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Fermi surface properties in rare earth (R) and actinide (An) compounds of RX3 (X: Al, Ga, In, Si, Ge, Sn, 
Pb), AnX3 , RTIn5 (T: transition metal), and AnTGa5 are clarified as a function of the number of valence elec-
trons. The electronic state can be changed by applying pressure and magnetic field. A change of Fermi surface 
properties associated with the metamagnetic behavior and the quantum critical point is also clarified precisely, 
together with the split Fermi surfaces in the non-centrosymmetric crystal structure, and the de Haas–van Alphen 
oscillations in the superconducting mixed state. In the quantum critical point region, the conduction electrons, or 
quasi-particles, are of an f-electron character, with heavy effective masses of 10–100 m0 (m0 is the rest mass of 
an electron) and condense into the unconventional (anisotropic) superconducting state. 

PACS: 71.18.+y Fermi surface: calculations and measurements; effective mass, g-factor; 
71.20.–b Electron density of states and band structure of crystalline solids; 
81.05.U– Carbon/carbon-based materials. 
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Dedicated to the memory of Prof. David Shoenberg 

1. Introduction 

The f-electron compounds of lanthanide and actinide 
compounds, especially lanthanide compounds, are usually 
treated in magnetism by an f-localized model, whereas they 
indicate various interesting phenomena such as heavy fer-
mions and anisotropic superconductivity. These originate 
from the f electrons in the lanthanide and actinide com-
pounds. Here, the 4f (5f) electrons in the lanthanide (acti-
nide) atoms are pushed deep into the interior of the closed 
5s25p6 (6s26p6) shells because of the strong centrifugal 
potential ℓ(ℓ+1)/r2, where ℓ = 3 holds for the f electrons. 
This is the reason why the f electrons possess an atomic-
like character even in a compound. The localized f-electron 
picture is thus a good starting point in magnetism, espe-
cially in the lanthanide compounds. On the other hand, the 
tail of their wave function in the f-electron compounds 
spreads to the outside of the closed 5s25p6 (6s26p6) shells 
because it is highly influenced by the potential energy, the 
relativistic effect, the distance between the lanthanide (ac-
tinide) atoms, and hybridization of the f electrons with the 
conduction electrons. 

The f electrons of cerium and uranium compounds are 
typical in exhibiting a variety of characteristic features 
including spin and charge orderings, spin and valence fluc-
tuations, heavy fermions and anisotropic superconductivity 
[1–3]. In these compounds, the Ruderman–Kittel–Kasuya–
Yosida (RKKY) interaction and the Kondo effect compete 
with each other. The RKKY interaction enhances the long-
range magnetic order, where the f electrons with magnetic 
moments are treated as localized electrons, and the indirect 

f–f interaction is mediated by the spin polarization of the 
conduction electrons. The intensity of the RKKY interac-
tion is proportional to the square of the magnetic exchange 
interaction Jcf  between the f electrons and conduction elec-
trons, and the corresponding characteristic temperature 
TRKKY is expressed by 

 2( ) | |F cfT D JRKKY ε∝ , (1) 

where D(εF) is the electronic density of states at the Fermi 
energy εF. 

On the other hand, the Kondo effect quenches the mag-
netic moments of the localized f electrons by the spin po-
larization of the conduction electrons, producing a spin 
singlet state with a binding energy B Kk T  at the cerium and 
uranium sites, which leads to a heavy fermion state with an 
extremely large effective mass at temperatures lower than 
the Kondo temperature TK. The Kondo effect is characte-
rized by the Kondo temperature TK, which depends expo-
nentially on |Jcf | as follows: 

 exp { 1/( ( ) | |)}K F cfT D Jε∝ − . (2) 

The competition between the RKKY interaction and the 
Kondo effect was discussed by Doniach [4] as a function 
of | | ( )cf FJ D ε , as shown schematically in Fig. 1,a. The 
Doniach phase diagram is a good guiding principle to 
reach the quantum critical point, which is defined as the 
magnetic ordering temperature Tord → 0. This is expressed 
experimentally by the chemical pressure as in UX3 (X: Si, 
Ge, Sn, Pb) shown in Fig. 1,b and by applying external 
pressure, as shown later. 

The magnetic susceptibility of CeCu6 and CeRu2Si2 as 
well as that of UPt3 and UPd2Al3, shown in Fig. 2, in-
creases with decreasing temperature, following the Curie–

Fig. 1. Doniach phase diagram (a) and the γ vs lattice constant in
UX3, cited from Ref. 3 (b).  
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Weiss law at high temperatures, and has a maximum at a 
characteristic temperature Tχmax [3]. Below Tχmax, the sus-
ceptibility becomes almost temperature-independent, and 
the f-electron system is changed into a new electronic state, 
called the heavy fermion state. Here Tχmax approximately 
corresponds to the Kondo temperature TK. 

The heavy fermion state in the cerium compounds is 
roughly understood as follows [5]. The 4f levels of the ceri-
um ions are split into J-multiplets (J = 7/2 and 5/2) due to 
the spin-orbit interaction, where the 4f electrons in the ceri-
um compounds are almost localized in nature, as mentioned 
above. The corresponding sixfold J = 5/2 multiplet is fur-
thermore split into three doublets in the non-cubic crystalline 
electric field (CEF) scheme. The magnetic susceptibility at 
high temperatures follows the Curie–Weiss law with the 
effective magnetic moment of Ce3+, namely, 2.5 μB/Ce. The 
electronic state is, however, changed with decreasing tem-
perature. At low temperatures, the magnetic entropy of the 
ground-state doublet in the 4f levels, R log 2, is obtained by 
integrating the magnetic specific heat Cm in the form of 
Cm/T over the temperature. When Cm is changed into the 
electronic specific heat γT via the many-body Kondo effect, 
the following relations are obtained: 

 
0

R log 2 ,
KT

mC
dT

T
= ∫  (3) 

 mC Tγ= . (4) 
The γ value can be obtained as 

 
4 log 2 10 

K K

R
T T

γ = �
 

(mJ/K2·mol).  (5) 

For example, the γ value and the Kondo temperature are 
1600 mJ/(K2·mol) and 5 K in CeCu6, and 350 mJ/(K2·mol) 
and 20 K in CeRu2Si2, respectively. The 4f-localized elec-
tronic state is thus changed into a 4f-derived band with 
a flat energy vs momentum dispersion, possessing an ex-
tremely large effective mass. The 4f-itinerant band model 
is highly applicable to the Fermi surfaces in CeRu2, CeSn3 
and CeRu2Si2, which are determined from the de Haas–
van Alphen (dHvA) experiment, although the detected 
cyclotron mass *cm  is larger than the corresponding band 
mass mb. This is because the many-body Kondo effect is 
not included in the conventional band calculation. A simi-
lar feature is found in uranium compounds such as UPt3 
and UPd2Al3. 

These strongly correlated electrons follow the Fermi 
liquid nature at low temperatures. The electrical resistivity 
ρ varies as ρ = ρ0 + AT2 , where ρ0 is the residual resistivi-
ty. The coefficient A  is two to three orders of magnitude 
larger than that in the usual s and p electron systems. A
correlates with an enhanced Pauli susceptibility 

0( 0)Tχ χ→  and with a large electronic specific heat co-
efficient / (  0)C T T γ→ . 

Interestingly, some heavy fermion systems show un-
conventional (anisotropic) superconductivity [6]. The most 

important observation for the well-known heavy fermion 
superconductors such as CeCu2Si2, UPt3, and UPd2Al3 is 
that superconductivity is realized in the magnetically or-
dered state or the antiferromagnetic (ferromagnetic) fluctu-
ations. The physical quantities such as the specific heat and 
the spin-lattice relaxation rate do not follow the exponen-
tial dependence of exp ( / )k TBΔ−  in the superconducting 
state, which is expected from Bardeen–Cooper–Schrieffer 
(BCS) theory, but obey a power law of Tn. Here, ∆ is the 
superconducting energy gap, and n is an integer. This 
means that the superconducting gap is not completely 
opened in k space but possesses line and/or point nodes. 
For example, n = 2 corresponds to the line node. These 
results are based on the fact that quasi-particles with heavy 
masses of 10–100 m0 (m0 is the rest mass of an electron) 
are of an f-electron character, which originates from the 
strong Coulomb repulsion between the f electrons. These 
quasi-particles condense into Cooper pairs. 

When the phonon-mediated attractive interaction is 
compared with the strong repulsive interaction among the f 
electrons, it is theoretically difficult for the former interac-
tion to overcome the latter. To avoid a large overlap of the 
wave functions of the paired particles, the heavy fermion 
system preferentially chooses an anisotropic channel, such 
as a p-wave spin triplet state or a d-wave spin singlet state 
to form Cooper pairs [6]. The neutron-scattering experi-
ments clearly indicated evidence of a close relationship 
between superconductivity and magnetic excitation in 
UPd2Al3 [7–9]. The magnetic excitation gap of UPd2Al3, 
which appears in the inelastic neutron profile below the 
superconducting transition temperature Tsc, corresponds to 
the superconducting order parameter. 

Figure 3 shows a schematic view of the superconducting 
order parameter with s-, d-, and p-wave pairing. The order 
parameter Ψ(r) with even parity (s- and d-waves) is symmet-
ric with respect to r, where one electron with the up-spin 
state, ↑ of the Cooper pair is simply considered to be located 
at the center of Ψ(r), where r = 0, and the other electron with 
the down-spin state, ↓ is located at r. The width of Ψ(r) with 
respect to r is called the coherence length ξ, as shown in 
Fig. 3,a. 

Fig. 3. Schematic view of the superconducting order parameter 
with s-wave, d-wave and p-wave pairing, cited from Ref. 3. 



Yoshichika Ōnuki and Rikio Settai 

122 Low Temperature Physics/Fizika Nizkikh Temperatur, 2012, v. 38, No. 2 

The technique of nuclear magnetic resonance (NMR) 
and nuclear quadrupole resonance (NQR) has proved to be 
a useful tool for determining the symmetry of the super-
conducting condensate. UPd2Al3 is considered to be a d-
wave superconductor from NMR experiments [10], which 
corresponds to the case in Fig. 3,b. The origin of pairing 
has also been clarified by neutron-scattering experiments 
on UPd2Al3 [7–9], as mentioned above. On the other hand, 
Ψ(r) with odd parity (p-wave) is not symmetric with re-
spect to r, where the parallel spin state is shown in Fig. 3,c. 
From NMR and magnetization experiments [11,12], UPt3 
is considered to possess odd parity in symmetry. 

Recently, a new aspect of cerium and uranium compo-
unds with magnetic ordering has been discovered. When 
pressure P is applied to compounds with antiferromagnetic 
ordering such as CeCu2Ge2 [13], CeIn3, CePd2Si2 [14] and 
CeRhIn5 [15], the Néel temperature TN reaches zero at the 
quantum critical pressure Pc: TN → 0 for P → Pc, and su-
perconductivity is observed at around Pc. Superconductivi-
ty is surprisingly found even in the ferromagnetic states of 
UGe2 [16], URhGe [17], UIr [18] and UCoGe [19]. The 
crossover from the magnetically ordered state to the non-
magnetic state under pressure, crossing the quantum criti-
cal point, is the most interesting issue in strongly correlat-
ed f-electron systems. The electronic states can be tuned 
by pressure. Experimentally, the quantity | | ( )cf FJ D ε  in 
Fig. 1,a corresponds to pressure P. 

It is also noted that the wave function of f electrons in 
the lanthanide and actinide metals shrinks with increasing 
the number of f electrons. In the lanthanide metals, this is 
well known as the lanthanide contraction. There exists the 
similar trend for the actinide metals such as Am, Cm, Bk, 
and Cf, revealing the localized nature of 5f electrons. On 
the other hand, the Wigner–Seitz radius RWS, which is re-
lated to the atomic volume 3( (4 /3) )WS WSV Rπ= , steeply de-
creases from Th to Np, as in transition metals, but increas-
es as a function of the number of 5f electrons, as shown in 
Fig. 4 [20]. The Wigner–Seitz radius of Am is close to the 
localized 4f-electron radius of lanthanide metals, and thus 

the radius of Pu has an intermediate value between Np and 
Am. This is an important feature to understand the elec-
tronic states of actinide compounds, which is also related 
to the crystal structure. The 5f-itinerant band model is ap-
plicable to the electronic state of a heavy fermion super-
conductor UPt3, as shown later. On the other hand, the 5f-
localized electronic state is also well established experi-
mentally in UPd3. Our attention is similarly concentrated 
on the electronic states in transuranium compounds includ-
ing Np and Pu [21]. 

In this paper, we discuss the Fermi surface properties of 
lanthanide and actinide compounds including the corres-
ponding Sc and Y compounds, and here after the rare earth 
is used instead of the lanthanide. 

In the next chapter, we present several kinds of tech-
niques for growing high-quality single crystals of rare 
earth and actinide compounds, and describe the dHvA ef-
fect. We present in Chaps. 3–9 the Fermi surface properties 
based on the results of dHvA experiment and energy band 
calculation in RX3 (AnX3), RTIn5 (R: rare earth, T: transi-
tion metal) and AnTGa5 (An: actinide), a change of Fermi 
surface properties in metamagnetism and quantum critical 
point, split Fermi surfaces in the non-centrosymmetric 
crystal structure, and dHvA oscillations in the supercon-
ducting mixed states. In the final chapter, the characteristic 
features in these compounds are summarized. 

2. Single crystal growth and dHvA experiment 

In the dHvA experiment, we need high-quality single 
crystals as well as low temperatures down to 30 mK and 
strong magnetic fields up to 170 kOe, for example. Various 
techniques for the single crystal growth were applied to 
rare earth and actinide compounds, depending on the melt-
ing point and the degree of the vapor pressure of the melt, 
as shown in Tables 1–4, for cerium, thorium, uranium and 
transuranium compounds, respectively [22]. These com-
pounds were used for the dHvA experiment. 

Table 1. Single crystal growth and Fermi surface studies in 
cerium compounds, which indicate a wide variety of electronic 
states such as paramagnetism including Pauli paramagnetism, 
denoted as (P), quadrupolar ordering (Q) including multipolar 
ordering, ferromagnetism (F), antiferromagnetism (AF), and su-
perconductivity (S) 

Cz CeRu2 (P,S) 
CeRu2Si2 (P) 
CeRu2Ge2 (F) 
CeRh2Si2 (AF) 

CeRh2 (P) 
CeAg (Q, F) 

 

CeSn3 (P) 
CeGa2 (F) 
CeIn3 (AF) 

CeNi (P) 
CeRh3B2 (F) 
Ce3Sn7 (AF) 

Flux CeIrIn5 (P,S) 
CeRhIn5 (AF) 
Ce2RhIn8 (AF) 

CeCoIn5 (P, S) 
CeCoGe3 (AF) 

 CeAgSb2 (F) 

Br CeSb (AF) CePt3Si (AF, S) CePtP (AF) CePtAs (AF)
          CePd5Al2 (AF)  
FZ CeB6 (Q, AF)     Fig. 4. Wigner–Seitz radius of the actinide, lanthanide and transi-

tion metals, cited from Ref. 20. 
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Table 2. Single crystal growth and Fermi surface studies in 
thorium compounds 

Flux ThIn3 (P) ThRhIn5 (P) 

Table 3. Single crystal growth and Fermi surface studies in 
uranium compounds 

Cz  UC (P) USi3 (P) UB2 (P) UB4 (P) UPt3 (P, S) 
URu2Si2 (S) UGe2 (F) UIr (F) UPd2Al3 (AF, S)  

Flux  UAl3 (P) UFeGa5 (P) UCoGa5 (P) URhGa5 (P) 
UGa2 (F) UGa3 (AF) UIn3 (AF) USb2 (AF) UBi2 (AF) 
UNiGa5 (AF) UPdGa5 (AF) UPtGa5 (AF) 

CT  U3P4 (F) U3As4 (F) UP2 (AF) UAs2 (AF)  

Table 4. Single crystal growth and Fermi surface studies in 
transuranium compounds 

Flux NpGe3 (P) NpNiGa5 (AF) NpCoGa5 (AF) 
 NpRhGa5 (Q, AF) NpPtGa5 (AF) PuIn3 (P) 
 
If the vapor pressure is low, the Czochralski pulling 

method denoted as Cz is a powerful method to obtain a 
large size of a single crystal ingot. The rf furnace was used 
for the Cz method when the melting point is less than 
1500 °C and the tungsten crucible is available for CeCu6, 
for example, as shown in Fig. 5,a. In this case, the tungsten 
crucible, which is surrounded by an rf-working coil, be-
comes a heater for the CeCu6 melt. A large ingot with 
10 mm in diameter and 80 mm in length is obtained in 
CeCu6, where a necking procedure with a small size less 
than 1 mm in diameter in the pulling process is available in 
this temperature-stable rf furnace. In the next chapter, we 
discuss the Fermi surface properties of RIn3. Single crys-
tals of light rare earth RIn3 (R: La–Gd) compounds, except 
SmIn3, were grown by the Cz method in the rf furnace. 
The heavy rare earth RIn3 (R: Tb–Lu) single crystals, in-
cluding SmIn3, were grown by the In-self flux method be-
cause of high vapor pressure of heavy rare earth metals. 

