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Radiation spectrum of an electron moving in a spiral
in medium
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The action of the Doppler effect on the particularities of radiation power spectral distribution of an electron
moving in a spiral in a medium has been investigated near the Cherenkov threshold. The fine structure of
the electromagnetic radiation spectrum at the Cherenkov threshold and the synchrotron-Cherenkov radiation
spectrum for an electron moving along a spiral with non-relativistic longitudinal component of the velocity
(i.e., the component parallel to the magnetic induction vector) in a transparent isotropic medium have been
obtained and studied.
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1. Introduction

In case of the charged particles moving in magnetic field, three kinds of radiation are possible
in a medium [1–5]: synchrotron, Cherenkov, and synchrotron-Cherenkov. In papers [5–11] the au-
thors studied the particularities of the synchrotron-Cherenkov radiation spectrum in a transparent
medium with the relativistic longitudinal component of the velocity (the component parallel to the
magnetic induction vector).

The aim of this paper is to investigate the spectral distribution of the radiation power for an
electron moving in magnetic field using the improved Lorentz’s self-interaction method [4,5]. Using
the exact integral relationships for the spectral distribution of the radiation power of an electron
moving along a spiral in a transparent isotropic medium, the fine structure of the electromagnetic
radiation spectrum at the Cherenkov threshold and synchrotron-Cherenkov radiation spectrum was
investigated by means of analytical and numerical methods. The action of the Doppler effect on the
particularities of radiation spectrum of a single electron at its motion in a spiral in a transparent
medium with non-relativistic longitudinal component of the velocity (i.e., the component parallel
to the magnetic induction vector) is investigated.

2. Time-averaged radiation power of charged particles

The time-averaged radiation power P
rad

of charged particles moving in a transparent isotropic
medium is expressed in [4,5] as

P
rad

= lim
T→∞

1
2T

T∫
−T

dt

⎧⎨
⎩
∫
τ

(
�j (�r, t)

1
c

∂ �ADir (�r, t)
∂t

− ρ (�r, t)
∂ϕDir (�r, t)

∂t

)
d�r

⎫⎬
⎭ . (1)

Here �j (�r, t) is the current density and ρ (�r, t) is the charge density. The integration is over the
volume τ . According to the hypothesis of Dirac [12–15], the scalar ϕDir (�r, t) and vector �ADir (�r, t)
potentials are defined as a half-difference of the retarded and advanced potentials.
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After substituting the scalar ϕDir (�r, t) and vector �ADir (�r, t) potentials into (1) we obtain the
relationship for the average radiation power of charged particles moving in a transparent isotropic
medium:

P
rad

=

∞∫
0

dω W (ω) , (2)

where

W (ω) = lim
T→∞

1
2T

T∫
−T

dtW (t, ω) , (3)

W (t, ω) =
1

πc2

∞∫
−∞

d�r

∞∫
−∞

d�r′
∞∫

−∞
dt′ωμ(ω)

sin
(

n(ω)
c ω|�r − �r′|

)
|�r − �r′|

× cos {ω (t − t′)}
{
�j (�r, t)�j

(
�r′, t′

)
− c2

n2 (ω)
ρ (�r, t) ρ

(
�r′, t′

)}
. (4)

Here W (ω) is a function of the average spectral distribution of radiation power, W (t, ω) is a
function of the instantaneous spectral distribution of radiation power, μ (ω) is the magnetic per-
meability, n (ω) is the refraction index, ω is the cyclic frequency, and c is the velocity of light in
vacuum.

3. Radiation spectrum of an electron moving along a spiral with a low lon-
gitudinal component of the velocity

The motion law and the velocity of an electron moving in a spiral in a transparent medium are
given by the expressions

�r (t) = r0 cos(ω0t)�i + r0 sin(ω0t)�j + V‖t�k, �V (t) =
d�r (t)

dt
. (5)

Here r0 = V⊥ω−1
0 , ω0 = ceBextẼ−1, Ẽ = c

√
p2 + m2

0c
2, the magnetic induction vector �Bext ‖ 0Z,

V⊥ and V‖ are the components of the velocity, �p and Ẽ are the momentum and energy of the
electron, e and m0 are its charge and rest mass. We obtain the time-averaged radiation power of
an electron after substituting (5) into (2) to (4). Then (see [4,5])

P
rad

=

∞∫
0

dω W (ω) , (6)

W (ω) =
2e2

πc2

∞∫
0

dxωμ (ω)
sin
(

n(ω)
c ωη(x)

)
η(x)

cos (ωx)
{

V 2
⊥ cos (ω0x) + V 2

‖ − c2

n2 (ω)

}
, (7)

where η (x) =

√
V 2
‖ x2 + 4

V 2
⊥

ω2
0

sin2
(ω0

2
x
)

.

After some transformations from relationships (6) and (7) for the longitudinal component of
the velocity V‖ < c/n (ω) the contributions of separate harmonics to the averaged radiation power
of the electron can be expressed as

P
rad

=
e2

c3

∞∑
m=1

∞∫
0

dωμ (ω) n (ω) ω2

π∫
0

sin θdθδ

{
ω

(
1 − n (ω)

c
V‖ cos θ

)
− mω0

}

×
{

V 2
⊥

[
m2

q2
J2

m (q) + J
′2
m (q)

]
+
(

V 2
‖ − c2

n2 (ω)

)
J2

m (q)
}

, (8)
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where q = V⊥
n (ω)

c

ω

ω0
sin θ, Jm (q) and J

′
m (q) are the Bessel function with an integer index and

its derivative, respectively.
For the velocities V‖ < c/n (ω) each harmonics is a set of the frequencies, which are determined

from the solution of the equation

ω

(
1 − n (ω)

c
V‖ cos θ

)
− mω0 = 0. (9)

4. Spectral distribution of radiation power of an electron moving along a
spiral near the Cherenkov threshold

Let us consider some partial case when ε = const and μ = 1, i.e. the low-frequency spectral
range is under investigation. The spectral distribution of radiation power W (ω) in transparent
isotropic medium at the velocity absolute value Vmed = c/n = 0.2306 ·1011 cm/s at Bext = 1Gs,
μ = 1, n = 1.3 is presented in figures 1 and 2. These calculations were carried out by using the
relationship (7).

