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An extension of the Bassalygo-Dobrushin technigue of proving uniqueness of Gibbs fields on irregular graphs,
developed in [Theory of Probab. Appl. 31, 572-589 (1986)], to the case of continuous spins has been pre-
sented.
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1. Introduction and setup

The theory of Gibbs random fields indexed by countable sets (e.g., Gibbs states of lattice
models) is now well elaborated, see [1]. At the same time, only a few papers deal with the field
having index sets presented by irregular graphs. Among them there is a paper by L. A. Bassalygo
and R. L. Dobrushin, [2]. It presents a technique of proving uniqueness if the single-site state
spaces (single-spin spaces) are finite. Our aim is to develop a similar technique, which covers the
case where the single-site state spaces are general metric spaces. In this case, with slight abuse of
terminology we say that the spins are continuous, which is reflected in the title above. The basic
assumption, however, is that the interaction between the spins is bounded. As possible applications
of our theory we mention the theory of Euclidean Gibbs states of the following quantum models. In
each of them, quantum particles are located at sites (one particle per site), which form an irregular
structure. The single-particle Hamiltonians have discrete spectra and the interparticle interaction
is pair-wise and bounded. As a quantum particle, one can take: (a) a free particle moving in a
compact Riemannian manifold (e.g. quantum rotator), see [3,4]; (b) a free particle moving in a
compact subset of R?; (c) a quantum anharmonic oscillator, see e.g. [5].

Let (L, E) be a graph with (infinite) countable sets of vertices, L, and edges, E. We also suppose
that the graph is simple, i.e., it has no loops, isolated vertices, and multiple edges. Two vertices
£,0" are called adjacent if there exists an edge (¢,¢'). The number n, of the vertices adjacent to
¢ is called degree. For each ¢ € L, let X, be a complete separable metric space (Polish space),
B(X;) be the corresponding Borel o-field, and x, be a finite Borel measure on (X, B(X/)). For
an edge (¢,¢'), let a bounded symmetric continuous function (potential) Vi : Xy X Xy — R be
given. Under certain conditions, these objects define a Gibbs random field on the product space
X = [l X¢- If all Vi equal zero, there exists only one Gibbs field. Thus, one can expect the
same uniqueness if the potentials are sufficiently small, which certainly depends on the underlying
graph. If the latter is regular (each vertex has the same degree), the proof of the uniqueness by
small potentials is quite standard. The case where n,’s are different but globally bounded (there
exists 7 € N, such that ny < 7 for all £ € L) can be handled similarly. The situation changes
substantially if sup,c, ¢ = +00. This can be seen from the example considered in Section 4 below,
where the graph is so dense that the ferromagnetic Ising model defined on this graph has multiple
Gibbs states for arbitrary non-zero interactions. For sparse graphs of a certain kind, which in
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particular means that the vertices of large degree are at large distances from each other, we prove
that the number of Gibbs fields with Polish single-spin spaces is exactly one if the potentials are
small enough. The proof is based on an extension and refinement of the technique developed in [2],
where all X, were finite.

For a finite set A, by |A| we denote its cardinality (the number of elements in A). Let £4, stand
for the family of all finite non-void subsets of the vertex set L. A property related with a given
A € L4y, is called local, whereas global properties are going to be related with the whole graph. If
we say that something holds for all ¢ (resp. for all e), it holds for all £ € L (resp. all e € E). As
usual, for A C L, we write A° = L\ A. A sequence D C Lq, is called cofinal if it is ordered by
inclusion and exhausts L. The latter means that any A € £4,, is contained in a certain A € D. The
limits taken along such a sequence will be denoted by limp. For A C L, we set

Exn = {({,0)€E| L0 €A},
N = {({,U)eE|LeA, e N},
AN = {eA“|3eA: (1) cE} (1.1)

The latter sets are called the edge and the vertex boundary of A, respectively. For a one-point A =
{¢}, its edge and vertex boundaries are written Jg¢ and 9, ¢ respectively. Clearly, the cardinalities
of these both sets coincide, that is, |0gf| = |0L¢|. We suppose that the graph is locally finite, which

means that, for every ¢, its degree ny dof |Ogf| is finite. Therefrom it follows that
[OLA| < |OeA| < o,

for each A € £g,. For A C L and ¢,¢ € AUOLA, the sequence ¥(¢,¢') = {{y,¢1,...,¢,}, such that
bo=L, L, =0 1l1,.. Lo €A, is called a path in A if (0, lprq1) €Eforallk=0,1,--- ,n—1.In
principle, a path may intersect itself, that is, certain vertices ¢, may appear in ¥(¢,¢') more than
once. The length of a path, [9(¢,£')], is set to be the number of pairs of consecutive vertices; thus,
in the situation above we had |9(¢,¢')] = n. A path in L is merely called a path. By p(¢,¢') we
denote the distance between ¢ and ¢’ — the length of the shortest path connecting these vertices.

Definition 1.1. A path 9(¢, ') is called a self-avoiding if it has no self-intersections. This means
that each ¢; appears in 3(€,£") only once. Thus, in a self-avoiding path, only the endpoints £y, ¢y,
can have degree 1.

