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Abstract. In the paper, we carried out the comparative analysis of three polarimeters
among the most usable their variants: (i) Stokes polarimeter based on phenomenological
definition of Stokes parameters; (ii) Stokes polarimeter based on the method of four
intensities; (iii) Stokes dynamic polarimeter. We show that, since the accuracy in
determination of individual Stokes parameter is different for different types of
polarimeters, and, therewith, it depends on polarization of input light. All that strongly
motivates the choice of type of polarimeter to provide minimum errors in determination
of polarization parameters (ellipticity angle €, azimuth B, and degree of polarization P).
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1. Introduction

Polarization state of electromagnetic radiation changes
when interacting with various media and is an additional
source of information about their properties.
Polarimetric methods through their high sensitivity (in
particular to object anisotropy) could be used even at a
negligible level of input light intensities. The time of
measurement and errors are key factors in experimental
investigation of different types of media by polarimetric
methods [1-6]. The state of light polarization can be
completely characterized by Stokes parameters, which
allow describing both completely and partially polarized
light. This makes the development of the systems
measuring Stokes parameters (Stokes polarimeters) to be
highly important for further improvement of polarimetric
methods in medium investigations.

Up to date, it has been proposed a lot of schemes
for Stokes polarimeter [7-10]. In all of them, to
transform light polarization, used are polarization
transformers with computer controlled parameters. The
only polarimeter with division of intensities is exception
[11], in which polarization transformers remain
invariable. However, this results in considerable
complication of the polarimeter calibration.

Stokes polarimeters with a mechanically controlled
polarization transformer (e.g. with rotating optical
elements) are useful in the view of realization simplicity,

adjustment and exploitation. Now, the most usable
variants of polarimeters are as follows: (i) Stokes
polarimeter based on phenomenological definition of
Stokes parameters [12]; (ii) Stokes polarimeter based on
the method of four intensities [13]; (iii) dynamic Stokes
polarimeter [14, 15]. A plethora of papers [10, 13, 16-
25] is devoted to polarimeter optimization in respect of
gaining the minimal errors in measurements of Stokes
parameters. In particular, derived were the optimal
values of phase shifts and angular positions of phase
plates. Also, it has been studied the question concerning
the systematic error resulted from imperfectness of
polarization elements used [22-24]. However, systematic
analysis of random errors was not carried out for optimal
regimes of the above types of Stokes-polarimeters.
Besides, the most of papers, in which errors of
polarimetric measurements are considered, supposes that
the Stokes parameters are measured with an equal
accuracy — but this is not the case in practice. In what
follows, we show that individual errors in measurements
of Stokes parameters depend on exact strategy of
polarimetric measurements.

The aim of this paper is to estimate individual
errors in measurements of Stokes parameters and effect
of these errors on determination of light polarization
parameters: ellipticity, azimuth and degree of
polarization for the above mentioned strategies of
polarimetric measurements.
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2. Stokes polarimeter based on phenomenological
definition of Stokes parameters

According to phenomenological definition, four Stokes
parameters S;_, have the following physical meaning:

S, is a sum of light intensities that pass through

polarizers with the orientation 0° and 90° (i.e. the total
light intensity); S, — difference between the same

intensities; S; — difference between intensities for light

that pass through polarizers with the orientation 45° and
135°;, S, — difference between intensities for light that

pass through polarization elements transmitting light
with either left or right circular polarization (for
example, the quarter-wave plate and linear polarizer with
the orientation 45° or 135° relative to fast axis of the
plate). These definitions can be expressed in the form:

(M

Sl = Ioo + |900; Sz = Ioo — I9O°;
S3=lgse —lizses Sy =1 — g,

where |, is the light intensity that pass through

X
corresponding polarization elements.

The polarimeter operating accordingly to the
definition Eq. (1) is presented in Fig. 1.

Here P is the polarizer with the azimuth 6 and PhP1
is the phase plate with the shift d=1/4=90° and
azimuth o =0°, which can be introduced before the
polarizer in the necessary steps of measurements.