The Cz method was also applied to the compounds with 
high-melting points, for example about 2500 °C, in the 
tetra-arc furnace. In this case, as shown in Fig. 5,b, the 
crucible is unnecessary. The starting materials are set on 
the Cu-heath plate, and grown by the Czochralski method 
in a tetra-arc furnace. The typical compounds with high-
melting points are CeRh3B2, UB2 and UC. Figure 5,c 
shows single crystal ingots of UPt3, CeRu2 and CeIrSi3 
grown by the Cz method in the tetra-arc furnace. CeIrSi3 is 
known to be a pressure-induced superconductor without 
inversion symmetry in the tetragonal crystal structure [23]. 

The Cz method was also applied to the incongruent 
compounds such as CeRu2 and USi3. Figure 6 is the binary 
phase diagram of CeRu2 and USi3. For these compounds, 
we prepared the off-stoichiometric starting materials of 
CeRu1.8 and USi4.6, respectively in the tetra-arc furnace. 
Large single crystal ingots with 3–4 mm in diameter and 
60 mm in length for CeRu2 and USi3 were grown, as 
shown in Fig. 5,c. Annealing of the electrotransport me-

Fig. 5. Photograph of CeCu6 ingot grown by the Czochralski
method in the rf furnace with a working coil (a), CeRu2 ingot
grown in a tetra-arc furnace (b), single crystal ingots of UPt3,
CeRu2 and CeIrSi3 obtained by the Czochralski method (c),
NpRhGa5 grown by the flux method in the alumina crucible (d),
CePt3Si grown by the Bridgman method in the Mo-crucible (e),
U3As4 and UAs2 grown by the chemical transport method (f), and
a UPt3 ingot which was annealed under high vacuum of 10−10 Torr
via the solid state electrotransport method (g). 
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thod, which is described below, was also applied to the 
ingot, reaching the residual resistivity ρ0 = 0.6 μΩ·cm and 
the residual resistivity ratio 270 in CeRu2. 

On the other hand, the flux method (Flux), the chemical 
transport method (CT) and the Bridgman method (Br) are 
useful for the compounds with the high vapor pressure, and 
also for the incongruent compounds. The floating zone 
method (FZ) was also applied to CeB6. Figure 5,d indicates 
a single crystal of NpRhGa5 grown by the Ga-flux method, 
where the starting materials and flux were inserted in 
an alumina crucible, sealed in a quartz tube, heated up to 
900–1000 °C in an electric furnace, and cooled down to lower 
temperatures, taking about 20 days. Usually, metals with 
low-temperature melting points such as Al, Ga, In, Sn, Pb, 
Sb and Bi are available. In the case of NpRhGa5, excess Ga 
itself becomes flux. A single crystal of CePt3Si was grown 
by the Br method in a Mo crucible, as shown in Fig. 5,e. 
Single crystals of U3P4 and UAs2 were grown by the chemi-
cal transport method with iodine in an electric furnace with a 
distinct temperature gradient, as shown in Fig. 5,f. 

It is noted that the starting material of a uranium ingot 
was annealed under high vacuum of 10–10 Torr via the 
solid state electrotransport method, as shown in Fig. 5,g. 
For example, an Fe impurity of 40 ppm in the uranium in-
got was reduced to less than 2 ppm, and the Cu impurity 
was completely removed [24]. Subsequent annealing under 
high vacuum using the electrotransport method drastically 
improved the quality of the single crystal, which was ap-
plied to CeRu2, UPt3 and URu2Si2, as shown in Fig. 5,g 
for UPt3. For example, we recently obtained an extremely 
high-quality single crystal sample of URu2Si2, where the 
residual resistivity ratio (RRR) reaches more than 500 [21]. 

The dHvA experiment was performed by the standard 
field-modulation method with a modulation frequency of 
7 Hz and a modulation field of 100 Oe [1,2]. Pressure was 
applied up to 3 GPa using an MP35N piston-cylinder cell 
with a 1:2 mixture of commercial Daphne oil (7373) and 
petroleum ether as a pressure-transmitting medium. The 

pressure was calibrated by the superconducting transition 
temperature Tsc of Sn, which is accurate within 0.05 GPa 
of the absolute value. It is also noted that the cantilever 
type dHvA method is applicable and useful to an extremely 
small sample with 0.1×0.1×0.05 mm, for example [25–27]. 

The detected dHvA signal Vosc in the 2ω technique is 
written as follows [28]: 

 osc
2sinp p

p

pFV A
H
π φ⎛ ⎞= +⎜ ⎟⎝ ⎠∑ , (6) 

1/22
1/2 3/2

2 2 2
( )2 F z

p T D S
z

S kFh
A J H p R R R

H k
π

−
− ∂⎛ ⎞∝ ⎜ ⎟⎝ ⎠ ∂

, (7) 

 
*2 /

*sinh (2 / )
c

T
c

m T H
R

m T H

α

α
= , (8) 

 *exp ( / )D c DR m T Hα= − , (9) 

 0*cos ( /2 )S cR p m g mπ= , (10) 

 22 /Bpck eα π= = . (11) 
Index p = 1, 2, 3, ... represents the fundamental (p = 1) and 
the higher-harmonic (p = 2, 3, ...) dHvA frequencies, and 
J2 is the Bessel function. The dHvA amplitude Ap is relat-
ed to the so-called curvature factor 2 2( )/F z zS k k∂ ∂ , the 
thermal reduction factor RT (RT → 1 for T → 0), the Din-
gle reduction factor RD (RD → 1 for the Dingle tempera-
ture 

→

TD → 0), which is caused by the finite scattering 
lifetime of the conduction electrons, and the spin reduction 
factor RS (RS = 1 for the cyclotron mass 0*cm m=  and 
g = 2), which is the interference between the oscillations of 
spin-up and spin-down electrons. Here m0 is the rest mass 
of an electron. The dHvA frequency /2FF c S eπ= = , which 
obtained in the fast Fourier transformation (FFT) spectrum 
of the oscillation, is proportional to the extremal (maxi-
mum or minimum) cross-sectional area SF of the Fermi 
surface. From the temperature and field dependences of the 
dHvA amplitude, we can determine the cyclotron effective 
mass *cm  and the Dingle temperature TD, respectively. 

Fig. 6. Binary phase diagrams of CeRu2 (a) and USi3 (b), cited from Ref. 22. 
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/2D BT kπ τ= =  is inversely proportional to the scattering 
lifetime τ of an conduction electron. We also estimate the 
mean free path ℓ from the simple relations: 2

 F FS kπ= , 
* F c Fk m v== , and Fv τ=λ , where kF is half of the caliper 

dimension of a circular SF and vF is the Fermi velocity. 
The dHvA experiments were also performed using the mi-

cro-cantilever (MouldLessCantilever, SSI-SS-ML-PRC120, 
Seiko Instruments Inc.) with the same modulation field of 
h 100 Oe (a modulation frequency of ω/2π = 11 Hz), 
and without the modulation field. The DC-current (IDC ∼ ∼ 0.05 mA) was used with the modulation field, and the 
AC-current (IAC ∼

 
0.05 mA) was used without the modula-

tion field. The amplitude A for the torque method using the 
cantilever is written as  

 
1

AC
dFA I

F dθ
∝  (without the modulation field) (12) 

and 

 1
1( )DC

dFA I J x
F d

ω
θ

∝  (13) 

(with the modulation field and ω detecting technique), 
where IAC and IDC are the AC and DC excitation current 
for the cantilever. 1( )J x  is the first Bessel function due to 
the modulation field. 

The experimentally obtained dHvA results of cerium, 
thorium, uranium and transuranium compounds, which are 
shown in Tables 1–4, respectively, were compared with the 
results of energy band calculation [1–3,5,21–23,29–31]. 
These compounds include a wide variety of electronic 
states such as paramagnetism including Pauli paramagne-
tism, denoted as (P) in Tables 1–4, quadrupolar ordering 
(Q) including the multi-polar ordering, ferromagnetism 
(F), antiferromagnetism (AF), and superconductivity (S). 

3. Fermi surface properties in RIn3 (R: La–Lu) 

The RIn3 and RGa3 (R: Sc, Y, and La–Lu) compounds 
crystallize in the AuCu3-type cubic crystal structure, as 
shown in Fig. 7,a, where the corner-sites are occupied by the 
R atoms and the face-centered sites are occupied by the In 
and Ga atoms. The characteristic properties of RIn3 is sum-
marized in Table 5 and in Fig. 7. Most of RIn3 compounds 
order antiferromagnetically, except a paramagnet of PrIn3 
with the singlet ground state in the CEF scheme and a diva-
lent Pauli paramagnet of YbIn3. The divalent property of 
YbIn3 is clear from the lattice constant of RIn3, as shown in 
Fig. 7,b, because the lattice constant of YbIn3 deviates from 
the lanthanide contraction [32]. The Néel temperature TN of 
RIn3 is shown in Fig. 7,c, which approximately follows the 
de Gennes scaling: 2~ ( 1) ( 1)N JT g J J− + , where Jg is the 
Landé g-factor and J is the total angular momentum [33,34]. 
Among RIn3 antiferromagnets, CeIn3 is a well known Kon-
do-lattice compound showing antiferromagnetic ordering at 
a Néel temperature TN = 10 K [35–38]. The ordered moment 
0.65 μB/Ce is comparable to the value 0.71 μB/Ce expected 
from the Γ7 ground state in the CEF scheme. Nevertheless, 

Fig. 7. Cubic crystal structure (a), lattice constant (b), cited from 
Ref. 32, and the Néel temperature TN in RIn3, where a solid line 
indicates the de Gennes scaling (c). 

Fig. 8. Angular dependence of the dHvA frequency in LaIn3, 
cited from Ref. 39. The solid lines are the results of band calcula-
tions [40]. 
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CeIn3 possesses a large electronic specific heat coefficient 
γ = 130 mJ/(K2·mol) at low temperatures, which is twenty 
times larger than γ = 7.7 mJ/(K2·mol) in LaIn3. 

We will start to explain the Fermi surface properties in 
RIn3. Figure 8 shows the angular dependence of the dHvA 
frequency in LaIn3 [39]. The solid lines represent the re-
sults of energy band calculation [40]. Branch a originates 
from the band 7-electron Fermi surface with the nearly 
spherical topology, while the others originate from the 
band 6-hole Fermi surface, as shown in Fig. 9. Here, the 
electronic configuration of the La atom is [Xe]4f05d16s2 , 
while the valence electrons of the In atom are 5s25p1. The 
total number of valence electrons are 12 in LaIn3. LaIn3 is, 
therefore, a compensated metal with equal number of elec-
trons and holes, or equal volume of the band 7-electron 
Fermi surface and the band 6-hole Fermi surface. The lat-
ter Fermi surface consists of three kinds of major parts. 
Among them, a Fermi surface centered at Γ, denoted by d, 
is electron in dispersion and is spherical in topology, bul-
ges slightly along the 〈100〉 direction and connects with 

another part of the Fermi surface centered at R by a slender 
arm elongated along the 〈111〉 direction. The arm is deno-
ted by j. The topology of the Fermi surface for branch d is 
similar to that of Cu, although the volume is small compa-
red to that of Cu. Here we note that the Γ point is a central 
position in the cubic Brillouin zone, and the nearly spheri-
cal band 7-electron Fermi surface is centered at the corner 
R point. 

Conduction electrons are mainly due to La 5d and In 5p 
electrons. The cyclotron masses for branches a and d 
for H ∥ 〈100〉 are 0.57 m0 and 0.40 m0, respectively, which 
are almost the same as the corresponding band masses of 
0.58 m0 and 0.53 m0, respectively. 

Next we consider a change of the Fermi surface in the 
antiferromagnetic state of NdIn3 with a Néel temperature 
TN = 5.9 K [41,42]. The magnetic structure in the antiferro-
magnetic state with a magnetic wave vector q = (1/2, 0, 1/2), 
determined by the neutron scattering experiment, is tetrag-
onal, as shown in Fig. 10 [43]. 

Table 5. Magnetic properties, dHvA frequency and the corresponding cyclotron mass for H ∥ 〈100〉 (only branch j for H ∥ 〈111〉) in 
RIn3 [39–42,45–50], ScGa3 and LuGa3 [55] 

RIn3 TN, K μs, μB/R Electronic states at dHvA experiments a, 107 Oe 
( *cm , m0) 

d, 107 Oe 
( *cm , m0) 

b, 107 Oe 
( *cm , m0) 

j, 107 Oe 
( *cm , m0) 

YIn3 0 0 Pauli Para 8.13 
(0.64) 

3.34 1.05 
(0.27) 

 

LaIn3 0 0 Pauli Para 7.47 2.78 1.38 0.096 
   γ = 7.7 mJ/(K2·mol) (0.57) (0.40) (0.26) (0.17) 

CeIn3 10 0.65 AF 
[Hc = 610 kOe] 

 3.0 
(2.0) 

  

PrIn3 0 singlet CEF Para 7.57 3.02 1.28 0.128 
   γ = 11.4 mJ/(K2·mol) (0.99) (0.60) (0.36) (0.28) 

NdIn3 5.9 2.3 (at 2 K) AF (H < Hc3)  
Para (H > Hc3)  
[Hc1 = 78, Hc2 = 89, Hc3 = 111 kOe] 

8.09 
(1.05) 
7.75 

(1.14) 

3.17 
(0.80) 

3.0 

 0.12 
(0.31) 
0.12 

SmIn3 TN1 = 15.9  AF (H < 130 kOe) H ∥ 〈110〉   
 TN2 = 15.2 

TN3 = 14.7 
  7.81 

(1.30) 
3.08 

(0.80) 
  

GdIn3 46  AF (H < 150 kOe)  3.07 
(0.49) 

 0.096 
(0.29) 

TbIn3 TN1 = 32 
TN2 = 25 

8.9 (at 3 K) AF (H < 130 kOe)  
[Hc1 = 102, Hc2 = 102, Hc3 = 157, Hc4 = 311, 
Hc5 = 235, Hc6 = 398 kOe] 

7.83 
(1.60) 

3.13 
(0.34) 

0.93 
(0.19) 

 

DyIn3 20 8.8 (at 3 K) AF (H < 130 kOe)  
[Hc1 = 50, Hc2 = 115 kOe] 

8.16 
(0.88) 

3.43 
(0.57) 

1.41 
(0.57) 

0.065 
(0.20) 

HoIn3 Tn1 = 8.2 
TN2 = 7.7 

9.2  
(at 1.5 K) 

Para (H > Hc4)  
[Hc1 = 17, Hc2 = 87, Hc3 = 40, Hc4 = 101 kOe]

8.26 
(0.92) 

3.46 
(0.85) 

1.02 
(0.22) 

 

ErIn3 4.6 8.2 (at 3 K) Para (H > Hc3)  
[Hc1 = 27, Hc2 = 53, Hc3 = 58 kOe] 

8.15 
(0.80) 

3.49 
(0.88) 

0.92 
(0.38) 

 

TmIn3 1.5 3.5  
(at 1.3 K) 

Para (H > Hc) 
[Hc = 9 kOe] 

7.23 
(0.93) 

3.05 
(1.12) 

0.82 
(0.24) 

 

LuIn3 0 0 Pauli Para  
γ = 7.5 mJ/(K2·mol) 

8.18 
(0.61) 

3.57 
(0.77) 

0.89 
(0.24) 

 

ScGa3 0 0 Pauli Para 10.55 
(0.75) 

4.41 
(0.67) 

0.94 
(0.31) 

 

LuGa3 0 0 Pauli Para 9.81 
(0.74) 

4.13 
(0.63) 

1.19 
(0.30) 
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Figure 11 shows the magnetization curve with three 
metamagnetic transitions at Hc1 = 78, Hc2 = 89 and Hc3 = 
= 111 kOe, which are indicated by the vertical broken lines 
[44], and the dHvA oscillation for H ∥ 〈100〉. With increas-
ing magnetic field, the compound changes from the antifer-
romagnetic state to a field-induced ferromagnetic (or para-
magnetic) state at Hc (= Hc3) = 111 kOe, passing through the 
intermediate-magnetic state. The FFT spectrum in NdIn3 is 
roughly the same as the one in LaIn3 because the 4f elec-
trons in NdIn3 are localized and therefore do not contribute 

to the Fermi surface. Among the dHvA branches in the 
antiferromagnetic state of NdIn3, we remark branch a due 
to the band 7-electron Fermi surface. Figure 12,a shows 
the field dependence of the dHvA frequency of branch a. 
The dHvA frequency corresponding to the up-and down-
spin states of the conduction electrons is degenerated in the 
antiferromagnetic state, and also in the intermediated-
magnetic state, but is split into the up-and down-spin states 
in the field-induced ferromagnetic (paramagnetic) state, as 
shown schematically in Fig. 12,b. 