For a vertex £ and N € N, let Ly () be the set of all self-avoiding paths of length N origi-
nating at £.

Definition 1.2. The graph is called sparse if there exist positive constants C' and 1 such that, for
every vertex £, there exists Ny € N such that, for all N > Ny,

Ly ()] < Cn. (1.2)
A particular case of locally bounded graphs was introduced in [2]. For each of them,
p(0,0) > ¢ (min{ng,ne }), (1.3)

where ¢ : N — [1,4+00) is an increasing function, specific for the graph, such that

+oo k

By (1.3), two vertices of large degrees repel each other. Below, see Lemma 3.2, we prove that such
graphs are sparse in the sense of Definition 1.2.

For a topological space Y, by C,(Y) we denote the set of all bounded continuous functions
f:Y — R, and by B(Y') — the corresponding Borel o-field. By saying that x is a measure on Y, we
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mean that 4 is a measure on the measurable space (Y, B(Y)). The set of all probability measures
on Y is denoted by P(Y). For a measurable function f:Y — R, we write

u(f) = / fdp. (1.5)
Y
Let Xy, £ € L, be the Polish spaces mentioned above. For A C L, the Cartesian product

Xa = H Xe s
teA

is equipped with the product topology, so that (Xa,B(Xa)) becomes a standard Borel space. This
means that there exists a Polish space Y and a measurable isomorphism ¢ : XA — Y. For more
details we refer the reader to section 4.A, page 73 of [1]. The elements of X are denoted by za; we
write X = X| and z = x.. For A C A, the just a position xa = xA X xa\A defines an embedding
X — XA by identifying x5 with zz x x%\ > where z¥ is a certain fixed element of X. In view of
this embedding, one has B(X,) C B(Xa); thus, one can consider

B = |J B(Xa), (1.6)
AELfin

which is called the o-field of local events. The tail o-field is defined to be

B = () B(Xje). (1.7)
AE£fin

Suppose now that we have given finite Borel measures x¢, ¢ € L, and symmetric bounded continuous
functions Vi : Xy x X — R, (¢,¢') € E. As usual, we write

[Veerl| = sup [Veo (ze, 20r)|.
zo€Xy, JJZ/EXgl

For A € £g,, we set

VA(‘TA|y) = Z ‘/ZZ’(IZMTZ’) + z ‘/gg/(xg,yg/), Yy € X. (18)
(£,0")€EA (£,4"Y€BEA

Clearly, Va(-|ly) € Cp(Xy) for every y € X. Furthermore, for A € £g,, y € X, and B € B(X), we
set

T (Bly) = /X Ip(za X yac) exp [Va(@aly)] xa(dza), (1.9)

Zn(y)
where I g is the indicator of B,

xa =) xe, (1.10)

LeA

and
Znly) = /X exp [Va(zaly)] xa (dza). (1.11)

Clearly, each such 7 is a probability kernel on (X, B(X)). This means that 7 (-|y) € P(X) for

any y € X, and 7 (B]-) is measurable for any B € B(X). The family {ma}ace,, defines a Gibbs
random field on the graph in the following sense. By construction,

ra(ly) = /X ma (o) (daly), (112)

which holds for any A C A.
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Definition 1.3. A probability measure p on X is called a Gibbs random field if for every A € Lgy,
i) = [ matloutas). (113)

The set of all such Gibbs random fields will be denoted by G. If necessary, we write G(V) to
indicate the dependence on the choice of V' = (Vi) ¢ryce. The following property, the proof of
which is quite standard, gives an important information about G.

Proposition 1.4 (Feller Property). For every A € £g, and f € Cp(X), it follows that wo(f|-) €
Cp(X).

Given y € X, let P, be the family of the accumulation points of {ma (-|y) }aeg,, endowed with
the usual weak topology defined by C,(X).

Corollary 1.5. For any y € X, it follows that Py C G.

Proof. As C,(X) is a measure defining class, the inclusion in question can be obtained by
showing that, for every u € P, and A € L4y,

u(f) = /X 7 (1) (). (1.14)

By supposition, there exists a cofinal sequence D such that, for all f € C,(X), u(f) = limp 7a(fy).
Let A be as in (1.14). Then one finds Ay € D such that A C A for all A € D starting from this
Ag. For such A, one has

ra(fly) = /X ma(fla)ma (daly). (1.15)

Passing here to the limit along D and taking into account that m (f]-) € C,(X), one gets (1.14).
O

This statement allows for the following generalization. By Definition 1.3, a convex combination
of Gibbs fields is again a Gibbs field. Let G be the set of all extreme elements of G, i.e., those
which cannot be presented as nontrivial convex combinations of other elements of G. If G # (), then
G = () and each Gibbs field can uniquely be represented as a convex combination of the elements
of G°*, see Theorem 7.26, page 133 in [1]. In particular, |G| = 1 if |G| = 1. Given p € G is extreme
if and only if it is trivial on the tail o-field (1.7), see Theorem 7.7, page 118 in [1]. This means that
p(A) =1 or u(A) =0 for any A € Btail,

Proposition 1.6. For every p € G and any cofinal sequence D, the sequence {ma(-|y)}aecp
converges weakly to p for all y € A, where A € B! may depend on D and is such that u(A) = 1.