The signal of photodetector (Fig. 1) depends on the
position of polarization elements and the state of input
polarization as follows:

(e | [ (Mp(0°)-8),
loge (Mp(90°)-8),
I 450 (Mp(45°)-8),
1= * |- 2
BERS (Mp(135°)-8), @
I (Mp (45°) - Mpyp; (90°,0°)-S),
g | [(Mp(135°)- Mppp (90°09)-8), |

where Mp(0), Mprei(8, @), S=[S; S, S;  S4]" denote
the Mueller matrices of the polarizer as well as phase
plate and Stokes vector for input light and have the form,
correspondingly:

From Eq. (2), we can get the equation for
determination of required Stokes parameters in the
matrix form:

S=A""1, (5)
where A”' is the inverse matrix to the characteristic

matrix of polarimeter A , which in this case, substituting
Egs. (3) and (4) in Eq. (2), will have the following form:

[0.5 0.5 0 0 |
05 -05 0 0
A 05 0 05 0 ©
05 0 -05 0
05 0 0 05
105 0 0 -05]

We assume that positioning of polarizer and phase
plate occur with errors A@ and Aa, correspondingly.
Besides, we assume also the deviations of phase shift
from & =A/4 with value A3, and errors of intensity
measurement Al (additive noise) take place.

Taking into account these values of errors A6, Aa,
Ad and Al to estimate the individual measurement errors
of each of four Stokes parameters, we use the following
relation [25]:

N 0 2
IF;(Yn)
AR (Y15 Y9 5-ens = —12N2A , 7
(V15 Y20 YN) 21[ o ynJ (7)
where  Fi(Y;,Y.....YNn) denote the parameters

calculated basing on the measured parameters Y, . yro] is
an exact value of measured parameter Y, .

Accordingly to Egs. (5) and (7), the values of errors
for Stokes parameters can be written in the following

form:
6 2 2 2 2
ﬁAe +(§A6j J{QAOLJ +(ﬁAIJ .
= 09, 06 oa ol

®)

Using Eq. (8) and setting the values of errors as

A3 =0.5° Aa=10.2°, AB=0.2° and Al = 10.001 (here
S;=1=1 is the light intensity of the beam incident on

AS; =

1 cos(20) sin(26) 0 the phase plate (see Fig. 1)), we derive the dependences
1| cos(26) cos®(20) cos(20)sin(20) 0 of the measurement errors for Stokes parameters on the
Mp(®)=—| . . .2 > incident light polarization state (B is an azimuth and ¢ is
2| sin(20) cos(20)sin(20) sin”(20) 0 s .. . . .
an ellipticity angle for polarization ellipse of input light)
0 0 0 1 (see Fig. 2).
A3)
1 0 0 0
M 6.00) 0 cosz(20c)+sin2(2(x) cos(d) cos(2a)sin(2a)((1—cos(d))) —sin(2a)sin(d) @
,O) = . . .
PhPI 0 cos(2a)sin(2a)(1—cos(d)) sin? 2a)+ cos? (2a)cos(8)  cos(2a)sin(d)
0 sin(2a)sin(d) —cos(2a)sin(d) 0
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Fig. 1. Stokes-polarimeter setup.

It can be seen that errors in parameters strongly
depend on the polarization state of incident light. Mean

errors (shown at the bottom of Fig. 2 as the vector AS )
are equal for parameters S;, S, and S;, and grow for
parameters Sy by 2.6 times.

The range of error changes (shown as the vector
AS p at the bottom of Fig. 2) is equal for parameters S,

and S;. For S; range of error changes is two times less
than that for the parameters S, and S;, but for S, is
approximately 1.6 times larger. The value of the
measurement error for Stokes parameters increases upon
the average with decrease of the ellipticity angle & of
incident light.