Fig. 11. Magnetization curve and the dHvA oscillation for 
H ∥ 〈100〉 in NdIn3, cited from Refs. 41, 42, 44. 

0    
, 

/N
d 

M
μ B

1201008060

NdIn  3
1 

2 

dH
vA

Fig. 12. Field dependence of the dHvA frequency in NdIn3, cited 
from Refs. 41, 42. 
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It is noticed that the dHvA amplitude of branch a in the 
antiferromagnetic state strongly depends on the field direc-
tion, as shown in Fig. 13. It is usual in the field angle from 
0° (H ∥〈100〉) to about 10°, but is strongly reduced at an-
gles larger than 10°. This is due to the small magnetic Bril-
louin zone based on the large tetragonal magnetic structure 
shown in Fig. 10. From the angular dependence of the 
dHvA amplitude for branch a, the nearly spherical elec-
tron-Fermi surface in the paramagnetic state of NdIn3, as 
shown in Fig. 9,b or Fig. 14,a, which corresponds to 
branch a in LaIn3, is changed into a multiply-connected 
Fermi surface with necks along the [110] and [110]  direc-
tions in the antiferromagnetic state, as shown in Fig. 14,b. 
Note that no necks exist along the [100] and [010] direc-
tions. A thick solid line in Fig. 14,b corresponds to a circu-
lating orbit a for H ∥ [100]. Therefore, the cubic symmetry 
is broken in the antiferromagnetic state. If we follow the 
Fermi surface in Fig. 14,b, branch a is not detectable for 
H ∥ 〈110〉, but is experimentally detected even in the anti-
ferromagnetic state, although its amplitude is extremely 
small, as shown in Fig. 13. This is because an electron can 
circulate along a closed orbit by breaking through the 
necks of the Fermi surface. The antiferromagnetic Fermi 
surface in the 4f-localized antiferromagnet NdIn3 is thus 
reconstructed on the basis of the magnetic Brillouin zone. 
The angular dependence of the dHvA frequency in the an-
tiferromagnetic state and the paramagnetic state is shown 
later in Figs. 21,d and 21,e, respectively, where the other 
Fermi surface properties in RIn3 are also shown in Fig. 21 
[39–42,45–50]. 

The dHvA experiments of RIn3 (R: Sm to Tm) were done 
in the antiferromagnetic state, while some RIn3 (R: Ho, Er, 
Tm) compounds were done in the paramagnetic (field-

induced ferromagnetic) states, where the corresponding 
critical field Hc was about 100 kOe or less than 100 kOe, as 
in NdIn3. PrIn3 was in the paramagnetic state with the sin-
glet state in the 4f-CEF scheme [46]. These are summa-
rized in Table 5 [39–42,45–50]. 

The similar change of the electronic state based on the 
magnetic structure is also realized in a Kondo-lattice com-
pound CeIn3 with antiferromagnetic ordering at TN = 10 K, 
where ordered moments of 0.65 μB/Ce with the propaga-
tion vector q = (1/2, 1/2, 1/2) are aligned along the 〈111〉 
direction as shown in Fig. 15,a [35–37]. The angular de-
pendence of the dHvA frequency in CeIn3 is later shown in 
Fig. 21,b [45,51]. 

The detected dHvA named d in CeIn3 is very close to 
the one in LaIn3. Branch d in CeIn3 is, however, observed 
in the whole angle region, possessing no arms, indicating 
that the Fermi surface is a nearly spherical Fermi surface 
with humps. It is noted that there exist no necks in another 
non-4f (4f14) reference compound LuIn3 [49]. The neck in 
LaIn3 is changed into a hump in LuIn3 and CeIn3, as 
shown in Fig. 15,c. 

The cyclotron mass of branch d in CeIn3 is strongly 
field-dependent, ranging from 2.3 to 16 m0, as shown in 
Fig. 16,a, which brings about a drastic change of the dHvA 

Fig. 13. Angular dependence of the dHvA amplitude for branch a
in NdIn3, cited from Refs. 41, 42. 
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amplitude for the magnetic field direction from 〈100〉 to 〈110〉, as shown in Fig. 16,b. This is due to the spin factor 
in Eq. (10). From the large cyclotron mass of the branch d 
for H ∥ 〈110〉, it is suggested that the electronic state on the 
hump corresponds to the heavy fermion state. Namely, the 
heavy electronic state exists locally in the Fermi surface. 
The orbit for the magnetic field along 〈110〉 passes four times 
on the hump for one cycle of an orbit. On the other hand, the 
orbit for the magnetic field along 〈100〉 does not pass on the 
hump. The hump is nowadays called “hot spot” [52]. 

Next we consider the meaning of a heavy fermion state. 
The conduction electron with a large cyclotron mass is be-
lieved to move slowly in the crystal [53]. We confirmed 
experimentally that the product of the cyclotron mass and 
the inverse scattering lifetime or the Dingle temperature 

1*cm τ−  or *c Dm T  is constant by using two orbits of the 
Fermi surface named d in CeIn3. As mentioned in Chap. 2, 
the following equation is obtained: 

 
*c Fm k

τ =
=
ℓ . (14) 

Thus, */cm τ  is expected to be the same for two similar or-
bits with the same mean free path. When the effective mass 

*cm  is enhanced by a factor of (1 + λ) by the many-body 
Kondo effect, τ should also be enhanced by a factor (1 + λ). 
This occurs because a large cyclotron mass is translated 
into a small velocity from the equation of *F c Fk m v==  so 
that the scattering lifetime is enhanced by (1 + λ) from the 
equation of Fv τ=ℓ  if the mean free path ℓ is the same 
between two orbits. In terms of the Dingle temperature, 
Eq. (12) becomes 

 
2

*
2

F
c D

B

k
m T kπ=

=
ℓ . (15) 

The above relation between the cyclotron mass and the Din-
gle temperature was applied to the nearly spherical Fermi 
surface d. The dHvA frequency F, the cyclotron mass *cm  

Fig. 15. Crystal and magnetic structure in CeIn3 (a), the corre-
sponding magnetic Brillouin zone of CeIn3 and a band 7-electron
Fermi surface (b), and Fermi surfaces named d in LaIn3 and
LuIn3 (CeIn3) (c), cited from Refs. 38, 49. 
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0.45 K in CeIn3, cited from Ref. 51 (b). 
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and the Dingle temperature TD are 3.15·107 Oe, 2.44 m0 and 
TD = 0.19 K for H ∥ 〈111〉, and 3.29·107 Oe, 12 m0 and TD = 
= 0.04 K for the field direction close the 〈110〉 direction, 
indicating that the product of *c Dm T  is constant for the two 
orbits. We can thus concluded that the larger the cyclotron 
mass becomes the larger the scattering lifetime is, so that the 
value of 1*cm τ−  or *c Dm T  is constant. 

Branch a of band 7-electron Fermi surface in Fig. 15,b 
was, however, not detected in CeIn3, which is ascribed to the 
reconstruction of the Fermi surface on the basis of the anti-
ferromagnetic Brillouin zone. This Brillouin zone is the 
same as that for the face-centered cubic structure, as shown 
in Fig. 15,b. Most of the band 7-electron Fermi surface 
centered at the R point is changed into a fully occupied 
band in this new Brillouin zone, where the original R point 
is reduced to the Γ point in this Brillouin zone. The antifer-
romagnetic ordering of CeIn3 is very robust against the mag-
netic field. The antiferromagnetic phase diagram of TN vs Hc 
is obtained as follows: TN ∼ [1 − (H/Hc)

2] and the meta-
magnetic field from the antiferromagnetic state to the para-
magnetic state Hc ≃ 610 kOe for TN → 0 [52]. At high 
magnetic fields larger than Hc, namely in the paramagne-
tic state, branch a was observed: F = 7.9·107 Oe and m∗ = 
= 6 m0 for H ∥ 〈110〉 [54]. The present dHvA frequency is 
slightly larger than 7.47·107 Oe in LaIn3 [39] and is close 
to 8.13·107 Oe in YIn3 [55] or 8.18·107 Oe in LuIn3 [49]. 

A drastic change of the Fermi surface in an antiferro-
magnetic Kondo compound CeIn3 is realized under pres-
sure [38], which will be shown later in Chap. 6. 

YbIn3 in Fig. 7,b is a Pauli paramagnet with the divalent 
property of Yb2+ [32]. The electronic configuration of the 
Yb atom is [Xe]4f146s2, and thus the valence electrons are 
6s2. Considering the valence electrons of 5s25p1 in the In 
atom, the total number of valence electrons are 11 in YbIn3, 
revealing an uncompensated metal. Figure 17 shows the 
angular dependence of the dHvA frequency in YbIn3 [49]. 

The solid lines in Fig. 17 indicate the results of energy band 
calculation. The experimental results of dHvA branches 
named α, β, γ, δi and ε are in good agreement with the the-
oretical ones, as shown in Fig. 18, which are the band 6-
electron Fermi surface centered at R, the band 7-electron 
Fermi surface centered at R, the band 6-electron Fermi 
surface centered at Γ, the band 5-hole Fermi surface cen-
tered at M and band 5-hole located along Λ, respectively. 

Fig. 17. Angular dependence of the dHvA frequency in a Pauli
paramagnet YbIn3. The solid lines are the results of energy band
calculation, cited from Ref. 49. 
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Branch ζi also corresponds to the band 6-electron Fermi 
surface. The cyclotron mass is light and is close to the cor-
responding band mass mb, ranging from 1.1 m0 in branch α 
to 0.22 m0 in branch ζi.  

Here we note the 4f-electron character in Yb compounds. 
The 4f electrons of YbAl3 and YbCu2Si2, for example, pos-
sess the localized moment at high temperatures, with Yb3+ 

with an electron configuration of [Xe]4f135d16s2, where the 
5d16s2 electrons become the valence electrons. The Fermi 
surface is thus similar to that of a non-4f reference La com-
pound or the corresponding Lu compound with an electron 
configuration of [Xe]4f145d16s2 (Lu3+). The 4f electrons, 
however, become itinerant at low temperatures, via the ma-
ny-body Kondo effect. The corresponding temperatures are 
Tχmax = 120 K in YbAl3 and Tχmax = 40 K in YbCu2Si2, 
below which the magnetic susceptibility becomes approxi-
mately constant. The 4f electrons at temperatures lower than 
Tχmax contribute to the Fermi surface, and therefore the cor-

responding topology of the Fermi surface is highly different 
from the Fermi surface with the Yb3+ configuration. The 4f-
itinerant Fermi surfaces of YbAl3 and YbCu2Si2 are, how-
ever, very similar to the corresponding Yb2+ compounds, 
namely YbIn3 and YbCu2Ge2, respectively. A careful com-
parison of the dHvA result with the result of energy band 
calculations is therefore necessary for a better understanding 
of the Fermi surface in YbAl3 [56] and YbCu2Si2 [57]. 

Figure 19 shows the angular dependence of the dHvA fre-
quency in YbAl3 [56]. One of the six dHvA branches, named 
β with a dHvA frequency of 4.5·107 Oe, is nearly spherical in 
topology and has a large cyclotron mass of 24 m0. The other 
branches are in the range 14–17 m0. The topology of the Fer-
mi surface cannot be explained by the conventional band cal-
culations, as shown in Figs. 20,a,b, because the fully occupied 
4f-levels in YbAl3 are below the Fermi level in this band cal-
culations. Note that the theoretical Fermi surface of YbAl3 in 
Fig. 20,b is similar to that of YbIn3 in Fig. 18. 

Fig. 20. Angular dependence of the dHvA frequency (a) and the corresponding Fermi surfaces based on the conventional band model
(b); the angular dependence of the dHvA frequency (c) and the corresponding modified Fermi surfaces in YbAl3 (d), cited from Ref. 56.
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Fig. 21. Angular dependence of the dHvA frequency in RIn3 (R = La [39], Ce [45], Pr [46], Nd [41], Sm [47], Gd [48], Tb, Dy, Ho, Er,
Tm, Yb [49], and Lu [49]). Solid lines in LaIn3 are the results of energy band calculations [40], while the other solid lines connecting
the data are guide lines. 
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A small alteration so as to shift upward the 4f-levels by 
200 mRy is therefore necessary to fit the experimental 
dHvA data. Thus obtained angular dependence of the 
dHvA frequency and Fermi surfaces are shown in 
Figs. 20,c and 20,d, respectively. A nearly spherical Fermi 
surface of branch α is changed into a multiply-connected 
Fermi surface whose arms are directed along the 〈100〉 
direction, which is brought about by disappearance of the 
Fermi surface named γ in Fig. 20,b. Branches α, γ, δ, ε and 
ζ in Fig. 19 are well explained by this modified Fermi sur-
face. Such shifting of the 4f-levels affects the Fermi sur-
face because the 4f electrons directly contribute to the con-
duction electrons. This effect also plays an important role 
in the mass enhancement, which is caused by the many-
body Kondo effect. The similar modification is necessary 
for YbCu2Si2 [57], as well as YbT2Zn20 (T: Co, Rh, Ir) 
shown in Chap. 6. 

We summarize in Fig. 21 and Table 5 the Fermi surface 
properties of RIn3 (R: Y, La-Lu), ScGa3 and LuGa3. Main 
branches a, d, and b are observed in almost all of RIn3. 
Almost the same Fermi surface properties are also ob-
served in YIn3, ScGa3 and LuGa3 [55] in Table 5. 

The present results are summarized as follows. The 
magnetic energy gaps associated with the antiferromagnet-
ic ordering are small enough and thus the electrons under-
going cyclotron motions can break through these energy 
gaps and circulate on orbits of the paramagnetic Fermi 
surface. The occurrence of this effect, however, becomes 
more difficult as the number of f electrons increases. In 
that case, the electrons follow the orbits on the antiferro-
magnetic Fermi surface, which was constructed in a small 
Brillouin zone based on the magnetic unit cell larger than 
the chemical unit cell in volume. The typical example is 
NdIn3. The paramagnetic (or field-induced ferromagnetic) 
Fermi surface of NdIn3 is almost the same as that of LaIn3. 
A nearly spherical Fermi surface in the paramagnetic state, 
which corresponds to branch a of the band 7-electron Fer-
mi surface of LaIn3, is changed into a multiply-connected 
one with necks in the antiferromagnetic state. 