Proof. For any f € C,(X), one has limp ma(f|y) = p(f) for all y € Ay, such that Ay € Btall
and p(Ay) =1, see claim (a) of Theorem 7.12, page 122 in [1]. But the weak topology is metrizable.
Therefore, there exists a countable set { f,, }nen C Cp(X) such that the fact limp 7wa (fnly) = p(fr),
for all n € N, yields the convergence in question. Thus, as the set A mentioned above one can take
the intersection of all A, . O

Proposition 1.7. The set G is non-void.

Proof. In view of Corollary 1.5, to get the property in question it is enough to show that P, # 0
for some y € X. As the spaces X, are Polish, for every €, > 0, one finds a compact A(e;) C X,
such that x¢(X¢\ Ae(ee) < €¢-xe(Xe¢). By Prohorov’s theorem, P, # 0 if the family {ma (:|y) }ac s
is uniformly tight. Set

ve=3 Vil (1.16)

eol

Given € > 0, we pick {eg}eerL such that

g = E E@@ZW‘.
14
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Thereby, for A € £y, we set
Ci={zeX |VleA: x4 Ai(eg)}.

Furthermore, we write C¢ = Cjj and Cj = C@}. Clearly, C* is compact. Now let y € C'§ for some
A € L4, By (1.9), it follows that, for any ¢ and z € X,

1— %(y) /XZ\A[(W) exp < Z Vw(xe,zy)) Xe(dx()] Ies (2) [1 — eee®] .

£eot

77{4}(()5|z) = HCZE (Z)

(1.17)
Integrating both sides of this estimate by (1.12) we get for A € £g,, containing this ¢
Ta(C%ly) = ma(Chly) [1 - ee® ],

which can be iterated to the following one

ma(Cly) = ma(Cily) [T [1—eee®™] =Teg(v) [ 1 —cee® ] =[] [1 - o™ ] > 1-¢
TN TN TN

This yields the relative weak compactness of the sequence {ma(:|y)}p and hence completes the
proof. [J
Along with the measures (1.9) we will use the following ones

va(dzaly) = exp [Va(zaly)] xa(dza). (1.18)

1
Z(y)

Note that vp(-]y) € P(Xa). A function f : X — R is called local if it is measurable with respect to
the o-field (1.6). The smallest (in the sense of inclusion) A € £4, such that f is B(Xa)-measurable
is called the support of f. In this case

ma(fly) = va(fly). (1.19)

For V. = 0, every ma(-|y) is independent of y and the family {ma}acg,, IS consistent in the
Kolmogorov sense. Then by the Kolmogorov lemma, G(0) is a singleton. We are going to prove
that, for sparse graphs, the set G(V') contains at most one element if V' is nonzero but ||V is small.
Here
IVII= sup [[Vee|.
(0" ek

Set
»(V) =16 [exp (4||V|) — 1] . (1.20)

Our main result is as follows:

Theorem 1.8. Let the graph be sparse. Then there exists s. € (0,1) such that the set G(V)
contains one element only if (V') < ..

The proof is based on an extension and refinement of the Bassalygo-Dobrushin technique,
developed below in a sequence of lemmas.

2. The main lemma
For (¢,0') € E, we set, c.f. (1.20),

sege = 16 [exp (4]|Veer ||) — 1] . (2.1)
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Then, for a path (¢, ¢'), we define

R[Y(L,0)] = s(OF( H Kt (2.2)

where ¢(f) = =1 if np =1 and ¢(¢) = 0 if ny > 2. Finally, for A € £q4,, we set

A 0) = RI(L,L) (2.3)
where the summation is performed over all self-avoiding paths in A connecting ¢ with £'.

Definition 2.1. Given £y € AUJLA, a subset A C A € Lgy, is called proper for £y if

> Salt o) < 1. (2.4)

Le

Lemma 2.2 (Main). Let A be proper in A for some £y € LA, and let y,z € X differ at this ¢
only. Then

va(dzaly) ‘
—_ Sa(L,£p) (2.5)
(dxA| Z%;X 0

The proof of this lemma is based on the following technicalities. First, by the triangle inequality,
it follows that, for o, 3 € R,

laf =1 <fa =1+ |8 -1 +|a—1]- |3 —1]. (2.6)
Similarly, see Assertion 2 in [2], for any n € N and real oy, ..., a,, one has
if Z lai] <1,  then H( + ;) 22 |- (2.7)
i=1 i=1

Let (Y,B(Y), P) be a probability space and u, v be positive measurable functions on Y. Then, c.f.

