (a- 1) (22)

Vo

Since ¢ = (dIn+y/dIn V)1 becomes zero at V' — 0 [11], it is found from equation (22) that the
product aKr tends to infinity at P — oo or V' — 0. Equation (18) was used by Anderson [17] and
others [18, 19] to discuss the nature of variation of aK with volume. According to equation (18),
aKrp — oo only when ér — K7 is negative at P — oco. This reveals that dro must be less than
K!_. Thus the value of drs should be constrained as follows:

0 < 61 < K/ . (23)

The value of 2/3 for d1s taken in the present study satisfies the above constraint. drs should
be considered as a universal constant in the same sense as 7., and K. . The other parameters
8%, ag, c1, co and m depend on the material chosen for the study. To judge the suitability of
equation (13) for (V') we use the experimental data for hep iron which was well studied for a wide
range of pressures [20,21]. For hep iron we take 6% = 5.32 and ap = 7.83 - 107° K~! from Isaak
and Anderson [20]. Using §%= 5.32 and d1oc = 2/3 in equation (21) we have

c1 + co = 4.65. (24)

The parameters ¢1, co and m are now fitted to experimental data [20,21] for hep iron in the
pressure range 0-360 GPa given in table 1. The fitted parameters are found to have the values ¢;=
3.60, co = 1.05, and m = 1.5. With the help of these parameters, values of «(V') are determined
using equation (13) and then compared with the experimental values reported by Isaak and An-
derson [20] in figure 1. We find that our model fits the experimental data well particularly in view
of the fact that the experimental data become increasingly imprecise as pressure increases due to
non-hydrostaticity, comparably low quality of pressure standards, recrystallization etc.

Table 1. Experimental data for the thermal expansivity a (P, V) in 107K ™! for hcp iron [20,21].

V/Vo | P (GPa) | a (107° K1)
1.0000 0 7.83
0.8767 30.0 3.88
0.8470 41.8 3.42
0.8172 56.2 2.94
0.7875 74.0 2.47
0.7578 95.9 2.02
0.7281 123.1 1.61
0.6984 156.8 1.27
0.6686 199.0 1.00
0.6389 252.1 0.82
0.6092 319.3 0.71
0.6048 330.0 0.70
0.5944 359.5 0.68
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Figure 1. Thermal expansivity «(V) for hep iron, continuous curve calculated in the present
study (equation 13), and experimental data [20,21].

4. Conclusions

It was emphasized by Tallon [16] that the volume dependence of drshould be similar to that of
~. The volume dependence of dr is required for investigating the variation of thermal expansivity
a with volume V. We have presented a formulation for (V') (equation 13) using a model for é, (V)
(equation 12) which is similar to the model for v(V) (equation 11) originally due to Burakovsky
and Preston [13]. In both the models (equation (11) and equation (12)) the first term on the right is
a universal constant (Yoo Or dTo), and the remaining two terms depend on the volume representing
the concave up and concave down behaviour [13]. The experimental data for thermal expansivity
of hep iron [20,21] for a wide pressure range up to 360 GPa have been fitted well with the help
of equation (13) using the reasonable values of parameters, m > 1 and ¢1/co = 3.4, in agreement
with the original model due to Burakovsky and Preston [13].
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AHania TepmMiyHOro po3LWMpPEeHHs TBepAUX Tin npu
€eKCTpeMasibHOMY CTUCHEHHI

Ix.LWaHkep, B.M.CiHr, K.OxiTeHapa

®disnyHunii dakynsteT, IHCTUTYT NpUpoaHUYKX Hayk, Kxanaapi, Arpa IHgis 282002

OTtpumaHo 28 cepnHa 2006 p., B ocTatodHOMY Bumsaai — 16 xosTHa 2007 p.

3riaHo ymoBu, cdopmynboBaHoi CTeici Ans TepmoanHamMikv TBepAMX Tifl B rpaHuLL HECKIHYEHOr O TUCKY, X
TEPMIYHE PO3LUMPEHHS NPSIMYE OO0 HYNS NPU HECKIHYEHOMY TUCKyY. [TonepeaHi Moaeni Ana onucy 3anexHo-
CTi TEPMIYHOIO PO3LUMPEHHS Bif, 06’EMY HE 3a[0BINbHAIOTHL Uil yMOBI. Bupasun ana 3anexHocTi isoTepmi-
4yHOro napameTpa AHaepcoHa-IploHaliseHa Big, 06’emMy, OTpMMaHi B nonpepeaHix $opMynioBaHHsIX, BUSBU-
ICS HEBIANOBIAHMMK. Hamu npeacTtaBneHo 06'eMHy 3aNiexHiCTb napameTpa AHaepcoHa-IpioHan3eHa,
sika € NoAGHOI0 A0 OTPMMAHOIT paHile Ana ogHie 3 mogeneii. OTprmaHi HamMu pe3ynbTaTi AEMOHCTPYIOTh,
wo napameTp AHaepcoHa-IproHan3eHa Npy HECKIHYEHOMY TUCKY MYCUTb OyTY BiNbLUMM HiX HYNb ANS TO-
ro, Wwob 3aA40BiNbHUTY TEPMOANHAMIYHY YMOBY, 3riAHO AKOi TEPMiYHE PO3LUMPEHHS MPSIMYE A0 HYNs Npu
HeCKiH4eHOMY TUCKY. 3HaeHo, WO Halla MoAesNb Y3roakyeTbest 40Ope 3 eKCrnepuMeHTanbHUMN JaHu-
MW, LLLO CTOCYIOTbCSt 06’E€MHOI 3aNeXHOCTi A/19 3asi3a 3 rekCaroHanbHOIO LLiSIbHOK YNaKOBKOK B LUMPOKIl
o6nacTi Tuckis (0-360 GPa).

Knio4oBi cnoBa: repmidsHe po3LUMpPeEHHS, napameTp AHaepcoHa-IproHarizeHa, TepmoanHamika

PACS: 64.30.+y, 65.70.+y
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