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Natural iterative methods converge to the exact solution of a differential-functional von Foerster-type equation
which describes a single population dependent on its past time and state densities as well as on its total size.
On the lateral boundary we impose a renewal condition.
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1. Introduction

The paper is dedicated to the memory of Professor A. Lasota. Von Foerster and Volterra-Lotka
equations arise in biology, medicine and chemistry, [1,7,11,12,14]. The independent variables z;
and the unknown function u stand for certain features and densities, respectively. It follows from
this natural interpretation that x; > 0 and u > 0. Von Foerster model is essentially nonlocal,
because it contains the total size of population [ u(t,z)dz.

Existence results for certain von Foerster type problems have been established by means of
the Banach contraction principle, the Schauder fixed point theorem or iterative methods, see [2]
and [3-5]. Nonlocal terms always cause huge problems. Satisfactory conditions for convergence of
iterative methods were provided in [9], where (for the sake of simplicity) some boundary data were
prescribed. This forced additional restrictions on the (tangential!) flow of bicharacteristics near the
lateral boundary.

In the present paper we generalize the L> N L'-convergence results of [9] to the case of renewal
boundary conditions with natural assumptions on the flow of bicharacteristics. An associate re-
sult to [9] on fast convergent quasi-linearization methods has been published in [8]. The renewal
condition of the form -

u(t,0) :/ k(t, z,y) u(t, x)dx
0

is interpreted as giving birth to young individuals at the age 0 by mature individuals (0 < z < +00).
In A. Lasota’s investigations there were included some delay effects like [ u(t —r, z)dz. Such cases
are also available using the method of the present paper. Investigations of finite difference schemes
on large meshes with strongly nonlocal functionals were analyzed in [15]. Since the renewal case is
complex, we arrive at its reduction to the one with given data on the lateral boundary. In fact, the
unknown renewal part is expressed by a Green function. This approach can be extended to many
species models. There is also a difference between the renewal case and [9]: the renewal involves
such coupling of the unknown function that excludes monotone iterations.

1.1. Formulation of the differential problem.

Let 7 = (71,...,7) € R}, 70 > 0, where R := [0, +-00). Define

B = [-79,0] x [-7,7], where [—7,7] = [-71,71] X -+ X [=Tn, Tn]
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and
Ey = [-7,0] x R", E=10,a] xR", (a>0), OE={(t,x) € E: x1----- x, = 0}.

For each function w defined on [—7p,a], we have the Hale functional w; (see [6]), which is the
function defined on [—79, 0] by

we(s) = w(t +s), (s € [-70,0]).

For each function u defined on Ep U E, we similarly write a Hale-type functional u ., defined on
B by

Uty (8,y) = u(t + 5,2 +y) for (s,y) € B.
Let Qp = E x C([-70,a,Ry) and Q@ = Ex C(B,Ry) x C([-70,a|,R1). Take v : Ey — Ry
and

CjZQQ—>R, A:Q—=R (j:l,...,n).

Consider the differential-functional equation

ou " ou
E + ; Cj (t’ Z, Z[u]t) 871‘] = u(ta x) A (t’ Ty U(t,a)s Z[u]t) ) (1)
where
A= [ ultydy. tel-mal 2)
R%
with the initial conditions
u(t,z) = v(t, z), (t,z) € Eyp, r=(r1,...,2,) €ERY, (3)
and with the renewal condition
uto) = [ htoputody (o) €0B  yeRY, (1)
R%

where k : 0E x R — R}. We are looking for Caratheodory’s solutions to (1)—(4), see [2] and [10].
The functional dependence includes a possible delayed and integral dependence of the Volterra
type. The Hale functional z[u]; takes into consideration the whole population within the time
interval [t — 79, ], whereas the Hale-type functional u ;) shows the dependence on the density u
locally in a left neighbourhood of (¢, ). For simplicity we assume in the paper that n = 1. Notice
that it is possible to extend the result to the case n > 1 with quite technical multiple integrals on
the lateral boundary.

