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Third-order relativistic dynamics:
classical spinning particle travelling in
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Mathisson’s ‘new mechanics’ of a relativistic spinning particle is shown to
follow, in the case of planar motion, from only general requirements of rel-
ativistic invariance and of the dependence on third order derivatives along
with the ‘variationality’ feature. The hamiltonian counterpart ultimately re-
covers the Dixon equations for this case with the Pirani supplementary
condition.
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1. Introduction

Following the updating tendencies in the formal theory of variational calculus
promoted by the development of the intrinsic differential geometry as well as global
analysis, many authors have revisited the Ostrograds’kyj mechanics with higher
derivatives. The subject develops continuously and, surprisingly enough, models
of physical meaning breed (see [1] and references in [2]).

In this paper we consider a model third-order dynamics of a classical parti-
cle which, although restricted to the unrealistic three-dimensional flat space-time,
provides an instructive example of how new hamiltonian systems of physical mean-
ingfulness may arise from higher-order variational calculus. This example admits
a comprehensive solution of the involved variational inverse problem for invariant
third-order equation of motion. It turns out that the equation thus obtained may
be interpreted as yet another description of a planar motion of the classical spin-
ning particle in special relativity. Taking into account that the general-relativistic
equation of motion of the gravitational dipole particle admits, among others, also
a solution of only two degrees of freedom (see [3,4]), we hope that the results of
the present investigation may contribute to the future lagrangian and hamiltonian
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formulation of the general Mathisson equation [5] in the realistic four-dimensional
curved space-time:

Du D?uf 1
Mo = Sra g = g Rmena & (1)
uut =1.

If only a free and planar motion is going to be considered, the equation (1)
splits into the following two (u, v = 0,1,2):

m(ﬂl# - Sﬂyay — O, (2)

S, it = 0. (3)

We shall demonstrate later that the equation (2) may be cast into the form of

being the only third-order relativistic equation admitting a lagrangian description.

Applying to it a kind of the ‘hamiltonization’ prescription of [6] then yields an

equivalent to the Dixon equations [8] adopted to the case presently considered here,

from which the equation (2) follows in turn, provided the Pirani supplementary

condition

u &GP =0 (4)

is in force.

2. Lagrangian description

Necessary and sufficient conditions to the existence of a Lagrange function for
a third-order differential equation

ANV'+WV.0,)AV+B.V+c =10 (5)

were established in [9]. They are expressed by means of the following system of
partial differential equations in the independent variables ¢, x*, and v*:

(i) 8P =0

(i) 2By — 3D, Ay =0

1
(iii) 2 av[aBb}c —4 ax[aAb]c + axc Ao + 2 D]. avc Ap =0
(iV) 8V(acb) — D1 B(ab) =0

2
(V) 2 8\/6 8V[acb} -4 8X[aBb}c + D]. 8\/6 Au+6 D]_ ax[aAbc} =0

(Vi) 48X[acb] -2 Dlav[acb] - D]_3 Aab =0.
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Third-order classical spin dynamics in plane

We recall that the skew-symmetric matrix A, the matrix B, and the column
vector ¢ depend on the variables ¢, x, v = dx/d¢. The differential operator D1

denotes the first order generator of the Cartan distribution,
D]_ — at + V . 0)( .

Any third-order Euler-Poisson equation (i.e. that of some variational origin) in
two space dimensions fits into the form (5).

We are interested only in the equations bearing the Poincaré symmetry with
the infinitesimal generator X parametrized by means of a skew-symmetric matrix
2 and some vector 7:

X=—(m %) 0 + goot .0 + (XA )
4+ goom. O+ (m-v)v.d, + Q- (VA
+2(m-v)V.9,y+ (m-V)v.0,+Q-(VAIy).