(1.5),
’M(y)P(dy)_l‘:‘lle:;_l‘ “83_1‘. (2.8)

Now let u, v, w be positive measurable functions and w be such that P(w) = 1. Set

X sup
yeYy

My (u,v) = max{supu(y);supv(y)}, M_(u,v)=min{inf u(y); inf v(y)}
yey yey yey yeyY

and suppose that M_(u,v) > 0. Then

P(d
fw (dy) | ¢ Me(ww) (2.9)
dy) M_(u,v)
Let yo € Y be such that
o) < [ vw)Play) (210)
which obviously exists. Suppose that there exist positive v, ¢, d, such that
u(y) u(y)
w(y) —1| <y —1‘<5 — 1| <6.
WS ) o)
Then T P )
w(y (dy
<0+ ey + dery. 2.11
’ dy) ’ 240
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Let us prove this. Set

) =) =1 ) = 2= 15 3 = 1

As P(w) =1, one has P(y) = 0. Moreover, |y(y)| <7, |e(y)| <e, and |§(y)| < d. Then

Jw(y) P(dy) 1 " "
ot = o | [ rwran + [ pa)]
1
- 5 [ [rwran+ [vwiwpa)
+ [t Play) +utw) [ v(y)s(y)P(dw}
= 1+/5(y)Q(dy)+ wgo) _ v(yo) ~/7(y)€(y)P(dy),

where Q(dy) = v(y)P(dy)/P(v). Thereafter, the estimate (2.11) is straightforward.

Proof of Lemma 2.2: The measure (1.18) can be written in the following form

1 -
va(dzaly) = exp [Va(za) + Y Vir (e, r,) | Xa(dza),
Zaly) tea
Xe(dwe) = exp > Vie(weye) | xe(day).

¢ €aLA\{lo}

Since the configuration on 9 A \ {{y} is going to be fixed by the very end of the proof and the
concrete choice of the single-point measures plays no role, we can change x’s to x’s, which is
equivalent to considering the case of 9.A = {{p}. Therefore, in this section we deal with the
following finite graph

G L (A ER) ATE = AU{f}, EN® =Ex Udel. (2.12)

The proof of the lemma is based on an inductive construction employing transformations of G.
Given n,q € N, let &,, ; be the family of all finite graphs such that n, < n for all vertices, and the
number of the vertices of degree n is g. We still suppose that the graphs have no loops, multiple
edges, and isolated vertices. By &3 g we denote the family of minimal graphs, i.e., such that n, =1
for all vertices. As we are going to compare different graphs, by the end of this section we write vg
and Sg instead of va and Sa respectively. Finally, for a set of vertices A and £ € A, we write

A=A\ {0} (2.13)

Given G € &3 g, let ¢1 be the only neighbor of ¢y. Then the projection of the measure (1.18) onto
B(X,) can be written in the form

J(@0,,y) | F(l"Ae1 )XA/Z1 (dza,,)

. 7 0 e A 2.14
c(dzaly) K(y) fX (T, )X, (dzp,, ) 1 (2.14)
F(:L‘A )XA[ (dxl\e)
vo(dzaly) = ; ' ' AEAA
er F(zAz)XAé (dLEAZ) 1
where
J({E@Ny) = exp [WJU (xélvyfo)] , K(y) = J(xh?y)Xh (d.%'él).

Xgl
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Thereby,
ve(dzaly) _
vg(dza|2)

if ¢4 € A\ A. Otherwise,

VG(d'rA‘y) ’ 20,4,
——= — 1| <ex 4V10 — 1= g €7£ _ Se(l00).
ve(dza)z) P (4lVereo ) =% = 56(t1, o) ;@: 6(£.4o)

Given n,q € N, suppose now that, for any G € &,, ; having the form (2.12), the property stated in
Lemma 2.2 holds true. Let us show that this property holds also for any G € &,, 44;1. For such a

graph, let b be the vertex for which n; = n. Then we introduce a new graph, G, obtained from G by

unglueing the vertex b. This means that instead of b, G has vertices by, ..., b,, for which n;, = 1,
i=1,...,n. Each of b;’s is adjacent to the corresponding ¢; € d.b. All other vertices and edges of
G and G coincide. Thus, the new vertex set is A®"8 = A" UT', where I = {b1, ..., b, }. Therefore,
Ge®,,

The following three cases: b € A, b= £y, b € A\ A, will be considered separately.

Case I: b€ A.
Here A = Ay UT, A = A, UT. We set, c.f. (1.18) and (2.13),

1 n
Vé(deA|y) = ZA(?J) €xp VAb (:L'Ably) + Zwmb(xfmxbi) XA, (dxAb)XF(dxF)a (215)
i=1
where
xr(dzr) e ®Xb(dxg) = ®Xb(dl'bi)~ (2.16)
Ler i=1