2. Bicharacteristics

First, for a given function z € C([—79,a],Ry), consider the bicharacteristic equations for
problem (1), (3):
m'(s) = c(s,m(s),z), ) == ()
Denote by n = n[z](;t,x) = (m[z](:5t,2),...,n.[2](:;¢,2)) the bicharacteristic curve passing
through (¢,x) € E, i.e., the solution to problem (5). We consider its maximal (left) existence
domain to be an interval [a(t, x),t], where a(t,z) = 0 or 0 < a(t,z) < t. This alternative splits E
into two parts Ep[z] and E[z]. Next, we consider the following equation

%U(S, 77[2](8; t l‘)) = u(s, 77[2}(8; t $)) /\(57 77[2}(67 t, J)), U(s,nz](s;t,x))s Zs) (6)

with the initial condition

u(0,9[2](0; 2, 2)) = v(0,7[2)(0;¢, 2)) for (¢,x) € Eplz], (7)
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and (with the brief notation a = «a(t, x))
u(a, nlz](e;t,2)) = o(a, nlzl(es t, @) for  (t,2) € Eylz]. (8)

In the latter equation (6) the existence of a suitable extension o of v to the lateral boundary is
complicated. We discuss this topic later on.
For any given function z € C([—79,al, R4 ), a solution of equation (6) along bicharacteristics
(5) is a solution of (1). The initial conditions (3) and (7) or (8) correspond to each other.
Assume that:

(V0) v € CB (Ey, Ry) (non-negative, bounded and continuous function);
(V1) z[v] € C ([-70,0],R4), where

z[v](¥) = /nv(t,x)dx;

(V2) the function v satisfies the Lipschitz condition

lv(t,x) —v(t,Z)| < Ly|lz —Z|] on Ep
with some constant L, > 0;
(CO) ¢; : Q9 — Ry are positive, continuous and

Hc(t,x,q) - C(t’qu)ll < LCHJJ - ‘i‘” + Lqu - (jH

A continuous function o : [0,a] x Ry — Ry is said to be a Perron comparison function if
o(t,0) = 0 and the differential problem y’' = o(¢,y), y¥(0) = 0 has the only zero solution. We call it
uniform if o, multiplied by any positive constant, is also a Perron comparison function. We call it
monotone if o is non-decreasing in the second variable.

(A0) X\ : Q — R is continuous in (¢, z,w,q) and
‘/\(t’x’w7q) - /\(t,i‘,u’),cjﬂ < M)\ U(ta ||.Z‘ - j” + Hw - UjH + ||C] - qH)?
where o : [0,a] x Ry — R is a monotone, uniform Perron comparison function;

(A1) there exists a function Ly € L'([0,a], R+ ), such that
At z,w,q) < La(t)
for (t,z) € E,w € C(B,R7),q € C([—70,a],RT).

Denote
W(t,z,w,q) = At,x,w,q) + trOzc(t, z,q)

for (t,x) € E,w € C(B,Ry),q € C([—70,a], Ry), where trd,c stands for the trace of the matrix
Opc= [afkcj]j7k:1,...,n :

(WO0) There exists My € R, such that
(W(t,z,w, q) = W(t,z,w,q)| < Mw o(t, ||z — Z[| + [lw — o] + [lg — ql]),
where o : [0,a] x Ry — R is a monotone, uniform Perron comparison function.
(W1) There exists a function Ly, € L*([0, a], R4), such that
W(t,z,w,q) < Ly (t)
for (t,z) € E,w € C(B,R4),q € C([—70,a],R4).

(KO) The kernel k : OF x R} — R/} is bounded and continuous, and a - ||k||« - [|c|| < 1.
The latter condition states that the length of the interval [0,a] is sufficiently small. This as-
sumption is superfluous if k(¢, z,y) = 0.
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Lemma 2.1 If the conditions (V0), (A1), (K0) are satisfied, then any solution u of equation (6)
has the estimate

t
0 < u(t,z) < ||v]oo exp (/ L)\(S)d8> on Eplz]
0
and

. &l
L—a- [kl - llefloo

0 < uttn) < oleenp ([ (0al6) + Lurts))0s ) on B, [2].

Proof. The first inequality is standard. The second one will be explained in the following
subsection.