The centered dot symbol denotes the inner product of vectors or tensors; the
lowered dot symbol denotes the contraction of a row-vector and the subsequent
column-vector, or (sometimes) the contraction of a matrix and the subsequent
column-vector. In order to chose a convenient expression of the symmetry concept
we introduce a vector differential form e, associated with the equation (5):

ca = Agpdv’® + k,dt,
k= (v-:-8,)AV + BV + c. (7)

Now it is possible to cast the idea of the symmetry of the equation (5) into the
framework of the concept of exterior differential system invariance. The system in
case is generated by the vector valued Pfaff form € and the contact vector valued

differential forms
dx — vdt, dv — v'dt. (8)

Let X (€) denote the Lie derivative of the vector valued differential form e along
the vector field X. The invariance condition consists in that there may be found
some matrices ®, E, and IT depending on v and v’ such that

X(e) =®.e+ E.(dx —vdt) + II. (dv — v'dt). (9)

We also assert that A and k in (7) do not depend either on ¢ or x.
Identity (9) splits into more identities obtained by evaluating the coefficients
of the differentials d¢, dx, dv, and dv’ independently:

(m. O+ (m-v)v.0, +Q:-(VAO))A
+2(m-v)A+ (Av) @ m — AQQ = ®A;
2(AV) Q@+ (m-Vv)A =11;
—kQm=E;
X(k) = ®k — Ev — IIV'.
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In the above the ‘®’ symbol means the tensor (sometimes named as ‘direct’)
product of matrices.

A skew-symmetric two-by-two matrix always has the inverse, so the ‘Lagrange
multipliers’ ®, E, and II may explicitly be defined from the equations (10-12) and
then substituted into (13). Subsequently, the equation (13) splits into the following
identities by the powers of the variable v/ and by the parameters € and 7 (take
notice of the derivative matrix A’ = (v'. 8,) A; also the vertical arrow sign points
to the very last factor to which the aforegoing differential operator still applies):

(2-(VAB))AV + (2- (V' A D)) AV — (V. 8,) AV
— (- (vA 8,)) AATIAY — AQATIANY ; (14)
(R-(vA3))B—BQ=(Q-(vAd,)) AA'B — AQA'B; (15)
(- (VAB))c= (- (vAd))AAc — AQA c; (16)
(. 0+ (m-v)v.0) AV + (- v) AV + (- V) (v.8,) AV + (7 - V') A'v
— (7.8, + (7 V) v.8,) AATIAY 4 (rATPAV) Av — 3 (1 - V) AV
(.0 + (- V)v.8,) B + (Bv) ® 7
— (78 + (m-V)v.8,) AAT'B + (Av) @ TAT'B 4 (7 -v)B;  (18)

17)

(m. O+ (mw-v)v.9)c
— (7.8 + (m-V)v.8,)AATc £+ 3 (m-v)c+ (rA"lc)Av.  (19)

Cumbersome although routine calculations accompanying the simultaneous
solving of the partial differential equations (14) and (17) with respect to the un-
known function A, produce the unique output of

const

(1+V1V1+V2V2)3/2 .

A12 =

We remind that the system of the equations (14-19) and the system (6) must
be solved simultaneously. Thus, the equation (6i) becomes trivial now.

Under the assumption of B being a symmetric matrix (see (6ii)), the solution
of the equations {(15), (18)} is:

Bay = const - (1 + v-V))fl/Q(VaVb — (1 +vv)ga).

This automatically satisfies the equation (6iii) too. In what concerns the sub-
system {(16), (19)}, only the trivial solution ¢ = 0 exists.

We are ready now to formulate the summary of the above development in terms
of a proposition:

Proposition 1 The invariant FEuler-Poisson equation of a relativistic planar mo-
tion 1s:
*v *v ]

_ 3 wig— =
(1 4 v-v)3/2 i (1 4 v-v)5/2 (v-v)+ (14 v-v)3/2

(1+vv) vV —(Vev)v) =0. (20)
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Third-order classical spin dynamics in plane

Arbitrary constant u serves to parametrize the set of all the variational equa-
tions (20). The definition of the ‘star operator’ is common. Thus, *1 = eq, A e,
whereas * (e, Ae(,) = 1 if the (pseudo)orthonormal frame {e(,,, en,} carries the
positive orientation; also (xw), = £paW’. We recall for the future use the definition
of the inner product of two bi-vectors:

(aAb):(cAnd) = (a:c) — (b-d).