The Stokes parameters are determined with
minimum errors for light with polarization closing to the
circular polarization (g = +n/4). Also it can be seen that

90°

the errors for S; and S; for input polarization with the
azimuth B =+45° relatively to analyzer (6 = 0°) become
minimum, and it is practically irrespective to the
ellipticity angle. A similar situation with the parameter
S, is observed for polarization of input light with the
azimuth B = 0+90°.

3. Stokes polarimeter based on the method of four
intensities

On the assumption of dimension of the Stokes vector,
the set of equations for determining the vector
parameters should contain four equations. This set of
equations can be obtained by measuring the light
intensity l; after the polarizer Mp(0°) (Fig. 1) with the
fixed orientation 0 = 0° and phase plate Mppp((5, o) with
the fixed phase shift 8 and four angular positions a;. The
expression for a light intensity |; incident on the detector
can be written in the form:

118,01,8) = [Mp ()M ppy (8,01)S], =
=S, + (cos(20ci )% +sin(2a;)? cos(8))$2 + )
+cos(2a;)sin(2a; )(1—cos(3))S; —sin(2a; )sin(8)S,.

Thus, from Eq. (9) for Stokes parameters S; we get
the following matrix equation:

0.008 -
0.006 } y
/
0.004 %
0.002}
\ 7~
0.000 1
—90°

AS =[0.0020 0.0021 0.0021 0.00056] AS ,, =[0.0024 0.0049 0.0049 0.0077]

Fig. 2. Dependences of the values of AS; on polarization of input light for the Stokes polarimeter based on phenomenological

definition of Stokes parameters.
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1 cos(2a )2 +sin(2o )2 cos(8)  cos(2a;)sin(20 )(1-cos(8)) —sin(2a;)sin(d) || S; I
1 cos(20c2)2 +sin(20t2)2 cos(8) cos(2a,)sin(2a,)(1—cos(8)) —sin(2a,)sin(d) || Sz _ I, (10)
1 cos(20t3)2 + sin(20t3)2 cos(8) cos(2a5)sin(203)(1—cos(8)) —sin(2a3)sin(d) || S3 I3 |
1 cos(2oc4)2 + sin(20t4)2 cos(8) cos(2a4)sin(2ay )(1—-cos(d)) —sin(2a,)sin(d) EL ii‘
A S I

It follows from Eq.(10) that the measurement errors
AS; are determined by errors Al;, Ad and Aa. Values of
the Stokes parameters can be derived as functions of |;,
d, 0; from Eq. (10) making use of Eq. (5).

Then, in conformity with Eq. (7), AS; are:

4 2
AS; = (88' AS) > (a—S'Aa) +(88' AIJ

00 =1 80Lk ol Kk
(11)
As it was in the previous case, AS; depend on the
polarization state (B, €) of input light. Fig. 3 presents the
dependences of AS; as functions of (B, €), which gives
the following values for the parameters of the phase
plate: & =132° o; = (-51.7°, —15°, 15°, 51.7°) that were
defined in [16], and imperfections of polarimeter

parameters: Ad = 0.5°, Ao = 0.2°, Al =1,-0.001.
It can be seen that locations of maximum and

minimum for errors of Stokes parameters AS; are
antisymmetric with respect to p = 0°.

As it follows from values for the vector AS (see
Fig. 3), the Stokes parameter S, was measured in this
case with the largest errors. The parameter S, is

characterized by the greatest range AS, depending on
the polarization state of input light. We show that a
uniform distribution of angular orientations of phase
plate o; (say, for example, a;= (-60°, —30°, 30°, 60°))
removes the asymmetric locations of maximum and
minimum values of AS;, but the mean error AS is
increased essentially.

4. Dynamic Stokes polarimeter

Dynamic  Stokes-polarimeter contains a retarder
Mpppi(8, ot) before the polarizer P (see Fig. 1) rotating
with a fixed frequency . Thus, in this case the detector
signal has the form:

1(8,01,8) = [Mp (0)Mppp (3,0 1)S], =
=S5, +S,(cos(2 u)t)2 +cos (6)sin(2wt)2) +
+0.5S5(1-cos(8))sin(4mt) — S, sin(d)sin(2m t).