Here we consider the case where b and ¢; are not adjacent. The construction in the opposite case
is quite similar. The projection of the measure (2.15) onto B(Xj) can be written in the form

l/a(dx]\|y) = Va(d(xl\b X mF)|y) = F($A1> X (EF‘y)XAb(d(EAb)XF(dxF)v (217)
whereas its projection onto B(Xr) is
Va(dxr\y) = ®(xp,, ... 2, |y)xr(der), (2.18)

where

D(z,,.. a0, ly) 2 / F(za, % 2r|y)xa, (dza, ). (2.19)
Xa,

With the help of these functions, the projection of the ‘old” measure onto B(X,) can be written

veldaly) = g I (A, o), (2.20)
T

Therefore,
vo(daaly) _ Flaa, x (@ x - x @)ly) Jx, P@or s 75]2)x0(day) (2.21)
vG(dzalz) Fap, x (zp % x@)|z) [, @@y, .., 2ply)xs(dzy) .
Now by means of (2.6) one gets
d
"‘3(‘”A|y)—1‘<A+B+A~B, (2.22)
Vg(d$A|Z)
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where
4 = ‘F(»”EAI,X(%X'“X%NZ/)_1‘< sup F(zp, ¥ (2o, x - Xy, )ly)
F(.r/\b X (l‘b X X xb)\z) Tby ey Thp €Xb F(xAb X (a:bl X X xbn)|z)
~(dx~
Ty 5o Ty €Xb Vﬁ(dx[\|2)
and
B Jx, ®(@p, .- 2p]2) x0(dxs) )
Jx, @(@b, -, z0ly) X0 (das) '
By (2.8), it follows that
B < sup P(zp, ... wp2) 1‘ < sup D(zp,,...,Tp,|2) 1
T EXp (I)(.Z‘b, c.. ,$b|y) Thy oo Thy, €Xb (I)(xbu w5 Loy, |y)
=(d
_ sup |PEdeE) 1’. (2.24)
Ty s Loy €Xb V@(dxﬂz)

In order to proceed further in estimating A and B let us compare Sz (¢, £y) with Sg(¢,4g). As the
potentials Ve for ¢,¢ € A" are the same in both measures (1.18) and (2.15), the quantities
under comparing are calculated by (2.2), (2.3) with one and the same 3¢, . Furthermore, by (2.15)
it follows that

Hp0, = Hpey, t=1,...n.

Thus, taking into account that n,, = 1,4 =1,...,n and np > 1, one gets, see (2.2)
> Sg(bis bo) = Sa(b, Lo) /4. (2.25)
i=1

Furthermore, every self-avoiding path 9(¢,¢y) in A8 which starts at ¢ € A, always avoids T.
Therefore,

Sz(£, o) = Sg(¢, o) < Sc(l,by),  for any € A,. (2.26)

Here and in the sequel, for a € A*"& by Sg(¢,¢") we denote the quantity calculated according to
(2.3) with the summation taken over all paths which avoid a. The latter two estimates yield

> Sl t0) <> Sall, fo); (2.27)

leA Le

hence, A is proper in A for ¢y due to the same property of A in A with respect to £y. Hence, as
a subset of A, by (2.25) I' is also proper in A for £y. Thereafter, by the inductive assumption and
(2.23), (2.24) we get

n

A <Y St + 3 Selbibo) < 1,
Ley =1

B < ) Sg(bi ) < 1.
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Now we apply these estimates in (2.22) and obtain

vg(dzaly) ‘ -
LAY S=(£, 4o) Sz (bi, lo) + > Sg(bi, b
N 25 St ; el t0) 2 Selbn o)
(ZS (€,40) + Z bz,e()) ZS (b o)
LeEN, =
< Zsa(e,eo)ju?,Zsa(bi,eo)
LeN, i=1
3
<D Sa(lto) + 7 Sa(b b)) <Y Sa(t lo) <1, (2.28)
leNy e

which complete the proof for this case.

Case II: b = (.

Now A = A and A8 = A UT, where as above I' = {b1,...,b,}. Since we can compare the
measures with boundary conditions which differ at one point only, we introduce

. 1
ve (doaly.2) = —m—ew | 37 V(o)
ZZ"(y, 2) (6,6'Y€EA

J n
Y Voo (e, )+ D Vet (e ) | xaldza),
im1 i=j+1

where j = 0,...,n, Yp, = Yoy, 2b; = 24,, for all i = 1,...,n, and yy,, z¢, are the same as in (2.5).
Thereby, we have
i—1
ve(dzaly) _ ﬁ ve ™ (dzaly, )
vo(dealz) % I/g) (dzaly, )

(2.29)

The boundary conditions for 7Y and l/éi) differ at the vertex b;, the degree of which in G is 1.
Then, similarly to (2.25), we have that for any ¢ € A,

E Sz(€,b;) = Sc(¢,4o)/4. (2.30)
Therefore, A is proper in A for every b;, i = 1,...,n. Thus, by the inductive assumption, it follows
that i
i—1
vz (dzaly,
G.(—‘ E Sz (€, b;) for all i=1,...,n
(2) d
Ve (dzaly, 2) LeA

Now we apply this estimate in (2.29) together with (2.7), (2.30) and obtain

c(dz
W ‘ 2225 (€,b;) ZSGMO (2.31)

i=1 LeA @EA

which completes the proof for this case.