On the other hand, if a Fermi surface is small and is lo-
cated in the center of the Brillouin zone, it remains in the 
antiferromagnetic state because it is contained in the mag-
netic Brillouin zone. Branch d in LaIn3 is observed in the 
magnetic RIn3 compounds. Moreover, mass enhancement 
due to the electron–magnon interaction in magnetically 
ordered compounds is large compared with the one due to 
the electron–phone interaction. The mass enhancement 
factor in RIn3 is in the range of 1–2. An exceptional case is 
CeIn3. The mass enhancement is extremely large and ani-
sotropic for the field direction in CeIn3. 

4. Fermi surface properties in RX3 and AnX3 

The cubic RX3 (X: Al, Ga, In, Si, Ge, Sn, Pb) and AnX3 (An: 
actinide) compounds are classified in Table 6 according to the 

number of valence electrons, n, from n = 11 in a divalent Yb2+ 

compound YbIn3 to n = 19 in a 5f relevant paramagnet NpGe3, 
passing through a non-4f reference compound LaIn3 (LuIn3), a 
Kondo-lattice compound with antiferromagnetic ordering CeIn3, 
CeIn3 under pressure, a non-5f reference compound ThIn3, a 
divalent Yb2+ compounds YbSn3 and YbPb3, non-4f reference 
compounds LaSn3 and LaPb3, an antiferroquadrupolar compound 
PrPb3, a heavy fermion compound UAl3, antiferromagnets UGa3 
and UIn3, a 4f-itinerant compound CeSn3, an antiferromagnet 
NpIn3 which is close to LaIn3 in topology of the Fermi surface 
and is classified in the compounds with n = 12, a paramagnet 
PuIn3, Pauli paramagnets USi3 and UGe3, a spin-fluctuation 
compound USn3, and a paramagnet NpGe3 [58–71].  

Table 6. Numbers of valence electrons and Fermi surface 
studies in the RX3 and AnX3 compounds with the AuCu3-type 
cubic crystal structure 

Number of va-
lence electrons  

Compounds  Refs. 

11 YbIn3 (P) [49] 
 YbAl3 (P)  [56] 

12 LaIn3 (P) [39] 
 LuIn3 (P) [49] 
 NdIn3 (AF) [41,42] 
 CeIn3 (AF) [45] 
 NpIn3 (AF) [58] 

13 CeIn3 under pressure (P, S) [38] 
 ThIn3 (P)  [59] 

14 YbSn3 (P) [60] 
 YbPb3 (P) [61] 

15 LaSn3 (P) [62] 
 LaPb3 (P) [63] 
 PrPb3 (Q) [63] 
 UAl3 (P) [64] 
 UGa3 (AF) [65] 
 UIn3 (AF) [66] 

16 CeSn3 (P) [67] 
17 PuIn3 (P) [68] 
18 USi3 (P) [69] 
 UGe3 (P) [70] 
 USn3 (P)  

19 NpGe3 (P) [71] 
 
The compounds with the number of valence electrons, 

n = 11 and 12 are explained in Chap. 3. The Fermi surface 
properties of CeIn3 under pressure and ThIn3 will be ex-
plained in Chap. 7. We will start from the compounds with 
the number of valence electrons, n = 14, namely Pauli para-
magnets YbSn3 and YbPb3 because Yb is divalent and the 
valence electrons in Sn and Yb are 5s25p2 and 6s2, respec-
tively [60,61]. Figure 22 indicates the angular dependence 
of the dHvA frequency in YbPb3. The detected three 
branches named α, ε and ϕ are explained by the result of 
energy band calculation of which the Fermi surface is 
shown in Fig. 23. Here, the Fermi surface consists of a 
band 7-hole Fermi surface named α and band 8-electron 
Fermi surfaces named ε and ϕ, indicating a compensated 
metal as in LaIn3 (n = 12) [39]. The similar dHvA data and 
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the corresponding Fermi surfaces are obtained in YbSn3 
[60]. 

Next we show in Fig. 24,a the angular dependence of 
the dHvA frequency in LaSn3 [62]. Main characteristic 
dHvA branches are as follows. Two branches named α and 
β exist in the whole range of angles, revealing two nearly 
spherical Fermi surfaces, three branches named γ1, γ2 and 
γ3 are centered at 〈111〉, and branch δ is centered at 〈110〉. 

Compared with LaIn3, LaSn3 has three electrons more 
per primitive cell, and hence the electronic structure of 
LaSn3 is that of an uncompensated metal. All the sheets of 
the Fermi surface in LaIn3 disappear in LaSn3. In LaSn3, 

Fig. 22. Angular dependence of the dHvA frequency in a Pauli
paramagnet YbPb3, cited from Ref. 61. 
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band 8 yields a main Fermi surface centered at R, and two 
small hole closed Fermi surfaces exist at Γ in bands 7 and 
8, as shown in Fig. 25,a. The solid lines in Fig. 24,a are the 
result of energy band calculation [72]. The detected dHvA 
branches are well explained on the basis of the Fermi sur-
face in Fig. 25,a. 

CeSn3 at low temperatures is a so-called valence-fluc-
tuation compound with a Kondo temperature of about 
150 K where the magnetic susceptibility possesses a maxi-
mum at about 150 K, as shown in Fig. 2. It is interesting to 
understand the 4f-electron character in comparison with the 
antiferromagnetic Kondo compound CeIn3. Figure 24,b 
shows the angular dependence of the dHvA frequency in 
CeSn3 [67]. Some dHvA branches are similar to those of 

LaSn3 but the other branches are considerably different 
from those of LaSn3. The detected cyclotron masses are 
roughly five times larger than those of LaSn3: 4.2 m0 for 
branch a in CeSn3 and 0.91 m0 for branch γ2 in LaSn3, in 
agreement with γ values: 53 mJ/(K2·mol) in CeSn3 and 
11 mJ/(K2·mol)in LaSn3. 

The energy band calculation was carried out under the 
assumption that the 4f electron is itinerant [73]. The calcu-
lated Fermi surfaces mainly consist of a large band 8-hole 
Fermi surface centered at R and a large band 9-electron 
Fermi surface centered at Γ. The origin of the analogy in 
Fermi surfaces between CeSn3 and LaSn3 is as follows. 
Namely, the large distorted spherical band 8-hole Fermi 
surface in LaSn3 is similar to the band 8-hole Fermi sur-
face in CeSn3. Small nearly spherical hole Fermi surfaces 
in bands 7 and 8, denoted by α and β in LaSn3, are also 
present in CeSn3, not shown in Fig. 24,b and Fig. 25,b, 
although their volumes of the Fermi surfaces in CeSn3 are 
smaller than those of LaSn3. The marked difference be-
tween LaSn3 and CeSn3 is ascribed to a large band 9-
electron Fermi surface in CeSn3. Note that this Fermi sur-
face has no occupied states along 〈111〉. 

The solid lines in Fig. 24,b indicate the result of the 4f-
itinerant energy band calculation [73]. Branch a corres-
ponds to the large hole-Fermi surface, while the other main 
branches are due to the electron Fermi surface, indicating a 
compensated metal. Both in the magnitude of the cross-
sectional area and in the observed range of field angle, the 
4f-itinerant band model agrees reasonably well with the 
experimental results. The reason for the disappearance of 
branch a at angles in the vicinity of the 〈100〉 direction is 
due to the combined effect of a curvature factor and a rela-
tively large cyclotron mass. 

We will go on to the next compound n = 15, LaPb3 
[63]. LaPb3 should be very similar to LaSn3, with n = 15, 

Fig. 25. Fermi surface of LaSn3 (a) and CeSn3 (b), cited from
Refs. 72, 73. 
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although the Fermi surface of LaPb3 is slightly different 
and simple compared with that of LaSn3. It is, however, 
noted that branches γ2, δ, β, and α in LaSn3, shown in 
Fig. 24,a, correspond to branches α, β, and γ in LaPb3, 
respectively, as shown in Fig. 26,a. Figures 26,a and 26,b 
show the angular dependence of the dHvA frequency and 
the result of energy band calculations, respectively, in 
LaPb3. Main three branches named α, β, and γ are closed 
Fermi surfaces, which are well explained by the energy 
band calculations of which the Fermi surfaces are shown in 
Fig. 27. 

The angular dependence of the dHvA frequency in an an-
tiferroquadrupolar compound PrPb3 with TQ = 0.4 K is ap-
proximately the same as that in LaPb3 [63]. It is interesting 
that the cyclotron mass of PrPb3 is strongly enhanced below 
0.7 K, as shown in Fig. 28: 1.6 m0 at 1.3 K and 4.0 m0 at 
0.18 K for branch γ. The corresponding cyclotron mass is 
0.38 m0 in LaPb3 and 0.94 m0 in an antiferromagnet NdPb3. 
The mass enhancement in PrPb3 might be ascribed to the 
quadrupolar ordering. 

We will go on to another compounds with the number 
of valence electrons, n = 15, namely UAl3, where the va-

lence electrons are [Rn] 5f36d17s2 in the U atom and 
3s23p1 in the Al atom. The topology of the Fermi surface 
in UAl3 should be similar to that in LaPb3, although the 5f 
contribution to the Fermi surface in UAl3 might change the 
topology of the Fermi surface and also the mass enhance-
ment. UAl3 does not order magnetically, and the magnetic 
susceptibility possesses a broad maximum around Tχmax ≃ ≃ 140 K, as shown in Fig. 29. At higher temperatures up to 
800 K, not shown in Fig. 29, the susceptibility follows the 
Curie–Weiss law [74]. The obtained effective magnetic 
moment μeff = 3.6 μB/U is close to 3.62 (3.58) μB/U in the 
5f-localized 5f3  (5f2) configuration. This is a reason why 
UAl3 is characterized as a spin-fluctuating compound. The 
crossover from 5f-localized to 5f-itinerant is supposed to 

Fig. 27. Fermi surfaces in LaPb3, cited from Ref. 63. 
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occur below Tχmax ≃
 
140 K. It is thus important to clarify 

the 5f-electron character from the dHvA experiment and 
energy band calculation. Here it is noted that the valence-
fluctuating compound mentioned for CeSn3 corresponds to 
the spin-fluctuating compound. The former was named for 
Ce and Yb compounds with a relatively large TK value, 
say, TK = 50–150 K, while the latter for the similar U 
compounds. Both compounds become the enhanced Pauli 
paramagnets at low temperatures. 

Figures 30,a and 30,b show the angular dependence of 
the dHvA frequency and the theoretical one based on the 
5f-itinerant band model, respectively for UAl3 [64]. 
Among the detected several branches, two main branches 
named α and γ are well explained by the theoretical closed 
band 8-hole Fermi surfaces, as shown in Fig. 31. 

One large Fermi surface is nearly cubic, centered at Γ, and 
the other small Fermi surface is also nearly cubic, centered 
at R. The detected cyclotron mass is relatively large, ranging 
from 3 to 17 m0, which is twice to three times larger than the 
corresponding band mass: *cm  = 17 m0 and mb = 6 m0 for 
branch α for H ∥ 〈100〉, and γ =  47 mJ/(K2·mol) and the theo-
retical value γb  = 14.8 mJ/(K2·mol). 

UGa3 and UIn3 are the compounds with n = 15, similar 
to UAl3. Both compounds, however, order antiferromagne-
tically below TN = 67 and 90 K, respectively. UGa3 was 
studied on the basis of the 5f-itinerant antiferromagnet 
[75], but the detected dHvA branches in UGa3 are not ex-
plained by the spin-polarized 5f-itinerant band model, 
which is most likely due to the magnetic structure, not def-
initely determined yet in experiments. Here we show in 
Figs. 32 and 33 the angular dependence of the dHvA fre-
quency in UGa3 [65] and UIn3 [66], respectively. 

The compound with the number of electrons, n = 17, 
corresponds to PuIn3, as shown in Table 6. It is, however, 
better to present the corresponding Fermi surface property 
as a final compound in RX3 and AnX3. We will go on to 
USi3 with n = 18. USi3 is a Pauli paramagnet with a small 

Fig. 30. Angular dependence of the dHvA frequency in a heavy fermion compound UAl3 (a) and the theoretical one (b), cited from
Ref. 64. 
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γ value of 11.9 mJ/(K2·mol). Figures 34,a and 34,b show 
the angular dependence of the dHvA frequency and the 
corresponding theoretical one based on the 5f-itinerant 
band model, respectively [69]. Fifteen dHvA branches are 
observed, ranging from 7.37·106 to 2.33·108 Oe, which are 

in good agreement with the theoretical ones based on the 
5f-itinerant Fermi surfaces shown in Fig. 35. Theoretically, 
the 5f electrons form wide bands across the Fermi energy, 
which hybridize considerably with Si-3p electrons. The p–f 
hybridization makes the dispersion of the 5f-bands very 
large. Cyclotron masses, which are in the range from 0.39 
to 4.17 m0, are thus approximately the same as the corre-
sponding band masses, being in good agreement with a 
relation between the γ value of 11.9 mJ/(K2·mol) and γb = 
= 11.7 mJ/(K2·mol). The mass enhancement is thus ex-
tremely small in USi3. 

A small mass enhancement is observed in UGe3 with 
γ = 20 mJ/(K2·mol), with the same topology of the Fermi 
surface as in USi3, from the dHvA experiment and energy 

Fig. 32. Angular dependence of the dHvA frequency in an anti-
ferromagnet UGa3, cited from Ref. 65. 
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band calculation [70], while a relatively large mass en-
hancement is expected in a spin-fluctuating compound USn3 
with γ = 170 mJ/(K2·mol), as shown in Fig. 1,b. Here, the 
Doniach phase diagram in Fig. 1,a is expressed by a rela-
tion of the distance between the U atoms, a vs the γ value. 
Correspondingly, the low-temperature magnetic suscepti-
bility is large, as shown in Fig. 29. 

Figure 36 shows the angular dependence of the dHvA 
frequency in USn3. Only branches μi are observed. The 
cyclotron mass of branches μ2,3 for H ∥ 〈100〉 is 1.5 m0 in 
USn3, which is large compared with 0.40 m0 in USi3 and 
0.42 m0 in UGe3. 

The next compound is NpGe3 with n = 19 [71]. This is 
an enhanced Pauli paramagnet, similar to UAl3. The mag-

netic susceptibility has a maximum around 50 K, as shown 
in Fig. 29. From the susceptibility data above 250 K, the 
estimated effective magnetic moment is μeff = 2.78 μB/Np, 
which is close to μeff = 2.68 μB/Np in Np3+ (5f4), but is 
smaller than μeff = 3.62 μB/Np in Np4+ (5f3). The present 
result of the magnetic susceptibility suggests that the Np 
ion possesses a local moment at high temperatures, but the 
electronic state is changed into the enhanced Pauli para-
magnet at temperatures lower than 50 K. 

Figures 37,a and 37,b show the angular dependence of 
the dHvA frequency and the corresponding one based on 
the 5f-itinerant Fermi surfaces shown in Fig. 38, being in 
good agreement between experiment and theory [71]. The 
band 10-electron Fermi surface in USi3 (UGe3), shown in 
Fig. 35,c, is spherical, but possesses a hollow space at the 
center and a window for 〈100〉, with a flat closed Fermi 
surface at the M point. One more 5f electron becomes a 
valence electron in NpGe3. This means that the hole bands 
(8 and 9) are occupied completely by the electron and also 
the band 10-electron Fermi surface, centered at R, is par-
tially occupied by the remaining electron, producing a hol-
low ball with a “belly” orbit and a “neck”, as shown in 

Fig. 35. Theoretical 5f-itinerant Fermi surfaces in USi3, cited
from Ref. 69. 
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Fig. 38. The cyclotron mass is in the range of 2.6 to 16 m0, 
which is enhanced approximately 3.5 times from the corre-
sponding band mass. This is in fairly good agreement with 
the ratio of γ = 34 mJ/(K2·mol) to the theoretical one γb = 
= 16.8 mJ/(K2·mol), γ/γb = 2.0. It is noted that the cyclo-
tron mass and the corresponding band mass for an outer 
“belly” orbit δ2 are *cm  = 4.7 m0 and mb = 1.35 m0, respec-
tively, which are compared with *cm  = 15 m0 and mb = 
= 4.03 m0 for an inner orbit β. This is because the inner 
part of the band 10-electron Fermi surface is mainly due to 
the contribution of 5f electrons in Np, while the outer part 
is due to the 4p component of Ge. 