Eq. (12) reduces to the following set of equations
for Stokes parameters S;:

1 0.5(1+cos(d)) 0
0 0 0
0 0.5(1—-cos(d))cos(4p,) 0.5(1—cos(d))sin(49,)

(12)

| 0 —-0.5(1-cos(0))sin(4¢p,) 0.5(1—cos(d))cos(4p,)

Here, ¢, is the initial position of the phase plate; a,
by are the amplitudes of harmonics sin(kwt) and cos(kot),
respectively'

:—ZI(S 0;.S),
i=1
N
32 (a,ai,S)cos(zl\lik(i—l)j,

—ZN: 13, 0L,,S)s1n(—(l —1)]

where N is a number of samplings within the period
T= 2w/, o;— position of the phase plate at i-th
sampling.

The analysis shows that minimum values of errors
Ad and Ao, are achieved for 6 = 129.6° and ¢, = 0°.

It follows from Eqgs. (13) and (14) that errors AS; in
dynamic Stokes-polarimeter depend on values AS, Aa;
and Agg. Thus, in according with Egs. (13), (14) and (7)
the expression for AS; takes the form:

2 2 N 2
(3] {m) G (]
o) oy = 0oy, ol
5)
Fig. 4 shows the dependences AS; on polarizations
(B and €) of input light, which gives the optimal set of
parameters for the phase plate Mppp (Fig. 1): 6 = 129.6°
and ¢ =0°. The number of samplings was chosen as
N =360. The error in initial orientation of the phase
plate is Ay = 0.2°. Other three values Al;, Ad, Aa,; are the
same as in previous cases.
As it can be seen from Fig. 4 the parameters S, and
S; have been determined upon the average with equal
errors and are only different in locations of maxima. The

l\’Z

(14)

mean value of A_S4 is 1.3 times less than that of A_S2

and A_S3 .
determined more precisely as compared with S, and S;
(approximately by 2.6 times) and S, (approximately by
1.9 times). The value of errors AS, for parameters S,

The value of the parameter S; has been

and S; are equal and less than that of the parameter S; by

23 times and that of S; by 52 times.
0 S a
—cos(2¢,)sin(d) || S b
(294)sin(d) || S, |2 | (13)
0 S5 a,
0 S, b,
—_—— ——
s I

A
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Fig. 3. Dependences of the AS; values on polarization of input light for the Stokes polarimeter based on the method of four
intensities.

AS=[0.0024 0.0062 0.0062 0.0046] AS,, =[0.0032 0.0014 0.0014 0.0073]

Fig. 4. Dependences of the AS; values on polarization of input light for the dynamic Stokes polarimeter.
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5. The effect of measurement errors AS; on
determination of polarization parameters
of input light

Errors in values of Stokes parameters will be
transferred into errors of polarization parameters
Eq. (16). To estimate this effect, we use Eq. (7):

The given Stokes parameters, S;, polarization
parameters, intensity |, degree of polarization P,
ellipticity angle ¢ and azimuth of polarization ellipse B
can be determined in the following manner:

\SZ+52+52
=5, p=Y22"3"74

s? ’ : . .
! (16) Since the values AS; (B, €) are different for different
S Stokes-polarimeters discussed above, thus, the errors of
€ =—arcsin| 4 , PB= —arctg(—3j polarization parameters Eq.(17) are different for
822 + 832 + Sf S different Stokes-polarimeters as well. Fig. 5 exemplifies
AP A ﬂ, Flegree

‘ Ag, degree

0.0\
—90° T

—45¢

90°

AP =0.0040, AP, =0.0039; Ae =0.13°, Ag , =0.25% AB=0.13°, AB , =0.10°.

a)