Case ITI: b € A\ A.
By (2.3), it follows that

Z SG(E,EO) = ng(& EO) + (Z SG(&b)) : SG(bv EO) (232)

LeA LeA LeA
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The following three cases of the location of b will be considered separately:
(a) b is far from both ¢y and A;
(b) b is close to £y and far from A;
(¢)  bis far from ¢y and close to A;
Subcase III a:

Here
Sa(b,ly) <1 and Y Sg(f,b) < 1. (2.33)
e

In contrast to the cases considered above, we set A = Ay and A2s = A, U {b,4p}. Thereby,

1
ve(dza,|en,y) = ———— exp |Va, (za,1y) + > Van(ze, 1) | xa,(d2a,), (2.34)
Za(xbay) e,
which by (1.19) and (1.15) yields
ve(dzaly) = / ve(dza, &, y)ve(déaly) =/ vg(daa, |zp, y)ve(daply).  (2.35)
XA Xb

For any A C Ay, the projection of the measure (2.34) onto B(X,) can be written in the form

vg(dzalze, y) = F(xalzs, y)xa(dza), (2.36)
where F' is a positive continuous function of all its arguments. Therefore,

ve(dzaly)  Jx, F(@alze, y)ve(dasly)
ve(daalz) [y, Flxalzy, 2)ve(day|z) | (2.37)

The right-hand side of the latter is of the type of the left-hand side of (2.11) and hence can be
correspondingly estimated. By (2.33), the set {b} is proper for ¢y; hence, as was established in
Case 1,

vG(daply)
ve(dap|2)

- 1‘ < Se(b,lo) X +. (2.38)

By (2.34), (2.36), it follows that

Vé(d'r/\l'rbay) — F(J?A‘Jjb,y)
vg(dzalzy,y)  F(aalzy, 2)’

where the configuration z; can be treated as a parameter, see the very beginning of the proof of
the lemma. Therefore, in this expression one can redefine G by setting A*"8 = A, U{¢y}. Thus, for
every £ € Ay, one has

Se(t,4o) = Se(¢, fo), (2.39)
which yields
F(zalzp, y) ’ Vﬁ(dxA|xbvy) b def
o o = |51 < S=(l,0y) =Y Sel, ty) = 4. (240
’F($A|$b,z) ve(dazalzy, 2) g\ gt o) ZEZA c(4 o) (2.40)

Afterwards, one employs the inductive assumption, by which § < 1. Finally, we set

€= % > Sa(t,b). (2.41)

LeA

323



D.Kepa, Yu.Kozitsky

Furthermore, as in (2.31) we get

F(zal&,y)

‘F(x/\|xb7y) _ ‘ _

(dacA|;vb,
- 2.42
ve(doal&, v) IGZASG (£:5) (2.42)

holding for any xp, &, € Xp. Finally, we pick & € X3 such that
Faalény) < [ Flaslongve(daly)
X

Thereby, we fix xp € Xa, Y, , 20, € X¢, and obtain by (2.11) that

ve(dwaly) ‘ Jx, Fl@alze, y)v (dxb\y
— ==L 1| = S2(0,00) + Sc(¢,0)Sg(b, Lo)
vG(dzalz) be F(z |y, 2)ve(day|2) ZGZA dl ZGZA
< ZSGMSGMO (Zsczz())
éeA LeA
<) SE ) + > Sa(l,b)Sa(b, lo) =D Sa(l, ),
e Len Len
which completes the proof for this subcase.
Subcase III b:
Here
> Salb,fo) > 1. (2.43)
Len
Therefore,
D U Se(llo) + D Sa(tb) < D> SE(l Lo) + Y Se(l,b)Se(b o) =Y Sa(l, o) < 1. (2.44)
ten Len ten Len Len

As above, we fix zp € Xy, ye,, 20, € Xy, take arbitrarily & € X3, and introduce the following
functions

_ F(zalze,y) _ Flaalze,z) _ Flaale, 2)
P(xp) = Flanltny)’ U(zp) = Flanley) ~ Flanlong) (zp) (2.45)
Thereby
ve(daaly) ‘ Jx, Flaalwe, y)va(daly) -
vo(dralz) Ty, Flanlen 2ve(@&ls) | S sup [Wlw) =] (246)

The latter estimate has been obtained by means of (2.9). But by (2.6), (2.40), (2.42), and (2.44),
we get

sup [W(zp) — 1] < ZSGM + ) SE(L, L) + ZSGM) (ZSG€£0>

rpEXyp

EGA LeA éeA e
D SE(L o) + > Sa(tb) < Y Sa(t, bo),
LeA LeA LeN

which completes the proof for this subcase.

Subcase I1II c:

Here

> Sa(t,b) > 1

LeA

324



Bassalygo-Dobrushin uniqueness for continuous spin systems

Then

D 8L, 4o) + Sa(b,bo) <> S&(l,Lo) + > Sa(t,b)Se(b, lo) = > Sa(l, £o) < (2.47)
LeA LeN LeN LeN

Thereby, the set A U {b} is proper for £y and hence can be considered as in Case I, which yields

ve(daa x dxyly) < ZSW’ lo) + Sc(b, lo). (2.48)

ve(dap x dxp|z) =

But
vo(dzaly) be ve(dzaely)
ve(dzalz) [y, vo(dwpe]2) |
Thus, the estimate (2.5) is obtained from (2.48), (2.47) by means of (2.8).
In what follows, we have proven that the estimate (2.5) holds for proper subsets A for any

G € 6,4 if it holds for G € &,, ;. In the case G € &,, 11,1, one splits the only vertex of degree n+1
and obtains a graph in &, ,, for which the property in question holds true. O

3. The proof of Theorem 1.8

The proof of Theorem 1.8 will be based on Lemma 2.2 and on the property of G described
by Proposition 1.6. We begin, however, by proving another lemma.