Next we discuss the electronic state of a complicated 
magnetic compound NpIn3 [58]. Ferromagnetic and anti-

ferromagnetic orderings occur at TC = 14 K and TN = 10 K, 
respectively, together with another transition at T∗  = 8 K. 
When the magnetic field is applied to the sample, the anti-
ferromagnetic state is finally changed into a ferromagnetic 
state with two metamagnetic transitions at Hc1 and Hc2. 
The antiferromagnetic ordering and two metamagnetic 
transitions are found to be of the first-order phase transi-
tion. We show in Fig. 39 the magnetic phase diagram for 
three principal directions [58]. All the dHvA signals are 
detected in the ferromagnetic state, namely above Hc2. 

Figure 40 shows the angular dependence of the dHvA 
frequency [58]. Since the ferromagnetic state is not real-
ized at the highest magnetic field of 150 kOe for the mag-
netic field around the 〈100〉 direction, as shown in Fig. 39, 
no dHvA signals are observed around 〈100〉. They should 
be observed in magnetic fields higher than Hc2 ≃

 
200 kOe 

for H ∥〈100〉. Three dHvA branches named α, β and γ are 
observed. Branches α and β correspond to nearly spherical 
Fermi surfaces. The dHvA frequency of branch γ increases 
with increasing the field angle from 〈100〉 to 〈110〉 or 〈111〉. At 31° (to 〈110〉 and 36° (to 〈111〉), branch γ abrupt-
ly disappears, suggesting the open orbit, which is most 
likely due to a multiply-connected Fermi surface. 

From the present dHvA results, we constructed the 
Fermi surface of NpIn3 with n = 16. Two cases can be con-
sidered. The one is the case based on the 5f-itinerant pic-
ture. Another is the case based on the 5f-localized picture. 
In the case of 5f-itinerant picture, the total number of va-

Fig. 38. (Color online) Theoretical 5f-itinerant Fermi surfaces and
cross-sections in NpGe3. The color presents the contribution of
5f-electrons, cited from Ref. 71. 
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lence electrons in NpIn3 is even, namely 16, where the 
electronic configurations are Np (5f46d17s2) and In 
(5s25p1). This means that NpIn3 is a compensated metal 
with equal carrier numbers of electrons and holes. 

In the case of 5f-localized picture, the Np3+ (5f4) con-
figuration might be applicable to NpIn3, because the mag-
netic effective moment is close to the value for the Np3+ 

free ion. Moreover, the Mössbauer measurement indicates 
the Np3+ valence state from the isomer shift [76]. In this 
case, the total number of valence electrons is 12, which is 
also even in number, meaning that NpIn3 is a compensated 
metal. 

Both 5f-itinerant and localized pictures deduce NpIn3 as 
a compensated metal. Thus we restrict ourselves to a com-
pensated metal of NpIn3 in order to construct the Fermi 
surface from the present dHvA results on the basis of the 
5f-localized Np3+ (5f4) configuration. We note that the 
Brillouin zone in the ferromagnetic state is the same as that 
in the paramagnetic state. Thus it is possible to treat NpIn3 
as a compensated metal in the same way as in the para-
magnetic state. 

On the basis of the 5f-localized Np3+ (5f4) configuration 
and the Fermi surface of LaIn3, we constructed the Fermi 
surface in the ferromagnetic state of NpIn3, as shown in 
Fig. 41. Characteristic features of the Fermi surface proper-
ties in NpIn3 are as follows. A spherical Fermi surface with 
a relatively small cyclotron mass of 4 m0 in NpIn3 corres-
ponds to a spherical electron Fermi surface in LaIn3. A com-
plicated hole-Fermi surface in LaIn3 is simply modified to 
a multiply-connected Fermi surface with arms along 〈100〉 
and vacant space at the center in NpIn3, whose cyclotron 
masses are large: about 6 m0 for the arm and 12–14 m0 for a 
spherical Fermi surface (vacant space). 

Finally we present the dHvA experiment for a para-
magnet PuIn3 with n = 17, where the valence electrons are 
5f 5 6d17s2 in the Pu atom and 5s25p1 in the In atom [68]. 
As noted above, the Wigner–Seitz radius of Pu is an inter-
mediate value between Np with the 5f-itinerant and/or 5f-
localized nature and Am with the 5f-localized nature. It is 
thus a challenging study to clarify the electronic state of Pu 
compounds. 

Figure 42 shows the dHvA oscillations and their FFT 
spectra [68]. It is noted that the dHvA amplitude of branch 
γ in EX 1 is extremely reduced in EX 2, where the dHvA 
experiment named EX 2 was done one week later than the 
first experiment named EX 1. An intensive reduction of the 

Fig. 40. Angular dependence of the dHvA frequency in an anti-
ferromagnet NpIn3, cited from Ref. 58. 
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dHvA amplitude is due to point defects produced by α-
decay of 239Pu. On the other hand, the dHvA amplitude of 
the dHvA frequency F = 5.5·106 Oe is the same between 
EX 1 and EX 2, as shown in Fig. 42,b, which is not due to 
the dHvA branch in PuIn3 but due to a dHvA signal of 
impurities, most likely In, which might be included in sub-
grain boundaries of the PuIn3 single crystal sample. This 
is because the corresponding cyclotron mass is less than 
0.5 m0. 

Figure 43 shows the angular dependence of the dHvA 
frequency, where branch γ is observed around 〈111〉 [68]. 
Solid lines in Fig. 43 are the result of 5f-itinerant band cal-
culation. Branch γ corresponds to a small spherical elec-
tron Fermi surface centered at the Γ point, where two kinds 
of spherical Fermi surface are theoretically obtained on the 
basis of the 5f-itinerant band model, as shown in Fig. 44. 
The cyclotron mass of branch γ is 4.8 m0, which is three 
times larger than the corresponding band mass of 1.56 m0. 
A relatively large cyclotron mass of 17 m0 might be ex-
pected for branch α for H ∥ 〈110〉. On the basis of the re-
sults of energy band calculation, the contribution of the 5f 
component to Fermi surfaces is approximately 50% for 
branches α and γ, while it is 70% for branch β. It is noticed 
that these Fermi surfaces in PuIn3 are approximately the 
same as those of YbIn3 with n = 11 in topology, as shown 
in Figs. 17 and 18, although there exists no contribution of 
4f electrons to the Fermi surfaces in YbIn3. 

The Fermi surface properties such as 5f-itinerant char-
acteristics and the enhanced cyclotron mass in PuIn3 are 
very similar to those in the enhanced paramagnet NpGe3, 
mentioned above. PuIn3 is most likely an enhanced para-

magnet as in NpGe3, although the fundamental properties 
such as the magnetic susceptibility and specific heat are 
furthermore needed to be clarified in PuIn3. 

We summarize the Fermi surface properties in RX3 
compounds. The Fermi surface of LaSn3 is slightly differ-
ent from LaPb3 in topology. Surprising is that the Fermi 
surface of LaPb3 is roughly similar to that of UAl3. The f 
contribution to the Fermi surface is, however, highly dif-
ferent between two compounds. Therefore, the cyclotron 
mass is large in UAl3. The similar Fermi surface is exper-
imentally observed between a 5f-localized ferromagnet 
NpIn3 and a non-4f reference compound LaIn3, or between 
an enhanced Pauli paramagnet PuIn3 and an divalent com-
pound YbIn3. 

It is also interesting that the topology of the Fermi sur-
face in a divalent YbIn3 is very similar to that of an en-
hanced Pauli paramagnet YbAl3, as described in Chap. 3, 
although the cyclotron mass is highly different between 
two compounds. The topology of the Fermi surface in 
ThIn3 is also almost the same as that of CeIn3 under pres-
sure, which will be shown later. From the present dHvA 
experiments and the results of energy band calculations, it 
is concluded that the f-itinerant band model is applicable to 
the topology of the Fermi surface in enhanced Pauli para-
magnets such as YbAl3, CeSn3, UAl3, UX3 (X: Si, Ge), 
NpGe3 and PuIn3. 

Fig. 43. Angular dependence of the dHvA frequency in a para-
magnet PuIn3. Solid lines are the results of 5f-itinerant energy
band calculation, cited from Ref. 68. 
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5. Fermi surface properties in RTIn5 and AnTGa5 

Next we present the Fermi surface properties of RTX5 
and AnTX5 with the HoCoGa5-type tetragonal structure, as 
shown in Fig. 45. RTX5 and AnTX5 are classified accord-
ing to the number of valence electrons, as shown in Ta-
ble 7 [77–85]. 

Table 7. Number of valence electrons and Fermi surface stu-
dies in RTX5 and AnTX5 compounds with the HoCoGa5-type 
tetragonal structure 

Number of valence 
electrons  Compounds  Refs.  

27  LaRhIn5 (P)  [77] 
 CeRhIn5 (AF)  [77] 

28  CeRhIn5 under pressure (S)  [78] 
 CeCoIn5 (P, S)  [79] 
 ThRhIn5 (P)  [80] 

29  UFeGa5 (P)  [81] 
30  UCoGa5 (P)  [82] 
31  UPtGa5 (AF)  [83] 
 NpRhGa5 (AF)  [84] 

32  PuCoGa5 (P, S)  [85] 
 PuRhGa5 (P, S)  

 
The electronic states in CeTIn5, ThTIn5 and AnTGa5 indi-
cate paramagnetism including Pauli paramagnetism, 
antiferromagnetism (AF), and superconductivity (S). The 
crystal structure in Fig. 45 is characteristic, which is close-
ly related to the electronic state. Namely, the uniaxially 
distorted AuCu3-type layers of RX3 (AnX3) and the TX2 
layers are stacked sequentially along the [001] direction (c-

axis). For example, the 4d electrons of Rh in LaRhIn5 hy-
bridize with the 5p electrons of In, which results in a small 
density of states around the Fermi energy. This means that 
there are very few conduction electrons in the RhIn2 layer 
and hence the LaIn3 layer is conductive, producing cylin-
drical Fermi surfaces. This is also applicable to all the 
RTX5 and AnTX5 compounds, except UTGa5 (T: Co, Rh 
and Ir), shown later. 

Figures 46,a and 46,b show the angular dependence of 
the dHvA frequency and the theoretical one in LaRhIn5, 
respectively [77]. Main detected dHvA branches named αi 
(i = 1, 2 and 3) and βi (i = 1 and 2) are the same as the the-
oretical ones. These dHvA branches are well identified by 

Fig. 45. The tetragonal crystal structure in RTX5 and AnTX5. 
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Fig. 46. Angular dependence of the dHvA frequency (a) and the theoretical one (b) in a non-4f reference compound LaRhIn5 [77]. 
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the theoretical Fermi surfaces in Figs. 47,a,c. The dHvA 
branches αi are due to a band 15-electron Fermi surface, 
which is nearly cylindrical but highly corrugated, having 
maximum and minimum cross-sections. Branches βi are 
also due to a highly-corrugated band 14-electron Fermi 
surface. This Fermi surface has a convex part stretching 
along the [110] direction. This is the main reason why the 
dHvA frequency of branch β1 has a minimum at about 30°. 
Here, the electronic configuration in LaRhIn5 is [Xe] 
5d16s2 in the La atom, [Kr] 4d85s1 in the Rh atom and 
[Kr] 5s25p1 in the In atom. The valence electrons are 27 in 
number, as shown in Table 7, indicating an uncompensated 
metal for LaRhIn5. 

In an antiferromagnet CeRhIn5, the 4f electrons are 
considered to be localized at the Ce sites with magnetic 
moments of 0.8 μB/Ce [86], where the electronic configu-
ration of the Ce atom is [Xe] 4f15d16s2. The detected main 
dHvA branches in CeRhIn5 are thus approximately the 
same as those of LaRhIn5 [77]. 

With increasing pressure P for CeRhIn5, the Néel tempe-
rature TN = 3.8 K increases, has a maximum around 1 GPa, 
and decreases with increasing pressure [87,88]. A smooth 
extrapolation indicates that TN → 0 at *cP  = 2.4–2.5 GPa, as 
shown in Fig. 48. CeCoIn5 is a superconductor. The super-
conducting transition temperature Tsc as a function of pres-
sure is also shown in Fig. 48,b [89]. 

Fig. 47. Theoretical Fermi surfaces of LaRhIn5 (a)–(c), CeCoIn5 (d)–(f) and ThRhIn5 (g)–(i), cited from Refs. 77, 80. 

Γ

1 A

M

Z

R

X

g ih

A
R

A

M
1

A
R

M

A

band 13-hole

band 13-hole

band 13-hole

band 15-electron

band 15-electron

band 15-electron

LaRhIn5a b c

band 14-electron

band 14-electron

band 14-electron

CeCoIn5

d e f

ThRhIn5

ε4

ε1

ε3
ε2

β2

β2

α1

α2

α3

β1

ε

γ

β2

α1

α3

β1

β1

M

α2

M

α3

α1

α2



de Haas–van Alphen effect and Fermi surface properties in rare earth and actinide compounds 

Low Temperature Physics/Fizika Nizkikh Temperatur, 2012, v. 38, No. 2 145 

Figures 49,a and 49,b show the temperature dependence 
of the electrical resistivity in CeRhIn5 under pressure, to-
gether with the temperature dependence of electrical resis-
tivity in CeCoIn5, NpPd5Al2 and PuCoGa5 [90]. At 1.60 
and 1.89 GPa, superconductivity as well as antiferromag-
netic ordering, shown by arrows in Fig. 49,b, are clearly 
observed in CeRhIn5. Only superconductivity is observed 
at 2.08 GPa. Around the critical pressure region, CeRhIn5 
reveals superconductivity with a maximum transition tem-
perature Tsc = 2.2 K [15]. From the NQR and specific heat 
experiments, together with the dHvA experiment shown 
below, the critical pressure is Pc(H = 0) ≃ 2.0 GPa at zero 
field [91], whereas *( 0)cP H ≠ = 2.4–2.5 GPa in magnetic 
fields [78,92,93]. 

We studied a change of the Fermi surface properties 
against pressure for CeRhIn5. A marked change of the 
dHvA frequencies occurs above *cP  ≃ 2.4 GPa [78]. The 
detected dHvA frequencies above *cP  ≃ 2.4 GPa are con-
sistent with those of a non-magnetic heavy fermion super-
conductor CeCoIn5 of which the dHvA branches are well 
explained by the 4f-itinerant band model [79]. A change of 
the 4f-electron nature from localized to itinerant is realized 
at *cP  ≃ 2.4 GPa in CeRhIn5, which will be described in 
Chap. 7. The upper critical field Hc2 in superconductivity 
is also shown later in Fig. 67,a, together with the super-
conducting properties in CeCoIn5, PuRhGa5 and NpPd5Al2 
[79,94–98]. 

Fig. 49. Temperature dependence of the electrical resistivity in
CeRhIn5 under pressure (a), (b); in CeCoIn5, PuCoGa5, and 
NpPd5Al2 (c), (d). Only PuCoGa5 is a polycrystal sample, and the 
scale is shown by the right hand in (c), cited from Ref. 90. 
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Here, the number of valence electrons in CeCoIn5 is 28, 
as shown in Table 7, because the 4f electron in the Ce atom 
becomes itinerant at low temperatures, as noted above. 
CeCoIn5 thus becomes a compensated metal. Namely, the 
volume of the electron Fermi surface is equal to that of the 
hole Fermi surface. The same number of valence electrons 
is realized in a Pauli paramagnet ThRhIn5, where the elec-
tronic configuration is [Rn] 6d27s2 in the Th atom. 