Figure 1. Spectral distribution of radiation
power of an electron moving in a spiral in a
medium at the velocity absolute value Vmed =
c/n = 0.2306 · 1011 cm/s at low harmonics at
Bext = 1Gs, μ = 1, n = 1.3, V⊥med = 0.2301 ·
1011 cm/s, V‖med = 0.15 · 1010 cm/s, r01 =
2048 cm, ω01 = 0.1124 · 108 rad/s, c = 0.2998 ·
1011 cm/s, P int

med1 = P
rad
1 = 0.2629·10−13 erg/s.

Figure 2. Spectral distribution of radiation
power of an electron moving in a spiral in a
medium at the velocity absolute value Vmed =
c/n = 0.2306 · 1011 cm/s at high harmonics at
Bext = 1Gs, μ = 1, n = 1.3, V⊥med =
0.2301 · 1011 cm/s, V‖med = 0.15 · 1010 cm/s,
r02 = 2048 cm, ω02 = 0.1124 · 108 rad/s, c =
0.2998·1011 cm/s, P int

med2 = 0.2085·10−12 erg/s.

For the case Vmed = c/n = 0.2306 · 1011 cm/s at the Cherenkov’s threshold the overlapping
between the harmonics was studied. As one can see in figure 1, the overlapping between the
harmonic shifts to the higher harmonics with a decreasing longitudinal component of the velocity.

At higher harmonics the maxima in the spectral distribution of the radiation are caused mainly
by the overlapping between the neighbouring mth and (m + 1)th harmonics (see figures 1 and 2)
as well as by some contributions of other harmonics.

The spectral distribution of the synchrotron-Cherenkov radiation power in transparent medium
above the Cherenkov threshold (a velocity absolute value Vmed > c/n) at Bext = 1Gs, μ = 1,
n = 1.3, is presented in figures 3 and 4. The high-accuracy numerical calculations according to
relationships (6) and (7) have shown that the synchrotron-Cherenkov radiation of the electron
moving in a spiral in a medium (μ = 1, n = 1.3) is an unified process [3,5] and made it possible to
obtain the magnitude of radiation power P int

medj = P
rad

j .
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Figure 3. Spectral distribution of synchrotron-
Cherenkov radiation power at the velocity ab-
solute value Vmed > c/n at low harmonics at
Bext = 1Gs, μ = 1, n = 1.3, V⊥med =
0.24 · 1011 cm/s, V‖med = 0.15 · 1010 cm/s,
r03 = 2285 cm, ω03 = 0.1050 · 108 rad/s,
P int

med3 = 0.3058 · 10−13 erg/s.

Figure 4. Spectral distribution of synchrotron-
Cherenkov radiation power at the velocity ab-
solute value Vmed > c/n at high harmonics at
Bext = 1Gs, μ = 1, n = 1.3, V⊥med =
0.24 · 1011 cm/s, V‖med = 0.15 · 1010 cm/s,
r04 = 2285 cm, ω04 = 0.1050 · 108 rad/s,
P int

med4 = 0.3579 · 10−12 erg/s.

At higher harmonics, the maxima in the spectral distribution of the synchrotron-Cherenkov
radiation are caused mainly by the overlapping between the mth and (m + 1)th harmonics (see
figures 3 and 4) as well as by some contributions of other harmonics.

As one can see in figures 1 to 4 all the calculated spectral dependencies of the radiation power
spectral distribution are of a non-monotonous character near the Cherenkov threshold.

5. Conclusions

For a non-relativistic longitudinal component of the electron velocity, the overlapping between
the harmonics begins at higher harmonics number with a decreasing longitudinal component of
the velocity.

At higher harmonics, the maxima in the spectral distribution of the synchrotron-Cherenkov
radiation are caused mainly by the overlapping between the mth and (m + 1)th harmonics.

The spectral dependence of the radiation power spectral distribution is of a non-monotonous
character near the Cherenkov threshold.
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Спектр випромiнювання електрона, що рухається вздовж
гвинтової лiнiї у середовищi

А.В.Константинович, I.А.Константинович

Чернiвецький нацiональний унiверситет iм. Юрiя Федьковича,
вул. Коцюбинського 2, 58012, Чернiвцi

Отримано 4 вересня 2006 р., в остаточному виглядi – 27 грудня 2006 р.

Дослiджено вплив ефекту Доплера на особливостi спектрального розподiлу потужностi випромiню-
вання електрона, що рухається вздовж гвинтової лiнiї у середовищi, поблизу черенковського бар’є-
ру. Отримана i дослiджена тонка структура електромагнiтного спектра на черенковському бар’єрi та
спектра синхротронно-черенковського випромiнювання електрона, що рухається вздовж гвинтової
лiнiї у прозорому середовищi, з нерелятивiстською поздовжньою компонентою швидкостi (компо-
нентою, що паралельна вектору магнiтної iндукцiї).

Ключовi слова: синхротронне випромiнювання, синхротронно-черенковське випромiнювання
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