2.1. The fixed point equation.

Let
t
Z(t) = _max [lv(s, )|l exp (/0 LW(s)ds>

&[] oo

L—a-[|kllo - llelloc

el ol exp [ (Ea09) + L (o)) ) o

where we put Ly (s) = 0 for s € [—70,0], and
Z={z€C([-7m0,a],Ry): 2(t) < Z(t)}. (10)

Consider the operator 7: Z — Z given by the formula
TT(t) = / Wt )z for t30, (11)
RZ
where u = u[z] € C1(B,R) is the solution of (6)—(7) with the initial condition u[2](t,z) = v(t, x)
on Ejy. The function u = u[z] has the following integral representation

t

ul2)(t,2) = v(e () exp ( JRICTCRTSE, ds) , (12)

where n(s) = n[z](s;t,2) and o = «a(t,x) (o depends on z). By Lemma 2.1, we write (11) in the
following way

TR = [ vlan(@)es ( / N (5. 105), oy 25) ds) da (13)

for t > 0. The bicharacteristics admit the group property:

n
+

y =n[2](0;t,2) == nl](s;t, x) = n[z](5;0,y),

that is: any bicharacteristic curve passing through the points (0,y) and (¢, z) has the same value
at s € [0, al.
If we change the variables y = n[z](0;t,2), then, by the Liouville theorem, the Jacobian

3}
J = det {8;] is given for o = a(t, z) by the formula

J(a;t,z) = exp (— /(: tr 810(8,771-[2](5;073/),zs)ds> .
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Hence (13) can be written in the form

TEw - [ 1

t
+/ u(a, 77(05; i, I)) €xXp </ )\(Sa 77(8)5 U(s,m(s))s Zs)ds) dLE, (14)
St o

t
/U(O7 y) €xXp (/ W(S7 77(8)7 u(s,n(s))7 Zs)ds) dy
0

where 7(s) = n[2](5;0,y), @ = a(t,z) and Sy is the set of x € R such that a(t,z) > 0.
Lemma 2.2 If the conditions (V0), (V1), (W1), (K0) are satisfied, then

0<T[Z(t) < Z(t) < +oo for t€[0,al,
where Z is given by (9).

Proof. This assertion follows directly from (14) and Assumptions (VO0), (V1) and (W1). O

The respective fixed point equation for bicharaceristics n = 7[z] has the form

n(sit,z) = o - / (&, m(Cit, ), 20 ). (15)

Lemma 2.3 If Assumption (C0) is satisfied and z,z € Z, then

t
nlz)(s: £, 2) = nl2)(s; )| < / Ll — Zfle™€=dc.
S

Lemma 2.4 Under the Assumptions (V0), (V1), (C0), (KO), for each z € Z, there exists the
unique continuous function ¥ : OF — Ry which satisfies the renewal condition.

Proof. The renewal condition (4) for (¢,x) € OF can be rewritten as follows
ut)= [ Ktag)utt)+ [ K)oy
7\ St St

The first term is a bounded operator of v, see (12). From (12), the second term is equal to

/St k(t,x,y) v(a, n(a))exp </at A (s,n(s), Usn(s))» Zs) ds> dy,

where 7(s) = n[z](s;t,y) and o = a(t,y). By (KO0) the second term is small (has the norm less
than 1). O
The above lemma explains the estimate of Lemma 2.1. The next statement is crucial in our

paper.

Lemma 2.5 Under all previous assumptions, any solution z of the fized point equation for (14)
has the representation

z(t) :/ v(0,y) G(t,y; 2)dy,
Ry

where the Green function G has the same estimate as the first kernel in (14), multiplied by some

constant.

Proof. The assertion follows from a Neumann series expansion for u aided by the renewal
condition. [J
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3. The iterative method.

Define the iterative method by z(*+1) = T[2(F)] with an arbitrary function 2(?) € Z, where the
class Z is defined by (10). We prove its uniform convergence under natural assumptions on the
given functions. The algorithm splits into three stages:

1. finding bicharacteristics n®) = n[z(*)], given by (15),

2. finding u®) = u[2(*)] as a solution of (12),

3. calculating 2(**1) = 7[2(®)] by means of (13) or (14). In this way there are given the integral
equations

t
0¥ (sit0) = @- / (6™ (Gt ), 2I)C
t

Wr) = vlan®ata)en ([ A(Q)as).

