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Based on simple lattice models of catalytic carbon dioxide synthesis from oxygen and carbon monoxide,
phase diagrams are investigated at temperature T = 0 by incorporating the nearest-neighbor interactions
on a catalyst surface. The main types of ground-state phase diagrams of two lattice models are classified
describing the cases of clean surface and surface containing impurities. Nonuniform phases are obtained and
the conditions of their existence dependent on the interaction parameters are established.
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1. Introduction

CO2 formation through catalytic oxidation of CO is one of the prototypical surface reactions
that has been extensively studied in recent years [1–10]. Much of the today’s insight into heteroge-
neous catalysis arises from this model system. A promising concept of this reaction was introduced
by Ziff et al. [11] as a computer simulation model which is known to be the ZGB model.

As an attempt of a more realistic description of CO oxidation we consider a variation of the
ZGB model by incorporating O–O, CO–CO and CO–O interactions. Furthermore, one of the
models investigated is the model of the reaction on the surface containing impurities since the
impurities decrease the number of available adsorption sites on the surface and can drastically
effect the behavior of the system. This paper is devoted to the analysis of the ground state of two
models describing the cases of a clean surface and the surface containing impurities. The surface
of a catalyst is simulated as a square lattice.

It is known experimentally that O atoms form ordered islands at low temperatures and higher
oxygen partial pressures and CO molecules start burning oxygen in the perimeters of O–islands
[12,13]. This investigation is important to approve of the models in comparison with experiments
which allows us to reveal the surface structures at temperature T = 0. It is also interesting to find
the conditions of the existence of CO–O region where the reaction of catalytic CO oxidation takes
place.

2. Model I

Let us consider a two-dimensional lattice model with the Hamiltonian
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where µ1 and µ2 denote the chemical potentials of CO and O respectively, and w1, w2, ε12 are the
interaction energies between nearest-neighbor CO–CO, O–O and CO–O, respectively. The following

c© I.M.Mryglod, I.S.Bzovska 165



I.M.Mryglod, I.S.Bzovska

notations for two types of adsorbate occupancies of ith surface site are: n1

i for an adsorbed CO
molecule and n2

i for adsorbed oxygen where nl
i = [0, 1] and l=1, 2. The condition n1

i + n2

i 6 1
precludes the adsorbed particles from occupation of the same adsorption site.

∑
〈ij〉 means the

sum over the nearest-neighbor pairs.

The model was proposed by N. Pavlenko et al. in [8] where they have taken into account
the short-range correlations between coadsorbates to analytically describe the alkali-modified CO
oxidation reaction on a transition metal surface. In the present work we shall consider the model
at zero temperature to reveal the states that are realized on a surface at low temperatures.

In our study we shall follow the method proposed in [14]. The idea of the method is as follows.
If the Hamiltonian of the system can be rewritten in the form of a sum over the nearest-neighbor
bonds on a lattice, then the region on the phase diagram which corresponds to this particular bond
is determined from the condition of the minimum of energy of this bond. It should be noted that
this method allows us to construct the ground-state diagrams only for the so-called diatomic or
unfrustrated lattices. We shall consider a two-dimensional square lattice with the same number
z of bonds around each site. So, let us rewrite Hamiltonian (1) replacing the sum over the sites
by the sum over the bonds. Instead of the Hamiltonian H∗ we shall consider the Hamiltonian
H = zH∗:
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where for a hypercubic d-dimensional lattice z = 2d, so that for d=2 one has w1 = 4w∗
1
, w2 = 4w∗

2

and ε12 = 4ε∗
12

. Obviously, the ground-state diagrams are the same for both Hamiltonians (1)
and (2).

Let us consider all possible states on this separate bond and note their energies. They are shown
in table 1, where * denotes an empty site on a surface.

Table 1. Two-site blocks and their energies.

Block Energy

*–* 0

*–CO −µ1

*–O −µ2

CO–CO w1 − 2µ1

O–O w2 − 2µ2

CO–O ε12 − µ1 − µ2

We shall construct the ground-state diagrams in the (µ1, µ2) plane. Each region on this plane
corresponding to a separate two-site block is determined by a system of inequalities obtained from
the condition of the minimum of the block energy. The uniform regions *–*, CO–CO and O–O
exist always, the region CO–O, where the reaction of catalytic CO oxidation takes place exists
at the condition ε12 < (w1 + w2)/2. The nonuniform regions *–CO, *–O exist at the conditions
w1 > 0, w2 > 0, respectively. The increase of the interaction parameters w1 and w2 leads to a
corresponding extension of the regions *–CO, *–O. And vice versa, the region CO–O is extended
with a decrease of the parameter ε12. If ε12 > (w1 +w2)/2, w1 < 0, w2 < 0 there are no nonuniform
phases at all.