We show in Fig. 50 the angular dependence of the dHvA 
frequency in CeCoIn5 and ThRhIn5, together with LaRhIn5 
for comparison [79,80]. The detected dHvA branches named 
αi and β2 in ThRhIn5 are approximately the same as those of 
CeCoIn5. Note that the dHvA frequencies in both com-
pounds are larger than those of LaRhIn5 in Fig. 50,c [77]. 
The theoretical Fermi surface in CeCoIn5 and ThRhIn5 is 
shown in Figs. 47,d–f and 47,g–i, respectively. The cyclo-
tron mass is, however, highly different between CeCoIn5 
and ThRhIn5. The cyclotron mass in CeCoIn5 at low fields 
is estimated as 100 m0 in branch β2 and 30 m0 in branches 
αi, as shown in Fig. 51,b. We also show in Fig. 51,a the 
magnetic field dependence of the electronic specific heat 
coefficient Ce/T for comparison. The large cyclotron mass in 
CeCoIn5 is field-dependent, and decreases as a function of 
the magnetic field. This is characteristic in heavy fermions. 
These cyclotron masses in CeCoIn5 are large compared with 
0.87 m0 in branch β2 and 0.89–0.95 m0 in branches αi in 
ThRhIn5. The large cyclotron mass in CeCoIn5 is mainly 
due to the many-body Kondo effect. It is clarified from the 
energy band calculation that the 4f-electron contribution to 
the density of states at the Fermi energy in CeCoIn5 is about 
70% in magnitude. Note that the 4f electron does not con-
tribute the electronic state in ThRhIn5 because of no exist-
ence of 4f electrons, revealing a small cyclotron mass. 

The characteristic features of superconductivity in 
CeCoIn5 are as follows. Superconductivity is of the 

2 2x yd − -type, with line nodes for the [110]  direction, elon-
gating along the [001] direction on the quasi-two dimen-
sional Fermi surfaces, which was clarified from the angular 

Fig. 50. Angular dependence of the dHvA frequency of a non-magnetic heavy fermion superconductor CeCoIn5 (a), a Pauli paramagnet
ThRhIn5 (b) and a non-4f reference compound LaRhIn5 (c), cited from Ref. 80. 
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dependence of the thermal conductivity in magnetic fields 
[99]. We show schematically the gap with the line nodes in 

Fig. 52,b. The usual gap is shown in Fig. 52,a for compari-
son. The first-order phase transition from the supercon-
ducting mixed state to the normal state occurs at the upper 
critical field Hc2 in CeCoIn5 in the magnetization curve 
[100], as shown in Fig. 53,a, together with the similar step-
like magnetization curves of NpPd5Al2 in Fig. 53,b, which 
are later discussed [96]. This persists up to about 0.3Tsc 
(Tsc = 2.3 K) for H ∥ [001] and 0.4Tsc for H ∥ [100] in 
CeCoIn5. The Hc2 value is later shown in Fig. 67,b as a 
function of temperature. The Fulde, Ferrel, Larkin, 
Ovchinikov (FFLO) state most likely exists in the super-
conducting mixed state close to Hc2 at temperatures far 
lower than Tsc = 2.3 K [97,98]. These are closely related to 
the strong Pauli paramagnetic effect in the present super-
conductivity of CeCoIn5. 

Furthermore we show in Fig. 54,a the temperature de-
pendence of the magnetic susceptibility in CeCoIn5 [77], 

Fig. 52. Schematic pictures of the two dimensional superconduct-
ing gap with an isotropic gap (a) and a line node gap (b), cited
from Ref. 21. 
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Fig. 53. Magnetization curves of CeCoIn5 [100] (a) and NpPd5Al2
(b) [96], revealing a step-like increase of the magnetization at Hc2. 
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together with the magnetic susceptibility in PuRhGa5 and 
NpPd5Al2 [95,96]. The susceptibility increases steeply 
with decreasing temperature, but a sudden drop of the sus-
ceptibility occurs below Tsc = 2.3 K due to the onset of 
superconductivity. This is not usual. In the case of a typical 
heavy fermion superconductor UPt3, for example, the 
magnetic susceptibility has a maximum at Tχmax ≃

 
20 K, 

and becomes constant at temperatures lower than Tχmax, as 
shown in Fig. 2. Superconductivity occurs below Tsc = 0.5 K 
in UPt3. This means that superconductivity is realized after 
the heavy fermion state is completely formed. On the other 
hand, the heavy fermion state is not completely formed at 
Tsc = 2.3 K in CeCoIn5. Namely, superconductivity of 
CeCoIn5 is realized in the non-Fermi liquid state. The 
similar behavior is observed in the other superconductors 
of PrRhGa5 and NpPd5Al2, as shown in Figs. 54,b and 
54,c, respectively, which are described later. 

Superconductivity in the non-Fermi liquid state of 
CeCoIn5 can be also seen in the specific heat data [101,102]. 
Figure 55 shows the temperature dependence of the specific 
heat in the form of Ce/T under several magnetic fields. The 
value of Ce/T increases with decreasing temperature under 
magnetic fields. The γ value is 380 mJ/(K2·mol) at Tsc = 
= 2.3 K, but is extremely enhanced to be 1070 mJ/(K2·mol) 
at 0.2 K. Note that the upper critical field Hc2 = 49.5 kOe 
for H ∥ [001]. The specific heat in the form of Ce/T in the 
normal state (under H = 60 kOe) does not saturate at low 
temperatures, but increases with decreasing temperature. 
The non-Fermi liquid state is thus observed in the specific 
heat, together with the magnetic susceptibility shown in 

Fig. 54,a. This is also observed in the electrical resistivity. 
The electrical resistivity follows a T-linear dependence 
below 10 K, as shown in Fig. 49,d. Moreover, the upper 
critical field Hc2(0) and cyclotron mass *cm  decrease mono-
tonically with increasing pressure [89]. These results indi-
cate that the electronic state of CeCoIn5 is very close to the 
quantum critical point at ambient pressure. 

We will go on to the next compound of a Pauli para-
magnet UFeGa5 with the number of valence electrons, 29, 
as shown in Table 7, where the electronic configuration is 
[Rn] 5f36d17s2 in the U atom and [Ar] 3d64s2 in the Fe 
atom. Here we briefly note the electronic states in UTGa5. 
Figure 56 shows the temperature dependence of the mag-
netic susceptibility [21]. UTGa5 (T: Fe, Ru, Os, Co, Rh, Ir) 
compounds are Pauli paramagnets, while UTGa5 (T: Ni, 
Pd, Pt) order antiferromagnetically. 

Fig. 55. Temperature dependence of the electronic specific heat 
in the form of Ce/T in CeCoIn5, cited from Ref. 102. 
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We show in Fig. 57 the angular dependence of the 
dHvA frequency and the corresponding theoretical one for 
UFeGa5 [81]. The detected dHvA branches are consistent 
with the theoretical ones based on the 5f-itinerant band 15-
electron Fermi surfaces shown in Fig. 58. The Fermi sur-
face consists of a corrugated but cylindrical Fermi surface 
and a lattice-like Fermi surface. The cyclotron mass is rela-
tively large, ranging from 2.4 to 9.9 m0: 9.2 m0 for branch 
α1 and 9.9 m0 for branch a. The theoretical band mass is 
about half of the experimental one, which is consistent 
with a relation between γ = 40 mJ/(K2·mol) and the theo-
retical one γb = 19.6 mJ/(K2·mol). 

In a Pauli paramagnet UCoGa5 with the number of va-
lence electrons, n = 30, as shown in Table 7, we observed 

dHvA branches with very small dHvA frequencies, indi-
cating a semimetal [82]. We show in Fig. 59 the angular 
dependence of the dHvA frequency. Three kinds of dHvA 
branches named a, b and c correspond to small ellipsoidal 
Fermi surfaces. We constructed the Fermi surfaces by us-
ing the present dHvA data so as to become the semimetal 
with equal volumes of electron and hole Fermi surfaces, as 

Fig. 57. Experimental angular dependence of the dHvA frequency (a) and the theoretical one (b) in a Pauli paramagnet UFeGa5, cited
from Ref. 81. 
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shown in Fig. 60. The Fermi surface consists of small band 
15-hole Fermi surfaces (branches b and c) and a small 
band 16-electron Fermi surface (branch a) because one 
more valence electron is added, compared with that in 
UFeGa5, and the number of valence electrons is 30 in 
UCoGa5, revealing a compensated metal or a semimetal. 
The γ value of UCoGa5 is small, γ = 3.3 mJ/(K2·mol), 
which corresponds to a light cyclotron mass of *cm = 0.82 m0 
in branch a for H ∥ [001]. 

The next compound is UPtGa5 with the number of va-
lence electrons, n = 31, as shown in Table 7. UPtGa5 is, 
however, an antiferromagnet with the Néel temperature TN = 
= 26 K and a small ordered moment μs = 0.32 μB/U [103]. 
UPtGa5 is supposed to be a 5f-itinerant antiferromagnet, 
similar to UGa3 mentioned in Chap. 4. It is however, noticed 
that the magnetic susceptibility follows the Curie–Weiss law 

above 500 K, with effective magnetic moments of 3.5 and 
3.2 μB/U for H ∥ [001] and [100], respectively, as shown in 
Fig. 61 [74]. These effective moments are close to the free 
ion value of μeff = 3.58 μB/U for 5f2 (U4+) or μeff = 
= 3.62 μB/U for 5f3 (U3+), as shown by a solid line in 
Fig. 61, indicating the localized nature of 5f electrons at high 
temperatures. 

A ferromagnetic coupling in the basal (001) plane was 
observed by the neutron scattering experiment, which is 
stacked along the [001] direction with an antiferromagnetic 
(↑ ↓) sequence, as shown in Fig. 62 [103]. Therefore, the 
magnetic unit cell becomes doubled, containing the 62 
valence electrons. In other words, the magnetic Brillouin 
zone becomes flat along the [001] direction. 

We show in Fig. 63 the angular dependence of the 
dHvA frequency in the antiferromagnetic state [83]. The 
detected dHvA branches named α1, α2, α3 and γ, and ε 
roughly follow the 1/cos θ dependence (θ is the tilted angle 
from [001] to [100] or [110]), revealing cylindrical Fermi 
surfaces. These branches are well explained by the spin 
(orbital)-polarized 5f-itinerant band model, as shown in 
Fig. 63,b [83]. The Fermi surface shown in Fig. 64 consists 
of four kinds of corrugated but cylindrical Fermi surfaces. 
Branches ε, α3, α1, α2 and γ correspond to orbit a of the 
band 31-hole Fermi surface, orbits c1 and c2 (band 32-
electron), orbits d1 and d2 (band 33-electron) and orbits e1 
and e2 (band 30-hole), respectively. The cyclotron effec-
tive masses are relatively large: 20 m0 (branch ε), 24 m0 
(branch α3), 13 and 10 m0 (branches α1, α2, respectively) 
and 10 m0 (branch γ). These values are consistent with 
γ = 57 mJ/(K2·mol). It is stressed here that the almost loca-
lized nature of the 5f electrons at high temperatures is 
changed into the 5f-itinerant character, with a small or-
dered moment of 0.32 μB/U. 

The similar magnetic structure is realized in an antifer-
romagnet NpRhGa5, and the corresponding angular depen-

Fig. 60. Proposed Fermi surfaces in a Pauli paramagnet UCoGa5,
cited from Ref. 82. 
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dence of the dHvA frequency is similar to that of UPtGa5, 
as shown in Fig. 65 [84]. The magnetic property of 
NpRhGa5 is very interesting [104]. There are two succes-
sive antiferromagnetic transitions at TN1 = 36 K and TN2 = 
= 32 K. The magnetic structure in the temperature range 

from TN1 to TN2, named AN1, is the same as that in 
UPtGa5. We show in Fig. 66 the magnetic phase diagram 
for H ∥ [001] [105]. Below TN2, the magnetic unit cell 
(AN2) is the same as AN1 but the direction of the magne-
tic moment changes abruptly from [001] to [110]. The or-

Fig. 63. Angular dependence of the dHvA frequency (a) and the theoretical one based on the spin (orbital)-polarized 5f-itinerant band 
model in an antiferromagnet UPtGa5, cited from Ref. 83 (b). 
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dered moment is most likely enhanced from 0.6 μB/Np to 
0.96 μB/Np. The former value is an ordered moment, esti-
mated under the assumption that the AN1 phase persists 
down to 0 K without the magnetic transition at TN2. The 
latter value of 0.96 μB/Np is determined experimentally at 
low temperatures far below TN2. It is theoretically pointed 
out that the quadrupolar interaction plays an important role 
on this transition at TN2 [106]. 

Here we note that all the NpTGa5 compounds order 
antiferromagnetically, indicating no paramagnetism, which 
are in contrast with the electronic states in UTGa5. More-
over, the ordered moments in neptunium compounds are 
roughly twice larger than those in uranium compounds. This 
is the reason why the magnetic moment at the Np site is of 
the localized character. The Fermi surface properties of 
NpRhGa5 are, however, well explained by the spin (orbital)-
polarized 5f-itinerant band model as in UPtGa5, as described 
above. This claims that the 5f electrons, as it were, possess 
the dual nature: the local moment at the Np site and the con-
tribution of the 5f electrons to the Fermi surface. 

The discovery of non-magnetic heavy fermion super-
conductors PuCoGa5 (Tsc = 18.5 K) and PuRhGa5 (Tsc = 
= 9 K) with the number of valence electrons, n = 32, in 
Table 7 has attracted attention because of its high Tsc and 
unconventional superconducting properties [90,107]. The 
magnetic susceptibility of PuRhGa5 increases with de-
creasing temperature, following the Curie–Weiss law with 
an effective magnetic moment of the 5f 5  (Pu3+) configura-
tion, but indicates a sudden drop of the susceptibility due 
to onset of superconductivity [95], as shown in Fig. 54,b. 
From the result of the upper critical field, the topology of 
the Fermi surface is most likely cylindrical as in CeCoIn5, 
as shown in Fig. 67,c [95], although the dHvA experiment 
was not carried out because of the high Hc2 value at lower 
temperatures. Theoretically, three kinds of cylindrical 
Fermi surfaces are proposed on the basis of the 5f-itinerant 
band model for PuCoGa5 [85], as shown in Fig. 68,a, to-
gether with the cylindrical Fermi surfaces of CeCoIn5 and 
NpPd5Al2 in Figs. 68,b and 68,c, respectively. 

Finally we note superconductivity of NpPd5Al2 with 
the tetragonal structure [96]. The crystal structure of 
NpPd5Al2 is similar to the tetragonal structure of CeCoIn5 
and PuCoGa5, as shown in Fig. 69. The 5s25p1 (4s24p1) 
electrons of the In(Ga) atoms in CeCoIn5 (PuCoGa5) are, 
however, replaced by the 4d electrons of the Pd atom in 
NpPd5Al2. The 4d electrons are well hybridized with the 5f 
electrons, and produce the strongly correlated conduction 
electrons. NpPd5Al2 does not order magnetically. The cor-
responding magnetic susceptibility increases steeply with 
decreasing temperature, but a sudden drop of the suscepti-
bility occurs below Tsc = 4.9 K due to the onset of super-
conductivity, as shown in Fig. 54,c. This is very similar to 
that in CeCoIn5 in Fig. 54,a. The electronic state of 
NpPd5Al2 is found to be located in the vicinity of the 
antiferromagnetically ordered state from the results of the 
magnetic susceptibility and the negative value of the para-
magnetic Curie temperature. In fact, the γ value is large, 
γ = 200 mJ/(K2·mol) at Tsc = 4.9 K, and is enhanced to be 
390 mJ/(K2·mol) at 0 K from the entropy balance. Further-
more, the low-temperature electrical resistivity does not 
follow the Fermi liquid relation, but indicates a T-linear 
dependence, as shown in Fig. 49,d. The large paramagnetic 
effect is reflected in the strong suppression of the upper 
critical field, as shown in Fig. 67,d and the step-like in-
crease of the magnetization at Hc2, as shown in Fig. 53,b. 
In the case of a typical d-wave superconductor CeCoIn5, a 
large paramagnetic effect induces a first-order phase transi-
tion at Hc2, namely the step-like increase of the magnetiza-
tion, below temperatures lower than 0.3Tsc or 0.4Tsc 
(Tsc = 2.3 K), as shown in Fig. 53,a [100]. The similar 
phenomenon is realized in NpPd5Al2. Surprisingly, the 
step-like increase of magnetization is observed up to a high 
temperature of 3 K (= 0.6Tsc). 