D@y = / 0(0,y) exp ( /O W (R(k)(s)) ds) dy
+ [ o (ast. ) exp (f A (@) )

where a = a(t,z) (depends on z(¥)) and
k k
Q(k) (s) = (37 Tl(k) (s;t, @), ugs,)n(k)(s;t,m))’ ng)) ) R(k)(s) = (Sa n(k) (5:0,9), ugs?n(k)(s;07y))7 ng)) .

Theorem 3.1 If 29 € Z and Assumptions (V0)-(V2), (C0), (A0), (A1), (W0), (W1), (K0) are
satisfied and there are K € Ry, 0 € (0,1] such that

o(t,r) <Kt pri=tP forp> 2, (16)

then the iterative method z*+t1) = T[z(k)] 1s well defined in Z and uniformly converges to the
unique fixed point z = T [z], locally, that is: on a sufficiently small [0, a].

Remark 3.1 The technical condition (16) is fulfilled in the Lipschitz case (o(t,r) = Lr) as well
as the simplest nonlinear Perron comparison functions such as o(t,r) = Lrln (14 1/r). Its formu-
lation also includes weak singularities, e.g. o(t,r) =t~ 2Ly and o(t,r) =t=/2Lrin (14 1/r).
Proof. (of Theorem 3.1) Denote
AR — D) _ ) AR D) (R A () (4D (),
Then we have the estimates
t
1A ® (s:8,2) < / L2 As ek,

t
D (t2)] < ClAG® (08, 2)] exp ( / LA(S)dS)
0

t t
+ Cexp </ L,\(s)ds> / Mo (S,P(k)(s; t,x)) ds,
0 0

t
IAzFHD @) < C’/ Myo <S,P(k)(8;t,l‘)) ds,
0

where PR (s;t, ) = ||An®) (s;t, )| + || Au® || + | Az*)]||,. In the above estimate the constant C'
is generic (depending on the data).
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Denote Ly = [’ Lx(s)ds and

Uk (s, 8) = PP (s) + 9 F) (s) + / t Lieleay® (¢)dc.

S

Consider the comparison equations
_ t . R t
0@ = C / Lreleatlay(®)(5)ds 4+ O el / Mo (s,\ll(k)(s,t)> ds, (17)
0 0

() = C/t Myo (s,\ll(k)(s,t)) ds (18)
0

t t .
PO = Cexp (/ LW(s)ds) + C/ Lrebeatlnz(s)ds
0 0
~ t t
w0l [ (5500 + 200+ [ Bebezoac)as (9
0 S

The remaining part of the proof is split into several auxiliary lemmas.

Lemma 3.1 Under the assumptions of Theorem 3.1 there is ag € (0,a] such that |Au®) (¢, )| <
(L), 1820 ()] < ™ (1),

t
A sita)l| < [ Lieteu® O)dc
S

on [0,a0] x Ry, and the sequences {1}, {4} are non-decreasing in k.

Lemma 3.2 Under the assumptions of Theorem 3.1 the estimate

A Bal]l™V?
R ]

t
/ o(s, As' + Bt'"1)ds < tHo0=tr p o=t {
0

holds.

Lemma 3.3 Under the assumptions of Theorem 3.1 the sequences {1)™} and {4 P} tend uni-
formly to 0 as k — 4o0.

Proof. With some constants M, M* and c,, dependent on the data, the equation
. t t . t
b0 =1 [ deassar o (si e [ i0ac) as (20)
0 0 s

describes a comparison function 1/3 with respect to 1) + 1, where

o) = lim w00, B = im HO)
One can prove by induction on k = 0,1,... that $(t) < Crt?/2 and Cra®’? — 0 as k — +oo,
provided that the interval [0, a] is sufficiently small. Take an arbitrary Cjy which estimates 1) (¢).
Applying Lemma 3.2 with p = 2 to (20), we get
1/2

<2y,

Co (1 + ¢qa)

O(t) < MtCo + M*tP2K67 1 J

367



H.Leszczyhski

where
R 1/2
Co (14 cqa)