The ground-state diagrams of the model are shown in figures 1 and 2. The coordinates of
intersection points on the diagrams can be calculated analytically. As an example, we represent
them for the poorest diagram (figure 1a) and for one of the richest (figure 2a) diagrams. For the
first diagram, the coordinates of the intersection point are (w1/2, w2/2). The second diagram where
all the nonuniform regions exist has four intersection points with the following coordinates: point
I – (ε12, w2), II – (ε12, ε12), III – (w1, ε12) and IV – (0, 0). The coordinates of intersection points
for other diagrams can also be found easily.
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The diagrams are symmetric with respect to the bisectrix of the angle µ2Oµ1. Actually, replac-
ing the axes µ1 and µ2 as well as the notations CO and O we shall obtain the same diagrams. For
example, these are figures 1(b) and 1(c), 1(e) and 1(f), and so on.

a) b) c)

d) e) f)

g) h) i)

Figure 1. Main topologies of ground-state diagrams for the model I. The parameters are given
in kcal/mol. (a) w1 = −0.8, w2 = −0.8, ε12 = 1.5; (b) w1 = 1.8, w2 = −0.8, ε12 = 1.5;
(c) w1 = −0.8, w2 = 1.8, ε12 = 1.5; (d) w1 = −0.8, w2 = −0.8, ε12 = −2; (e) w1 = −0.8,
w2 = 0.8, ε12 = −1.5; (f) w1 = 0.8, w2 = −0.8, ε12 = −1.5; (g) w1 = 1.8, w2 = 1.8, ε12 = 2.5;
(h) w1 = 2, w2 = −0.8, ε12 = 0.05; (i) w1 = −0.8, w2 = 2, ε12 = 0.05.

As one can see, twelve topologically nonequivalent diagrams are obtained: eight types of dia-
grams for ε12 < (w1 + w2)/2 where the region CO–O exists (figure 1(d, e, f, h, i) and figure 2)
and four diagrams for ε12 > (w1 + w2)/2 without this region (figure 1(a, b, c, g)). We note that
model (1) is isomorphous to a spin–1 Ising model.
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a) b) c)

Figure 2. Topologies of ground-state diagrams for the model I in the case w1 > 0, w2 > 0,
ε12 < (w1 + w2)/2. The parameters are given in kcal/mol. (a) w1 = 1.8, w2 = 1.8, ε12 = 0.5;
(b) w1 = 2, w2 = 0.8, ε12 = −0.6; (c) w1 = 2, w2 = 0.8, ε12 = 1.

3. Model II

Now let us consider a model of the reaction of catalytic CO oxidation by incorporating the effect
of passive impurities on a surface. In the case when impurities can be considered as equilibrium
ones, the Hamiltonian of the system is
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where n3

i denotes ith surface site occupied by an impurity, ε13 and ε23 are the interaction energies
between the nearest-neighbor CO – impurity and O – impurity, respectively. We suppose that
the average coverage of impurities 〈n3〉 � 1 that is why the interactions between the nearest-
neighbor impurity – impurity can be neglected. It should be noted that the obvious separation of
impurities in Hamiltonian (3) (n3 → c, where c denotes the impurity concentration) leads model
(3) to model (1) with the renormalized parameters, namely µ1 → µ1 − ε∗

13
zc and µ2 → µ2 − ε∗

23
zc.

At temperature T = 0, the entropy makes zero contribution to the thermodynamic potential and
there are only contributions from the average energy and the number of particles. Consequently,
in this approximation a shift of the phases along the axes 0µ1, 0µ2 can be observed in the phase
diagrams obtained for model (1).

We rewrite Hamiltonian (3) replacing the sum over the sites by the sum over the bonds. In
an analogy to the previous model, instead of the Hamiltonian H∗ we consider the Hamiltonian
H = zH∗ that has the following form
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where the notations w1 = 4w∗
1
, w2 = 4w∗

2
, ε12 = 4ε∗

12
, ε13 = 4ε∗

13
and ε23 = 4ε∗

23
are introduced.
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a) b) c)

d) e) f)

g) h) i)

Figure 3. Main topologies of ground-state diagrams for the model II that takes into account
passive impurities in the case ε12 < 1

2
(w1 +w2). The parameters are given in kcal/mol. (a) w1 =

1.8, w2 = 1.8, ε12 = 0.1, ε13 = 1.3, ε23 = 1.3; (b) w1 = 1.8, w2 = 1.8, ε12 = 0.1, ε13 = 0.1,
ε23 = −0.1; (c) w1 = 1.8, w2 = 1.8, ε12 = 0.1, ε13 = −0.1, ε23 = 0.1; (d) w1 = 1.8, w2 = 1.8,
ε12 = 0.1, ε13 = −0.1, ε23 = −0.1; (e) w1 = −0.8, w2 = −0.8, ε12 = −2.5, ε13 = 1.8, ε23 = 1.8;
(f) w1 = −0.8, w2 = 1.8, ε12 = −1.5, ε13 = 1.8, ε23 = 1.8; (g) w1 = −0.8, w2 = 1.8, ε12 = −1.3,
ε13 = 0.1, ε23 = −0.1; (h) w1 = 1.8, w2 = −0.8, ε12 = −1.5, ε13 = 1.8, ε23 = 1.8; (i) w1 = 1.8,
w2 = −0.8, ε12 = −1.5, ε13 = −0.1, ε23 = 0.1.