Lemma 3.1. Suppose that, for every £, there exists a cofinal sequence {A,}nen, such that

lim Y Sa,(00) = (3.1)

n—oo

ved A,
Then |G| = 1.
Proof. Let Cl°¢(X) be the set of all bounded local continuous functions f : X — R. It is a
measure defining class, which means that if for given p, i € P(X), one has u(f) = a(f) for all

f € Clo¢(X), then p = fi. The proof of the lemma will be done by showing that if u, i € G*(V),
then

p(f) =a(f)  for all fe Cre(X). (3.2)

Given f € Cl°¢(X), let A be its support. Then we pick the cofinal sequence {A,,},en such that
(3.1) and the following

7, (Cly) = w, a, (|9) = [, n— oo,

hold true for all y € A, § € A, such that p(A) = 1 and ji(A) = 1, see Proposition 1.6. For chosen
f and A, such that A C A,,, we have, see (1.19),

ma, ()= [ f@a, (@oaly). (33)
XA
Let n € N be such that A is proper in A,, for any ¢ € LA, see (3.1). Then we fix this n and
consider the set {f1,...,¢n} = OA,. For j =0,1,..., N, we introduce y9) € X as follows

yéz)_yépvyé]\,) j —ZMN i yéf\,) 1 _ny J+1a"'7y§\]]) _ny

Thereafter, by (2.7), (2.8), (3.3), and (2.5), we get

N - N
A, (fly) ‘ T, (flyU=b) va, (dzy|yU—1 ,

nV I = ||7n , _1<||——1 2 E ES )
a, (f17) (fly@) va, (dzly@) A

T
j=1 "An j=1 LD A, LEA

(3.4)
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which by (3.1) yields that p = . O
Proof of Theorem 1.8. If 5(V') < », for a certain s, > 0, then by (2.3), it follows that
g El Z %lﬁ(ff )l

9(L,07)

where the summation is taken over all self-avoiding paths. We fix any A € £g,, and choose a strictly
increasing sequence {p, }nen C N, such that A is contained in every ball B, (b) = {¢ € L|p(¢,b) <
p1} with b € A. Then we fix any b € A and set A,, = B, (b) and

— M !
Nn = €A, 1zI/1€fa A P,

Thereby, N,, — 400, as n — 400, and one finds n, € N, such that N,, > Ny, for all n > n, and
¢ € A, where Ny is the same as in Definition 1.2. Take s, < 7!, where 7 is as in Deﬁmtlon 1.2.
Then, for any ¢ € A, one has

—+00
Yo Sa (L) <C Y Gan)”,

Ve A, N=N,
which yields (3.1) and thereby completes the proof of the theorem. O
Finally, let us show that the Bassalygo-Dobrushin graphs are sparse.

Lemma 3.2. Suppose that the distance p has the property (1.8), (1.4). Then the graph is sparse
in the sense of Definition 1.2.

Proof. By induction, one can show that

|Ln (D) < mpmax{ng, -+ ney_nay b (3.5)

where the maximum is taken over all self-avoiding paths {b,¢1,...,fn_1,¢n}. Thus, if i = sup, ny
is finite, then

|ILn ()| < - A,
In case sup,ny = +oo0, for given p € N, we let B, = {{ € L|p({,b) < p} and n, = max,cp, n.
Suppose that n, > ny, which can be achieved by taking big enough p. Then we pick ¢, € B, such
that n, = ny,, and d, € N, such that

max{p, ¢(np)} — 1 < 2d), < max{p, d(ny)}. (3.6)
Let us show that n, < n, for every £ € By,. If p > ¢(n,), then By, C B, and ny < ny, by
the definition of n,. This is also true for ¢(n,)/2 < p < ¢(n,), as By, is still a subset of B,. If

p < ¢(ny)/2, then for any £ € By, ,

p(L,4y) < p(£,0) + p(b,€y) < dp +p < ().

Then ny < ny, by (1.3). Now let the path (b, £) be of length N with d,/2 < N < d,. Then it does
not leave By, and hence ny, < n, for any £; € 9(b, £). Let k;, € N be the largest possible k, for which
28 < ny. Given 45,05 € 9(b,€), such that 28 < ny,,ng, < 281 by (1.3) one has p(4;,4;) > ¢(2%).
Therefore, the number of such vertices in ¥(b, ) does not exceed

N o N + ¢(2F) _ON+1
¢(2¥) P(2F) T g(2h)
where we have taken into account that N > d,/2 > (¢(np) —1)/4. Thereby, for chosen N, by (3.5)
it follows that, see (1.4),

LN (b)] < 1_[2"“'*'1"”C <exp{ln22¢+1) 5N+1)}.