él = Ma170/200 + a9/22K971 9

Suppose that the desired estimate holds for some k > 1. Applying Lemma 3.2 with p = 2k to (20),
we get

$1+k6/2 Io: e 1-1/(2k)
b(t) K M———Cy, + M*tF10/29 g1 b o~k
V) S Mg G+ 0 k0/2  O(1+k0/2) ’
hence 9(t) < tHD8/2¢,  where
R R 1-1/(2k)
R R 1-60/2 C c Clc
Crs1 = MCy———— + M* 2K~} b e
k1 KTk 0+ k672 | O(1+k0/2)

The constants Cy, have an upper estimate of the form AQF, thus zﬁ(t) = 0 in a neighbourhood of
0 (because 9)(t) < AQFtF0/?).

Lemma 3.4 Under the assumptions of Theorem 3.1 the sequences {z®}, {u®}, {n™)} tend
uniformly to z,u[z],n]z] such that z = T|[z].

Proof. We intend to find the following estimates
PW(t) < Cut', G (t) < Oyt

where the series ), Cyt'* is convergent in a neighbourhood of 0. The assertion is seen if we replace
the comparison equations (17)—(18) by the inequalities

t . . t _
Cth > C/ LieleotIxgy sleds + Cel> / Mo (s, (Cr + Cr)s + LieleeCpt 1 /(1) + 1)) ds,
0 0

t

Cpp1t™ ' > C [ Mwo (s, (Ck + Cp)s' + Liel*Cypt* T /(I + 1)) ds
0

with suitable Cot!o > Z(a) and with some
Co > aCLZeLC‘”'f‘*Z(a) + Cel MA/ o (s,Co+ Z(a) + aLie"*Z(a)) ds.
0
If we put

lo:O7 p0=2/9, lk:k9/2, pk:4k fOI‘k’Zl,Q,...

and exploit Lemma 3.2, then Cy,C) can be defined as making the series Y, Cyt'* convergent,
hence the series ¢(® + @ + ... uniformly converges, and z*) has a limit, which is continuous.

Corollary 3.1 If Assumptions (V0)—-(V2), (C0), (A0), (A1), (W0) and (W1) are satisfied, then
there exists a unique solution of problem (1)—(3), locally with respect to t.

3.1. The Lipschitz case.

Suppose that Assumptions (V0)—(V2), (C0), (A1) and (W1), (KO) formulated in Section 2, are
valid. We modify some assumptions on the functions A and W as follows:

(AO) X\ : Q — R is continuous in (t,z,w,q) and there exists a function L € L'([0,a], Ry ), such
that
Atz w,q) = At 7, w,q)| < L) (|2 = 2| + [w — @l + llg = g]));
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j : 2 — R and there exists a function L € a such that
(W0) W:Q — R and th fi L Ll([O, I, R4), h th
Wt z,w,q) —W(t,z,w,q)| < LE)(|lz — 2| + ||w — @] + [lg — gl)-

Using the same notation as in the proof of Theorem 3.1, we have the estimates of the form

2 ()

where @ is a generic constant. Hence the sequences {¢*)} and {4} tend uniformly to 0 as
k — +o0.

P , tel0,a],
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AndepeHuianbHi pyHKUiOHaNbHI piBHAHHA POH PbopcTepa 3
BiAHOBJIEHHAM

I JlewmHbCKi

YHisepcuteT ['naHcbka, I'aaHcbk, Monbla

OTtpumaHo 31 ciyHg 2008 p.

MpupopaHi iTepatBHi MeToamM 36iraldTbCs 4O TOYHOIO PO3B’A3KY AndepeHLianbHO-bYHKLOHANBHOrO piB-
HsIHHA Tuny $oH PbopcTepa, WO ONUCYE NOoNyssLilo, 3anexHy Bif, CBOIX MUHYNUX FYCTUH CTaHIB i Bif,
3aranbHOro po3mipy. Ha Gi4Hii rpaHuu M1 HaknaaaeMo YMOBY BiHOBJIEHHS.

KniouoBi cnoBa: iteparuBHuii metos, angepeHuianbHuii pyHkLioHan, oneparop levina

PACS: 87.10.+e, 82.39.-k, 82.39.Rk
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