Proposition 2 The Euler-Poisson equation (20) describes the free motion of a
spinning particle in two space dimensions if

u,S* = 0. (21)

Demonstration. Equation (20) describes the world line of a particle parametri-
zed by time. Passing to the proper time parametrization one obtains:

UXu+pa=0. (22)

Let us introduce a vector a, = 3¢,,,5"*. Then the equation (2) takes the form

met+aXt=0 (23)
with the consequence that
a-u4u=0. (24)

Any vector a may always be presented as
a=(a-u)u—(aXu)Xu. (25)

If the solutions of the equation (22) are also to satisfy equation (23), we may define
the variable @& from (22) with the help of (u-4) = — (@ - @) and substitute it
into (23) to obtain, in view of (24),

—p(a-u)t —my+ (4-u)a Xu=0. (26)
The condition (21) is equivalent to @ X u = 0, thus equation (26) gives

(@-u) = —m,/p, (27)

and from (25) it follows that
m
a=——u, 28
. (28)

so the equations (22) and (23) are now equivalent.

Remark 1. In most general setting, when |[u|| # 1 and |g| # 1 (g = det(gyn)-
m, n run from 0 to 3) the four-vector of spin is introduced by

Vgl
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It is straightforward that s, = —a,u" and thus one gets a ‘renormalization’ of the
spinning particle’s mass:
_ Mo (30)
h=

Remark 2. The first space-time curvature of the particle’s world line governed
. .ood .
by (22) is constant, i.e. EHUH = 0.

Remark 3. The point symmetries of (20) are being exhausted by pseudo-ortho-
gonal (resp. conformal) transformations if m # 0 (resp. m = 0). The proof may be
found in [10].

We can present two different (@ = 1,2) Lagrange functions which produce the
equation (20),
*(V' A e(a))
(14 vev)/2(1 + guol|v A € |[?)

Ly = vé — (14 vew)/2, (31)

These differ by the total time derivative:

d 1,,2
Ly — L1y = — arctan vy

dt VIFv,ve

Now it’s time to pass over to the hamiltonian counterpart exposition.

3. Hamiltonian description

A detailed exposition of the (generalized) hamiltonian theory applicable to the
odd-order differential equations at no less extent than to the even-order ones may
be found in [6]; a concise exposition is presented in [7].

A conjectural Legendre transformation is given by the momenta

9L darL
P~ v dtov’
,  OL
P= ov'’

The Hamilton function
H=—L+pwv+pV

in case of a regular Legendre transformation gives rise to the following Hamilton
system of first order equations:

0H ovbd , d

Lo v e 90— ). 9
T (32)

oH d
5t = O (33)

OH ov*d , ove vt d
_ — —— | —p, = 0. 34
opl,  Oxb at” <8p§, 8ij> at’ (34)
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Third-order classical spin dynamics in plane

Both L, and L, from (31) produce one and the same Hamilton function:

x(VAV) _
H = vyt

= p.v+ V14 vev. (35)

This happens because both L, and L, lead to the same ‘zero-order’ momentum,

v v

P= (14 vev)3/2 P T rww

However, the ‘first-order’ momentum p’ has the identically equal to zero first (resp.
second) component if one starts with L, (resp. L,) alone. This suggests that we
take

(36)

1
L= (L + L)

in an attempt to proceed further with a kind of regular Legendre transformation.
In this case one calculates out the following expressions for the two components
of the momentum p’:

2 1
/ !

Vv Vv
P VT v (I +viv)” P T o Tt vv (1 + )

In (34) the inverse to the Jacobi matrix of the Legendre transformation is

(37)

. .. Ov . o .
indispensable to know (at least in its oy part). The Jacobi matrix itself is read-

ily obtained from (36) and (37), so we cite below only that part of its inverse,
important for the forthcoming calculations,

ov* 2 5
S w)3/2
<8p'b> A(1+vv) X

Vov! (3 + 3vov? + 2vyvh)

-1
(1 + vov?)?