Then the constants C' and 1 can be calculated from the latter expression. To find N, one picks p
such that n, > n,. Then as N, one takes the smallest N obeying N > d,/2. O

mp =
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4. A dense graph

Here we consider an example of the dense graph mentioned in the introduction. The graph is
an expanding tree; its set of vertices is

—+o00
L=J L. (4.1)
n=0

The set Lo = {b} is a singleton and Ly = d.b, n, = k. Each £ € L,,, n > 1, is adjacent to k+n — 1
elements of L,y; and with one element of L,_;. Here k& > 2 is a fixed number; there are no
connections within each of L,,, see figure 1.

Figure 1. A dense graph for k = 2.

For this graph, one has

k(k+ N —2)!
(k=11 7

hence, it does not possess the property established by Definition 1.2.

On this graph, we define a ferromagnetic Ising model: for each ¢ € L, we set X, = {1,—1} and
xe({1}) = xe({—1}) = 1/2. Furthermore, for (¢,¢') € E, we set

[Ln(0)] = (4.2)

Ve (ze, xpr) = axoxy, a >0,

and A, = U?l_yL,. Therefore, 9L A,, = Ly41. Let I/Xn, n € N, be the measure (1.18) corresponding

to y = (ye)eeL such that yp = +1 for all £ € L. Let also o, be the projection of Z/Zn onto B(Xp).

To simplify notations, we write o,,(£) = 0,,({£}), € = 1. Our aim is to show that, for arbitrary
a >0,

lim on(1)

n—+o0 oy, (—1)

> 1, (4.3)

which means that the corresponding limiting Gibbs field! is not invariant under the change of
signs xy — —xy, for all £ € L; hence, G is never singleton. To this end we construct the following
recurrence. Given non-negative integer s, let us take some ¢ € L and then set A, = {¢}, and

As-&-l = aLAs N Ls+1y As+2 = aLAs-‘,-l N Ls+27 ) A7L+1 = 6LAn N I—n+17 ey

For n > s, we let

A E A,
q=s
Byo;,s=0,1,...,n+1, we denote the projection of the measure vy with the boundary condition
yr = +1 for all £ € Api1. Then onT1(€) = 1 and o) = 0,. Thereafter, the recurrence in

ts existence can be proven by repeating the proof of Proposition 1.7.
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question is

k
1 fEs
©=5T1[ X o). (4.4)
=1 \g=%1
and for s > 1,
s - alé; _s+1 1 aé _s+1 —a€ _s+1 kt+s—1
e IT | D e*voit'(€) =7 [eon (1) + e "ot (-1)] ;o (4.5)
j=1 \¢&=+1 s

where Z,, ¢ is a normalizing factor. Now we set u,, s = 0 (1)/05(—1) and u,, = uy,0. Then by (4.5)
it follows that

2a 1 k 2a 1 k+s—1
0, = (6 Up,1 + ) ’ S (6 Up,s+1 T > , Upn = p2a(ktn—1) (4.6)

Up,1 + €20 ’ Up,s41 + €29

For p € N and ¢,y > 1, let us consider

at (1Y & pl (=D -1
st 2 (1) ‘;;u@—wf( )

(t-D6-1)

=z 1+p-

Since s = Ygts—1(Un,st+1,€>?), we have

(Un,s+1 — 1)(62a —1)
Un,s+1 + €2a

> ... ><(k+p—2)!-p1—f e — 1 >~(un7p—1), (4.8)

(k+s—2)! o1 Unista + c2a

Ups—1 = (k+s—1)-

which holds for any p > s. For any fixed v > 1 and for p > (v +1)/(y — 1), there exists € € (0,1),
such that ¥,(v5,7) = 75 AS Uy, = 22*+7=1 one has,

>e¥ for all n>p> (2 +1)/(e* —1). (4.9)

Un,p

Let p be the smallest such number, which means that u, , < e*? < e® for all ¢ < p. Then by
(4.6) and (4.8), it follows that for all n > p,

(k +p— 2)' . (1 _ e—Qa)pfl X (625a

/m -1)>0,

Un,1 — 1
which readily yields (4.3).
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€puHicTb TMNY Baccanuro-Ao6pywunH gnga cuctem 3
HenepepBHUM CMiHOM Ha perynsapHux rpadax

I.Kena, 0.Ko3unubkni

IHCTUTYT MmaTtemaTuku, YHiBepcuteT Mapii Kiopi-CknonoBscbkoi, J1io6niH, MNonbLua

OTpumaHo 31 ciyHg 2008 p.

MopaeTbeca po3wmpeHHs TexHikn baccanuro-AobpylinHa ans AoBefeHHs EOUMHOCTI ri66coBuX NoniB Ha
HeperynspHux rpadax ons CUCTEM HENEPEPBHUX CMIHIB.

Knio4ogi cnoea: Bunaakosi rib6cosi nons, cneymgikadis MNébca, Monabcbknii MpocTip

PACS: 05.20.Gg, 05.30.Ch
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