Fig. 66. Magnetic phase diagram for H ∥ [001] in NpRhGa5, cited
from Ref. 105. 
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the mixed state might be the FFLO state, cited from Refs. 97, 98.
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It is noticed that the normal and superconducting prop-
erties of NpPd5Al2 are very similar to those of CeCoIn5, 
but the anisotropy of the magnetic susceptibility and the 
upper critical field is different from each other. If we simp-
ly analyze the anisotropy of the upper critical field from 
the so-called effective mass model, it is deduced that the 

Fermi surface is of a pan-cake shape in NpPd5Al2. The 
corresponding Fermi surface based on the 5f-itinerant band 
model is, however, quasi-two dimensional, as shown in 
Fig. 68,c [108]. It might be necessary to consider the aniso-
tropic spin susceptibility between H ∥ [110] and [001], 
because the upper critical field is suppressed due to the 
large paramagnetic effect. 

We will summarize the Fermi surface properties in 
RTIn5 and AnTGa5. One of the characteristic properties in 
RTIn5 and AnTGa5 compounds is quasi-two dimensional 
in the electronic state, revealing nearly cylindrical Fermi 
surfaces along the tetragonal [001] direction. Furthermore, 
the quasi-two dimensional electronic state, together with the 
heavy fermion state, enhances heavy fermion superconduc-
tivity, as in CeCoIn5, NpPd5Al2, PuCoGa5 and PuRhGa5. 
In fact, the superconducting transition temperature Tsc = 
= 0.2 K in CeIn3 under 2.6 GPa is enhanced to Tsc = 2.3 K 
in CeCoIn5. Interesting is a relation between the super-
conducting transition temperature and γ value: 2.3 K in 
CeCoIn5, 4.9 K in NpPd5Al2, 8.6 K in PuRhGa5 and 18.5 K 
in PuCoGa5. Correspondingly, the γ value decreases from 
1070 mJ/(K2·mol) in CeCoIn5 to 100 mJ/(K2·mol) in 
PuTGa5 (T: Co, Rh). The γ value in CeIn3 under 2.6 GPa is 
roughly estimated as 1000 mJ/(K2·mol) from the cyclotron 
mass close to 100 m0, which is discussed later in Chap. 7. It 
is also stressed that heavy fermion superconductivity in 
these superconductors is realized in the non-Fermi liquid 
state. Superconducting properties of CeRhIn5 at 2.45 GPa, 
CeCoIn5, PuRhGa5 and NpPd5Al2 are summarized in Ta-
ble 8. 

Fig. 68. Theoretical Fermi surfaces based on the f-itinerant band model in PuCoGa5 [85] (a), CeCoIn5 [78] (b) and NpPd5Al2 [108] (c). 
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6. Metamagnetism 

Metamagnetism or the metamagnetic behavior is a phe-
nomenon showing an abrupt nonlinear increase of magne-
tization at the magnetic field Hc or Hm. The magnetization 
curve of an antiferromagnet is a typical example, which 
was shown in Chaps. 3–5, see Fig. 11, for example. In this 
Chapter we will introduce two different kinds of metamag-
netic behavior. 

As mentioned in Introduction, some Ce, Yb or U com-
pounds such as CeCu6, CeRu2Si2, YbCu2Si2, and UPt3 
exhibit no long-range magnetic ordering. The magnetic 
susceptibility of these compounds increases with decreas-
ing temperature, following the Curie–Weiss law at high 
temperatures, and shows a maximum at a characteristic 
temperature Tχmax. Below Tχmax, the susceptibility becomes 
almost temperature-independent, and the f-electron system 
is changed into a new electronic state, called the heavy 
fermion state, as shown in Fig. 2. The almost localized f-
electrons at high temperatures become itinerant at tempera-
tures lower than Tχmax via the many-body Kondo effect. 
The crossover from “localized” to “itinerant” occurs at a 
characteristic temperature Tχmax, which approximately cor-
responds to the Kondo temperature TK. Below Tχmax, the 
magnetization indicates a metamagnetic behavior or an 
abrupt nonlinear increase in magnitude at the magnetic 
field Hm. We will present the Fermi surface properties be-
low and above Hm, together with a relation between Tχmax 
and Hm, for CeRu2Si2, UPt3 and YbT2Zn20 (T: Co, Rh, Ir). 

Moreover, we will show another metamagnetic behav-
ior based on the field-induced ferroquadrupolar ordering in 
PrCu2 in the last section. 

6.1. Metamagnetic behavior of a heavy fermion compound 
CeRu2Si2 

Here we discuss a metamagnetic behavior in CeRu2Si2, 
which crystallizes in the tetragonal structure with one mo-
lecule per primitive cell, as shown in Fig. 70. The meta-
magnetic behavior occurs at a critical field Hm = 77 kOe 
for the magnetic field along the [001] direction, as shown 
in Fig. 71. The magnetization curve is reversible at the 
metamagnetic behavior, showing no hysteresis [109,110]. 

An important point is as follows. We define a field dif-
ferential magnetization χ = dM/dH. The magnitude of ∆χ = 
= χ – χ0 at H = Hm, where χ0 is a field-independent suscep-

tibility, namely, χ at low fields (H ≪ Hm ), is found to be-
come finite at low temperatures. This is shown in inset of 
Fig. 71, indicating a finite value of ∆χ–1 

as T → 0. This 
result clearly indicates that the present metamagnetic be-

Table 8. Superconducting properties of CeRhIn5 at 2.45 GPa, CeCoIn5, PuRhGa5 and NpPd5Al2, cited from Refs. 94, 79, 21, 96 

 CeRhIn5 (2.45 GPa) CeCoIn5  PuRhGa5  NpPd5Al2  

 H ∥ [100] [001] H ∥ [100] [001] H ∥ [100] [001] H ∥ [100] [001] 

Tsc , K 2.22 2.3 8.6 4.9 
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Fig. 70. Crystal structure of CeRu2Si2. 
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havior is not of the first-order. We may expect that the 
heavy fermion state at H < Hm is continuously connected 
to the high-field spin-polarized state where the magnetic 
moment at each cerium site is polarized along the field 

direction of [001]. Note that the magnetic moment of the 
doublet in the 4f-CEF scheme is about 1 μB/Ce. When the 
magnetic moment is tilted from [001], the metamagnetic 
field increases as a function of 1/ cos θ, where θ is a field-
tiled angle. The present metamagnetism is of an Ising-type. 

The Fermi surface was observed by the dHvA experi-
ment in magnetic fields up to 190 kOe at low temperatures 
down to 20 mK [111–113]. Figure 72 shows the dHvA 
oscillation for H ∥ [100] and the corresponding FFT spec-
trum. Figure 73 shows the angular dependence of the 
dHvA frequency, which was obtained below Hm, and the 
result of the energy band calculations under the assumption 
that the 4f-electrons in the Ce ions are itinerant. All the 
dHvA branches are identified as follows: 

branches ψ and ψn : band 14-hole. 
branches κ, ε and α : band 15-electron. 
branch γ : band 13-hole. 
branch β : band 12-hole.  

The theoretical Fermi surface is shown in Fig. 74 [114]. 
The experimental dHvA result is in good agreement with 
the 4f-itinerant band model, although the calculated Fermi 
surfaces have a slightly larger volume than the experi-
mental surfaces. The branches ψ and ψn have an extremely 
large cyclotron mass of 120 m0. The cyclotron mass is 
about 60 times larger than the corresponding band mass 
because the many-body Kondo effect is not included in the 
usual band calculations. 

The metamagnetic behavior occurs at 77 kOe for 
H ∥ [001], as mentioned above. Figure 75 shows the mag-
netic field dependence of dHvA frequency and cyclotron 

Fig. 72. dHvA oscillation (a) and the corresponding FFT spec-
trum of CeRu2Si2 for the field along [100] (b). 
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mass for H ∥ [001] [111–113]. A step-like change of dHvA 
frequency, together with a change of the cyclotron mass, is 
observed at Hm. After the metamagnetic behavior, i.e. at 
H > 77 kOe, a larger Fermi surface is observed for 
H ∥ [001] [111–113]. This dHvA frequency is the same as 
that of the main band 14-hole Fermi surface in LaRu2Si2, 
as shown in Fig. 76. Note that the experimental dHvA re-
sult of LaRu2Si2 is consistent with the theoretical calcula-
tion [115]. This result claims that the nature of the 4f-
electrons in CeRu2Si2 is changed from itinerant to loca-
lized. The Fermi surface of LaRu2Si2 is shown in Fig. 77. 

These results of dHvA experiments are not consistent 
with those of the magnetization experiments mentioned 
above. The dHvA results reveal that the spin-polarized 
state in H > Hm is equal to the localized 4f-electron state 
from the viewpoint of the topology of the Fermi surface, 

β γ

band 11 hole- band 13 hole-band 12 hole-

κ

ψ
ψn

α

ε

band 15-electron

band 14-hole

Fig. 74. Theoretical Fermi surface of CeRu2Si2 below Hc, cited
from Ref. 114. 

Fig. 75. Field dependence of the dHvA frequency (a) and cyclo-
tron mass (b) for H ∥ [001] in CeRu2Si2, cited from Ref. 113. 
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indicating a change of 4f-electron nature from itinerant to 
localized at Hm, while the magnetization results indicate 
that the heavy fermion state in H < Hm is continuously 
connected to the high-field spin-polarized state in H > Hm. 

The metamagnetic behavior in CeRu2Si2 was consi-
dered to be an abrupt non-linear increase of the magnetiza-
tion of which the magnetic field Hm is plotted as a function 
of temperature, as shown in Fig. 78,a [109,110]. Direct and 
clear evidence was obtained by the specific heat experi-
ment [116]. Two peaks were observed in the field depend-
ence of the specific heat above 0.5 K, as shown in Fig. 79. 
The phase diagram thus corresponds to that shown in 
Fig. 78,b [116,117]. These results were explained by the 
Zeeman effect of the conduction electrons with the charac-
teristic density of states. 

A change of the 4f-electronic state, which occurs below 
Tχmax, is not of the first order because the many-body 
Kondo effect is not of a first order transition. Therefore, a 
change of the Fermi surface which occurs at H > Hm 

should not be of the first order, although the present 
change of the Fermi surface at Hm reveals the first-order 
phase transition. It is not easy to understand the present 
metamagnetic behavior because it occurs in a small field 
region around Hm with T → 0, as shown in Fig. 78,b. 

Several theories were presented to explain the meta-
magnetic behavior in CeRu2Si2, but this is still an open 
question [118–120]. 

A similar metamagnetic behavior occurs in CeFe2Ge2 
[121] and CeCu6 [122]. The relation between Tχmax and Hm 
for these compounds is later shown in Fig. 90 [123]. 

Fig. 77. Theoretical Fermi surface of LaRu2Si2, cited from
Ref. 115. 
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Fig. 78. Temperature dependence of metamagnetic field (a) and 
phase diagram of CeRu2Si2, which was determined from the spe-
cific heat (shown by circles) and from the thermal expansion 
coefficient (shown by squares and triangles) (b), cited from
Refs. 109, 110, 116, 117. 
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6.2. 5f-itinerant heavy fermion compound: UPt3 

UPt3 with the hexagonal structure is a well-known 
heavy superconductor in which unconventional pairing 
state is realized [11]. To understand the 5f-electron nature, 
it is essentially important to clarify the Fermi surface pro-
perty [124,125]. 

Figure 80 shows the angular dependence of the dHvA 
frequency. The origin of the detected dHvA branches is 
identified on the basis of the 5f-itinerant band model. Fi-
gure 81 shows the theoretical Fermi surfaces. The branches 
are as follows: 

branch ω: band 37-electron 
branch τ , σ, ρ, λ, ε and α: band 36-hole 
branch δ: band 35-hole. 
The dHvA frequencies, shown by circles in Fig. 80, are 

in good agreement with theoretical results (solid lines) 
based on the 5f-itinerant band model. The dHvA branch ω 
possesses the largest cross-sectional area and cyclotron 
mass. The mass is determined as 80 m0 in the field range of 
150 to 175 kOe for the field along [0001], 105 m0 in the 
field range of 182 to 196 kOe for [1010]  and 90 m0 in the 
field range of 170 to 196 kOe for [1120] . The correspond-
ing band masses are 5.09, 6.84 and 5.79 m0, respectively. 
The cyclotron masses are about 15 times larger than the 
corresponding band masses. It should be noted that all the 
conduction bands contain a 5f-electron component of about 
70% at the Fermi energy. 

UPt3 exhibits the metamagnetic behavior at about 
200 kOe as in CeRu2Si2. Figure 82 shows the high-field 
magnetization curve. This metamagnetic behavior persists 
up to Tχmax (≃ 20 K) where the magnetic susceptibility has 

Fig. 80. Angular dependence of the dHvA frequency in UPt3,
cited from Ref. 125. Theoretical results are shown by solid lines. 
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a maximum in the temperature dependence, as shown in 
Fig. 2. Here we note the growth of the cyclotron effective 
mass at this metamagnetic field Hm ≃200 kOe, as shown in 
Fig. 83. The mass in the main band 37-electron Fermi sur-
face, named branch ω, is strongly enhanced with increas-
ing the field from 63 m0 at 125 kOe to 86 m0 at 180 kOe 
[126]. This is roughly consistent with the field dependence 
of the γ value shown in Fig. 83 [127]. 

It can be thus concluded that the 5f-electrons in UPt3 
are of itinerant nature. Namely, the dHvA results are well 
explained by the 5f-itinerant band model. All the branches 
are heavy, with cyclotron masses of 15–105 m0, i.e. ten to 
twenty times larger than the corresponding band masses. 
The mass enhancement is caused by magnetic fluctuations, 
where the freedom of charge transfer of the 5f electrons 
appears in the form of the 5f-itinerant band but the freedom 
of spin fluctuations of the same 5f electrons enhances the 
effective mass as in the many-body Kondo effect. These 
heavy conduction electrons or quasiparticles condense into 
Cooper pairs. To avoid a large overlap of the wave func-
tions of the paired particles, the heavy fermion state would 
rather choose an anisotropic channel, like a p-wave spin 
triplet to form Cooper pairs in UPt3. 

6.3. Heavy fermion state in YbT2Zn20 (T: Co, Rh, Ir) 

In the usual Ce compounds, the magnetic ordering oc-
curs on the basis of the RKKY interaction, as in an antiferro-

magnet CeCu2Ge2 with TN = 4.2 K [128]. This is because 
the ground state is the Kramers doublet in the 4f-CEF 
scheme. On the other hand, the Néel temperature is close 
to zero in a heavy fermion superconductor CeCu2Si2, via 
the many-body Kondo effect [129]. This is because the ionic 
radius of Ge is larger than that of Si. In fact, the antiferro-
magnetic state of CeCu2Ge2 is changed into a superconduct-
ing state by applying pressure: TN → 0 for P → Pc = 8 GPa 
in CeCu2Ge2 [130]. The electronic states of two compo-
unds are schematically presented in the well-known Do-
niach phase diagram, as shown in Fig. 84 [4]. 