All the possible bonds and the corresponding energies are given in table 2. Let us construct the
ground-state diagrams in the (µ1, µ2) plane. The uniform regions *–*, CO–CO and O–O, as in the
previous case, exist always, the region CO–O where the reaction of catalytic CO oxidation takes
place exists at the same condition ε12 < (w1 + w2)/2. The region *–CO exists at the conditions
w1 > 0 and ε13 > 0. Similarly the region *–O exists at the conditions w2 > 0 and ε23 > 0. The
nonuniform region d–CO exists at the conditions ε13 < 0 and ε13 < w1/2, d–O – at the conditions
ε23 < 0 and ε23 < w2/2. The regions *–CO and d–CO as well as the regions *–O and d–O cannot
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j) k) l)

m) n) o)

p) q) r)

Figure 4. Main topologies of ground-state diagrams for the model II in the case ε12 > 1

2
(w1+w2).

The parameters are given in kcal/mol. (j) w1 = −1.8, w2 = 1.8, ε12 = 0.5, ε13 = 0.8, ε23 = 0.8;
(k) w1 = −1.8, w2 = 1.8, ε12 = 0.5, ε13 = 0.8, ε23 = −0.1; (l) w1 = 1.8, w2 = 1.8, ε12 = 2.5,
ε13 = −0.2, ε23 = 0.2; (m) w1 = −0.8, w2 = −0.8, ε12 = 0.5, ε13 = −1.8, ε23 = −1.8;
(n) w1 = 1.8, w2 = −0.8, ε12 = 1.5, ε13 = 1.8, ε23 = 1.8; (o) w1 = 1.8, w2 = 1.6, ε12 = 2.5,
ε13 = 0.1, ε23 = −0.1; (p) w1 = 1.8, w2 = −1.6, ε12 = 1.5, ε13 = −0.1, ε23 = 0.1; (q) w1 = −0.8,
w2 = −0.8, ε12 = 2.5, ε13 = 1.8, ε23 = 1.8; (r) w1 = 1.8, w2 = 1.8, ε12 = 2.5, ε13 = 0.1,
ε23 = 0.1.

exist simultaneously. In the case ε12 > (w1 + w2)/2, w1 < 0, w2 < 0, ε13 > 0 and ε23 > 0 none of
the nonuniform regions exists.

The ground-state diagrams of the model are shown in figures 3 and 4. There are eighteen
topologically nonequivalent diagrams in this model: nine for ε12 < (w1 + w2)/2 when the region
CO–O exists (figure 3) and nine for ε12 > (w1 + w2)/2 without this region (figure 4). This model
is isomorphous to a spin–3/2 Ising model.

170



Ground-state diagrams for lattice-gas models

Table 2. Two-site blocks and their energies.

Block Energy

*–* 0
*–CO −µ1

*–O −µ2

d–CO ε13 − µ1

d–O ε23 − µ2

CO–CO w1 − 2µ1

O–O w2 − 2µ2

CO–O ε12 − µ1 − µ2

4. Conclusions

Thus, using the method, developed in [14], we have constructed the ground-state diagrams for
two lattice models of the catalytic reaction of carbon dioxide synthesis by incorporating the nearest-
neighbor interactions between coadsorbates. We have investigated the model I of the reaction taking
place on a surface without any impurities as well as the model II that describes the reaction on
a surface containing passive impurities. These models have been analysed for a two-dimensional
square lattice. For both models we have found the conditions of the existence of nonuniform phases
depending on the interaction parameters. The nonuniform region CO–O, where the reaction of
catalytic CO oxidation takes place, exists at the same condition ε12 < (w1 + w2)/2 for both
models. The width of this region increases when the interaction parameter ε12 decreases. At the
model parameters used in [8] a topology of the ground-state phase diagram is similar to that
shown in figure 1(e). It is worth noting that the separation of impurities in the Hamiltonian of the
model II leads to the model I with the renormalized parameters and to a corresponding shift of
phases along the axes 0µ1, 0µ2 in the phase diagrams. The direction of such a shift depends on the
sign of interaction parameters ε13 and ε23, describing the coupling of CO and O with impurities,
respectively. The models considered are equivalent to spin–1 and spin–3/2 Ising models.
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Дiаграми основного стану для ґраткових моделей

каталiтичного окислення CO
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В рамках простих ґраткових моделей каталiтичного синтезу вуглекислого газу з кисню та чадного

газу дослiджуються фазовi дiаграми при температурi T = 0 iз врахуванням взаємодiй на поверхнi
мiж найближчими сусiдами. Прокласифiковано основнi типи фазових дiаграм основного стану для

моделей без домiшок та у випадку присутностi домiшок. Знайдено умови iснування неоднорiдних

областей залежно вiд значень параметрiв взаємодiї.

Ключовi слова: модель ґраткового газу, каталiз, oкислення, oсновний стан, монооксид вуглецю,
кисень
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