1

v1v2(3 +3vvi +2 v2v2) ’ (38)

(1 + vyv!)?

where A denotes the determinant of the matrix in (38). The Reader may also
easily convince himself by direct calculation that

( g‘:()) = 0. (39)

As far as the Hamilton function (35) does not depend on the space and time
variables, the essential part of the Hamilton system, the equation (32), constitutes
nothing else but the conservation of the momentum,

dp _
dt

0. (40)
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The remaining two equations mean merely that we pick up only the holonomic
solutions of (40). Thus, the equation (33) in view of (39) reads

v 0
Vi =Y

and so it describes the kernel of the first one of the two differential forms in (8).
The equation (34) in view of (38) reads

OH  (1+vw)*? [ dp
- 4 T =0. 41
ap A *ar) =0 (41)

H
gp' from (35) by means of (38) and also differentiate the
definitions (37) explicitly. After substituting into (41) it becomes evident that the
Hamilton equation (34) describes the kernel of the second differential form in (8).

In fact the equation (41) transforms into the following system:

But we can calculate

M. (dv—v'dt) =0,

where M is the matrix from (38).

Let us return to the gravitational dipole particle. The Dixon system of equa-
tions in the general curved four-dimensional space-time accepts arbitrary parame-
trization of the particle’s world line. It reads:

P

o = 3 (42)
1S
o = 2BAu (43)

The force § depends, apart from space and time variables, also upon the particle’s
tensorial spin & and velocity u; it must satisfy the constraint F.u = o. Once
supplemented by the Pirani constraint (4), the system (42, 43) allows an equivalent
transcription in terms of the spin four-vector (29), ‘resolved’ with respect to the
variable 8. Namely, in place of (43) we can write (renouncing the constraint
ull = 1)

‘B:%u—(sgng) « (LAUNS), (44)
§Au=0.

In the parametrization by time (u® = 1), denoting by P the three-vector part of
the four-vector B, the definition (44) takes up the shape

P=m M 4 oeng (v xs—5"v xv), (45)

"VIiFvey (14 vev)3/2
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Third-order classical spin dynamics in plane

where we use the notation v for the three-vector part of the velocity four-vector u
in the special case when u® = 1; also s = (s°, s) according to the general template.
Reassuming the particle’s motion be two-dimensional only, one obtains from

(45)
MoV *v/

P=—"" _ (sgng)s*—" .
/71 T v ( gng) (1 + V-V)3/2
It suffices to compare (46) with the expression (36), taking into account the nota-

tion (30), to immediately come to the conclusion that quantity P coincides with
s times of the canonical hamiltonian momentum.

(46)

Proposition 3 The Hamilton function for the planar motion of free relativistic
spinning particle with the mass (30) is given by (35).

Remark 4. The Mathisson equation in general-relativistic framework and under
arbitrary world line parametrization was considered in [11]. A set of the Lagrange
functions to produce it in flat space-time was suggested in [12]. A second-order
differential-geometric connection related to the equation (20) was constructed in
[13].
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PenstTueBictTuyHa aMHaMika TPeTbOro nopsaKy:
KNaCU4YHUMN PYX YaCTUHKM 3i CNiIHOM Y NNOLWWUHI

P.Mautok

IHCTUTYT NpuknagHMx Npobnem mexaHiku i matematukm HAH Ykpainn,
290005 m. JbBiB, BYN. lynaesa, 15

OTpumaHo 12 6epesHsa 1998 p.

lMokasaHo, sk ,HOoBa MexaHika“ MaTicoHa Ans onucy YacTUHKK 3i CMiHOM
BUNAMBaE (y BUNAZKY BiIbHOMO PyXy B O4HIN NAOLLMHI) NnLLE i3 3aranbHNX
BUMOT MPO PENATUBICTUYHY iHBAPIAHTHICTbL Ta CYTTEBY 3aJIEXHICTb Bif, NO-
XiOHUX aX 00 TPETLOro Nopsaky B TaKkOMY PIBHAHHI pyXy, SKe BUMMBAE
3 BapiguinHoOro npuHumny. faminsToHiB Niaxig Toai 3HOBY BIATBOPIOE PiB-
HAHHS [likcoHa 3 4ONOBHSAMBLHOO YMOBOLO [MipaHi.

KniouoBi cnoBa: sigrpaHxisiH, raMi/iTOHISIH, MExaHika
OcTporpancekoro, pensiTuBiCTu4Ha A3ura

PACS: 03.20.+i, 02.40.+m
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