AP Ag’degr 52

0

Ap, degree

L =~
0.005) =
5

5

l\v’/

0.00(

AP =0.0083, AP, =0.0034, Ae =0.17°, Ae , = 0.16% AB=0.26°, AR, = 0.15°

b)
A P A,SJ, degree

ey

Aﬁ, degree

0.010 (‘
\
0.005%
i
0,000y
—90

AP =0.0076, APy, =0.0058, Ae =0.11°, Ag p, =0.18°, AB=0.37°, A, =0.31°
©)

Fig. 5. Dependences of the AP, Ag, AP values for different polarizations of input light: (a) Stokes polarimeter based on
phenomenological definition of Stokes parameters; (b) dynamic Stokes polarimeter; (c) Stokes polarimeter based on the method
of four intensities.
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the dependences AP(B, €), Ae(p, €) and AB(B, €) for three
types of polarimeters discussed above.

It follows from Fig. 5 that the ellipticity of
polarization ellipse has been determined with the
minimum errors by dynamic Stokes-polarimeter.
Whereas, the polarization degree P and azimuth of
polarization ellipse P are determined with minimum
errors by Stokes polarimeter based on phenomenological
definition of Stokes parameters. For Stokes polarimeter
based on the method of four intensities, the effect of
polarization of input light on the errors AP, Ae and A is
minor. More sensitive to the polarization state of input
light is the dynamic Stokes-polarimeter.

6. Conclusion

In summary, we have analyzed the errors in
determination of the Stokes parameters for three types of
Stokes polarimeters: (i) Stokes polarimeter based on
phenomenological definition of Stokes parameters;
(i1) Stokes polarimeter based on the method of four
intensities; (iii) dynamic Stokes polarimeter. Also, we
have analyzed the transfer of the errors for Stokes
parameters AS; into the errors in determination of
polarization parameters (degree of polarization P,
ellipticity angle € and azimuth of polarization ellipse )
of input light. We have shown that in general case the
Stokes parameters are determined with a different
accuracy both in scope of one measurement strategy and
by different measurement strategies. The Stokes vector
is measured as a whole with minimum errors by Stokes
polarimeter based on phenomenological definition of

4

Stokes parameters: ZASi/ 4=0.0017. The dynamic
i=1

Stokes polarimeter and Stokes polarimeter based on the

method of four intensities measure the Stokes vector

with a somewhat higher value of errors:

4 4

ZASi /4 =0.0049 and ZASi /4=0.0056,
i=1 i=1
respectively.

This is quite important fact because it means that,
under rest equal circumstances, the parameters of
polarization of input light are measured with different
errors by different polarimeters. Moreover, the errors
depend on the polarization state of input light as well.
The results obtained for errors of the Stokes parameters
allowed to determine that the ellipticity angle € is
measured more precisely by dynamic Stokes-
polarimeter, whereas, the azimuth [ and degree of
polarization P are measured more precisely by Stokes
polarimeter based on phenomenological definition of
Stokes parameters.

The results derived in this paper can be useful for
choosing the measurement strategy for given
polarization of input light. Indeed, the Stokes
polarimeter based on phenomenological definition of

Stokes parameters is complicated for automatization.
The dynamic Stokes polarimeter is evidently
unacceptable for imaging Stokes vector measurements
[10]. At the same time, the Stokes polarimeter based on
the method of four intensities, although characterized by
a relatively higher value of errors when determining
Stokes parameters, is simple for automatization and
promising for imaging Stokes polarimetry.

It is noteworthy that on the assumption of equality
of AS; there exist no reasons to prefer one Stokes
polarimeter to another. An exception can be very likely
made only when concerning to assembling and operating
conveniences. Since the accuracy in determination of an
individual Stokes parameter is different for different
types of polarimeters and, therewith, it depends on
polarization of input light, then all these strongly
motivates the choice of polarimeter type to provide
minimum errors in determination of polarization
parameters (ellipticity angle €, azimuth B, and degree of
polarization P). This gains even more important
significance, when the choice of measurement strategy
can be made only by software [27].
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