Yb compounds possess the similar Kramers doublet in 
the 4f-CEF scheme and are expected to order magnetically 
at low temperatures. YbCu2Si2 with the tetragonal crystal 
structure and YbIr2Zn20 with the cubic crystal structure 
compounds, however, do not order magnetically. The tem-
perature dependence of the linear thermal expansion is 
characteristic [57,131], as shown in Fig. 85. The linear 
thermal expansion of a Pauli paramagnet YbCu2Ge2 
shrinks monotonically with decreasing temperature, and 
becomes approximately zero at low temperatures. This is a 
usual behavior, indicating an unchange of the electronic 
state as a function of temperature. On the other hand, there 

Fig. 83. Field dependence of the cyclotron mass and the γ value
in UPt3 [126]. The result of the γ value was cited from Ref. 127. 
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appears a negative thermal expansion in YbCu2Si2 and 
YbIr2Zn20 below 90 K and 30 K, respectively, revealing 
that the electronic state changes from the trivalent state of 
the Yb ion to the 4f-itinerant state with decreasing tem-
perature. In other words, YbCu2Si2 and YbIr2Zn20 should 
order antiferromagnetically if the 4f electrons are localized 
even at low temperatures. Following the Doniach phase 
diagram, a change of the 4f-localized state to a non-
magnetic 4f-itinerant state corresponds to expansion of the 
volume in YbCu2Si2 and YbIr2Zn20. These results suggest 
that the non-magnetic 4f-itinerant state of YbIr2Zn20 can 
be tuned to the magnetically ordered state, crossing the 
quantum critical point, with increasing pressure. It is also 
noted that the electronic state of YbCo2Zn20 is very close 
to the quantum critical point even at ambient pressure, 
which is also shown below. 

Here, YbT2Zn20 (T: Co, Rh, Ir) crystallizes in the cubic 
CeCr2Al20 ( 3 )Fd m  crystal structure, as shown in Fig. 86. 
It is remarkable that the lattice constant a = 14.187 Å in 
YbIr2Zn20 is very large, and thus the distance between 
Yb–Yb atoms is considerably large, 6.14 Å, compared with 
a = 4.20 Å in YbAl3 with the AuCu3-type cubic structure. 
Note that the Yb atom, which forms the diamond structure, 
as shown in Fig. 86,a, is coordinated by 16 zinc atoms, 
while the Ir atom has an icosahedral zinc coordination, 
forming caged structures, as shown in Fig. 86,b. 

One of the characteristic properties in the heavy fermi-
on compounds is the metamagnetic behavior or an abrupt 
nonlinear increase of magnetization at the magnetic field 
Hm below Tχmax, as noted above. Figure 87 shows the loga-
rithmic scale of temperature dependence of the magnetic 
susceptibility in YbCu2Si2, YbIr2Zn20, YbRh2Zn20 and 
YbCo2Zn20 [123,131–135]. The Tχmax values in these 
compounds, as shown by arrows in Fig. 87, are 40, 7.4, 
5.8, and 0.32 K, respectively, where a low-temperature 
value of Tχmax = 0.32 K in YbCo2Zn20 is remarkable, re-
vealing that the electronic state of YbCo2Zn20 is very close 
to the quantum critical point. 

We measured the magnetization at 1.3 K for these com-
pounds [123,131,133,134], as shown in Fig. 88. The meta-
magnetic behavior was observed at Hm = 97 kOe in 
YbIr2Zn20, 63 kOe in YbRh2Zn20, and 6 kOe in YbCo2Zn20, 
shown by arrows, where the magnetization at 1.3 K does not 
reveal the metamagnetic behavior, but the ac-susceptibility 
at 60 mK indicates a peak at Hm = 6 kOe in YbCo2Zn20. 
Here, it is noted that the metamagnetic field is almost tem-
perature-independent below Tχmax: Hm = 97 kOe at 1.3 K 
and 100 kOe at 4 K in YbIr2Zn20, for example. In 
YbCo2Zn20, we also observed the metamagnetic behavior 
below Tχmax = 0.32 K, as shown in Fig. 89,a. Interesting is a 
magnetic phase diagram in Fig. 89,b, which is very similar 
to the phase diagram of CeRu2Si2 shown in Fig. 78. Name-
ly, the specific heat coefficient C/T of YbCo2Zn20 has a 

Fig. 86. Crystal strucutre of YbIr2Zn20, where Yb atoms form the
diamond structure (a). Caged structure in YbIr2Zn20 (b). 
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YbCu2Si2 for H ∥ [100]. The data above 2 K were measured by 
SQUID magnetometer, and the data below 1 K for YbCo2Zn20
were obtained by the ac-susceptibility measurement, cited from 
Ref. 123. 
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two-peak structure in the field dependence, as shown in 
Fig. 79 for CeRu2Si2. Such two-peak structure in C/T is not 
observed in YbIr2Zn20 and YbRh2Zn20. 

The metamagnetic behavior thus appears at Hm below 
Tχmax. The present results are summarized in Fig. 90, rep-
resenting a relation between Tχmax and Hm in several Ce, 
Yb, and U compounds: Hm (kOe) = 15Tχmax (K). This rela-
tion corresponds to μBHm = kBTχmax [123,136]. 

We studied the metamagnetic behavior of YbIr2Zn20 
via the dHvA experiment. Figure 91 shows the magnetic 
field dependence of dHvA frequency named branch β and 
cyclotron mass, together with the A  value in the electrical 

Fig. 88. Magnetization curves at 1.3 K in YbT2Zn20 (T: Co, Rh, Ir).
Inset shows the field dependence of the ac-susceptibility at
60 mK in YbCo2Zn20, cited from Ref. 123. 
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resistivity ρ = ρ0 + AT2  under magnetic field, for H ∥ 〈100〉. 
The dHvA frequency is approximately unchanged above 
and below Hm = 97 kOe, which is highly different from the 
result of CeRu2Si2 shown in Fig. 75. The cyclotron mass 
of branch β (F = 1.1·107 Oe), however, has a maximum 
around Hm, following a field dependence of A , which is 
the same result of CeRu2Si2 shown in Fig. 75. 

We measured the magnetoresistance at 0.1 K under se-
veral pressures for YbIr2Zn20. With increasing pressure, 
the metamagnetic field Hm = 97 kOe at ambient pressure, 
shown by an arrow, shifts to lower magnetic fields and be-
comes zero at Pc ≃ 5.2,GPa [135], as shown in Fig. 92. It 
is remarkable that a shoulder-like feature of metamagnetic 
behavior at 0 and 1.2 GPa is changed into a sharp peak at 
higher pressures. The present peak, associated with the me-
tamagnetic behavior, is a guiding parameter to reach the 
quantum critical point: P → Pc for Hm → 0, as shown in 
Fig. 93,a. Here, the A value is extremely enhanced with in-
creasing pressure and has a maximum at Pc ≃ 5.2 GPa, 
with A = 380 μΩ·cm/K2 at 5.0 GPa, as shown in Fig. 93,b. 

The relation between A and γ is known as the Kadowa-
ki–Woods plot [137]. The A and γ values in YbT2Zn20 
(T: Co, Rh, Ir) is found to belong to the generalized Kado-
waki–Woods relation for N = 4, as shown in Fig. 94 [132, 
138,139]. The value of A = 380 μΩ·cm/K2 at 0 kOe under 
5.0 GPa exceeds γ = 10 J/(K2·mol) if we follow this relation. 
An extremely heavy fermion state is realized in YbIr2Zn20 

Fig. 92. Transverse magnetoresistance in the pressure region
from ambient pressure to 3.4 GPa (a) and from 4.1 to 5.5 GPa in
YbIr2Zn20 (b), cited from Ref. 135. Arrows indicate the meta-
magnetic transition. 
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under pressure. Surprisingly YbCo2Zn20 is very close to 
this state: A = 160 μΩ·cm/K2 and γ = 8·103 mJ/(K2·mol). 

We also measured the temperature dependence of the 
electrical resistivity below 0.8 K under magnetic fields and 
pressures. The Fermi liquid relation of ρ = ρ0 + AT2  is sa-
tisfied in these experimental conditions, and the obtained A 
value is shown in Fig. 95,a as a function of magnetic field. 
A broad peak at Hm = 97 kOe at ambient pressure in the A 
value is changed into a distinct peak at 2.2 and 3.4 GPa, 

together with an anomalous enhancement of A value at 
higher pressures: A = 380 μΩ·cm/K2 at 0 kOe under 
5.0 GPa, as mentioned above, which is strongly reduced 
with increasing magnetic field: A = 1.45 μΩ·cm/K2 at 
80 kOe under 5.0 GPa. 

We studied the relation between A  and the cyclotron 
effective mass *cm  obtained from the dHvA experiment for 
YbIr2Zn20 [135]. Figure 95,b shows the field dependence of 
the cyclotron mass for the dHvA frequency F = 1.1·107 Oe in 
the magnetic field H ∥ 〈100〉 at ambient pressure, as shown 
by open squares, revealing from 10 m0 to 20 m0. The cyc-
lotron mass increases slightly with increasing magnetic 
fields up to Hm, but decreases gradually in much higher 
fields. The cyclotron mass well correlates with the A  
value at 0 GPa against the magnetic field, shown by solid 
circles. From the experimental results of A  at 0 and 
5.0 GPa in Fig. 95,b, we can estimate the cyclotron mass at 
0 kOe to be about 450 m0 at 5.0 GPa, revealing an extre-
mely large cyclotron mass. In other words, a strong field 
quenching of the cyclotron mass is expected to occur at 
high magnetic fields in YbIr2Zn20 at 5.0 GPa. 

The similar results are obtained in YbCo2Zn20 at am-
bient pressure. Figure 96 shows the FFT spectrum for 
H ∥ 〈100〉 in YbCo2Zn20. The dHvA frequency is in the 
range 1·106–4·107 Oe. From the size of the small Brillouin 
zone, these dHvA branches correspond to main Fermi sur-
faces [131]. The cyclotron effective mass is found to be 
highly field-dependent, decreasing steeply with increasing 

Fig. 95. Field dependence of the A value under several pressures
(0–5.5 GPa) (a), and the A  values under 0 and 5.0 GPa (b),
shown by circles, and cyclotron effective mass *cm  at 0 GPa,
shown by open squares in YbIr2Zn20, cited from Ref. 135. 

Fig. 96. FFT spectrum for H ∥ 〈100〉 in YbCo2Zn20, cited from
Ref. 134. 

Fig. 97. Magnetic field dependence of the A  value for J ∥ H ∥ 〈100〉, shown by squares, together with the field dependence of
the cyclotron effective mass *cm , shown by closed circles for H ∥ 〈100〉 in YbCo2Zn20, for F, Oe: 3.15·107 (a), 1.15·107 (b), and
0.45·107 (c), cited from Ref. 123. Solid lines connecting the data are guide lines. 
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magnetic field. Figures 97,a,b,c show the field dependence 
of the cyclotron mass for the dHvA frequency F = 
= 3.15·107, 1.15·107, and 0.45·107 Oe, respectively, to-
gether with the A  value obtained from the electrical re-
sistivity under magnetic field. 

Following the Fermi liquid relation, the A  value well 
correlates with the cyclotron effective mass. The cyclotron 
mass at 0 kOe is thus estimated to be 150, 500, and 110 m0, 
respectively. The present experimental results indicate, 
however, that the super-heavy effective masses at 0 kOe 
are quenched, or strongly reduced in high magnetic fields. 

6.4. Field-induced ferroquadrupolar ordering in PrCu2 

The quadrupolar interaction is of basic importance in 
the f-electron magnetism as well as the magnetic interac-
tions such as the RKKY interaction and the many-body 
Kondo effect. The quadrupole moment is obtained from 
the electrostatic energy: 

3

2

,0

( ) ( )

1
(0) ...

2j jk
j j kj j k

r V r d r

V V
ZeV P Q

x x x

ρ= =

⎛ ⎞ ⎛ ⎞∂ ∂
= + + +⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠

∫

∑ ∑

H

, (16) 

 3( )Ze r d rρ= ∫ , (17) 

 3( )j jP r x d rρ= ∫ , (18) 

 3( )jk j kQ r x x d rρ= ∫ , (19) 

where ( )rρ  is the charge distribution of the f-electrons in 
the rare earth and uranium compounds, V(r) is the electrosta-
tic potential, Ze is the charge of the f-electrons, Pj is a dipole 
term and Qjk is a quadrupole term. The independent terms 
in xjxk of Eq. (19) are the following five: 2 2 22z x y− − , 

2 2x y− , xy, yz and zx. These are converted into the quad-
rupole moments 2 2 2 0

2(2 )/ 3z x yJ J J O− − = , 2 2 2
2x yJ J O− = , 

x y y x xyJ J J J O+ = , y z z y yzJ J J J O+ =  and z x x z zxJ J J J O+ = , 
respectively, as shown in Fig. 98. 

The quadrupole moment OΓγ  couples to the strain Γγε  
and distorts the crystal. For example, the cubic structure in 
CeAg is changed into a tetragonal structure when 0

2O  be-
comes the order parameter below 16 K [140]. This is because 

0
2O  couples to the strain εu, which brings about expansion 

along the z-axis and shrinkage along the x-and y-axes. 
In the following we discuss the metamagnetic transition 

based on the quadrupolar interaction 0
2O〈 〉

 
in PrCu2 [141–

143]. The crystal structure of PrCu2 is orthorhombic. This 
can be viewed as a distorted hexagonal AlB2 type struc-
ture, as shown in Fig. 99,a. PrCu2 is a van Vleck paramag-
netic compound in which the quadrupolar interaction plays 
an important role in the magnetic behavior. 

Figure 100 shows the magnetization curves at 15 K for 
three principal axes. The c-axis magnetization Mc is the 
hard-axis magnetization, while Ma corresponds to the easy-
axis magnetization. Both magnetizations should show al-
most the same curves if PrCu2 forms the hexagonal struc-
ture, but they indicate highly different behavior. This is due 
to the CEF effect based on the orthorhombic symmetry. 

Fig. 98. Schematic view of the quadrupole moments. 
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Mc shows a metamagnetic transition at Hc = 200 kOe 
and reaches the a-axis magnetization Ma at higher fields. 
In fact it shows the Ma-curve with decreasing magnetic 
field, showing a large hysteresis. On increasing the field 
again, Mc is changed into Ma. This metamagnetic transition 
thus brings about the conversion between the hard c-and 
easy a-axis magnetizations. To elucidate this metamagnetic 
transition, we show in Fig. 100 the calculated magnetiza-
tions (broken lines) based on the CEF effect. We also note 

that the critical field for this metamagnetic transition in-
creases with increasing temperature, from 80–90 kOe at 
1.3–4.2 K to 320 kOe at 50 K, as shown in Fig. 101. 

The present metamagnetic transition is also observed in 
the electrical resistivity, magnetostriction and dHvA exper-
iments [141,142]. Figure 102 shows the corresponding 
magnetostriction curves. First, the magnetic field was ap-
plied along the c-axis, as shown by open circles in 
Fig. 102,a. The magnetostriction εc along the c-axis steeply 
increases at 90 kOe by about 0.5% and then increases 
smoothly up to 140 kOe; see the processes (1) and (2) in 
Fig. 102,a. On decreasing the field, the magnetostriction 
decreases slightly, showing a large hysteresis. A large re-
sidual strain of 0.5% remains in the sample. 

Next we rotated the sample by 90° and applied the field 
along the a-axis. The magnetostriction initially decreases 
monotonically and shows a step-like decrease at 90 kOe, 
as shown by the processes (2) and ( )1′ . The strain in the 
sample, which is brought about by the metamagnetic tran-
sition in the field along the c-axis, is released by applying 
the field along the a-axis. We note that there is no such a 
metamagnetic transition if we first apply the field along the 
a-axis. 

A similar metamagnetic transition was obtained for the 
magnetostriction εa, as shown in Fig. 102,b. The magne-
tostriction in the field along the c-axis steeply decreases 
at 60 kOe, as shown by the processes (1) and (2) in 
Fig. 102,b. The strain reaches up to 

−

2.7% at 140 kOe. The 
residual strain at 0 kOe is −1.5%. The strain is released by 
applying the field along the a-axis, as shown by the pro-
cesses (2) and ( )1′  in Fig 102,b, although the residual 

Fig. 100. Magnetization curves of PrCu2. Thick lines, open cir-
cles and dotted lines show the pulse-field experimental curves,
SQUID magnetometer data and CEF calculated curves, respec-
tively, cited from Ref. 143. 
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strain does not recover completely at 0 kOe, retaining a 
residual value of −0.4%. 

The present metamagnetic transition is closely related 
to the distortion in the ac-plane. Namely, the magneto-
striction along the c-axis, εc, is increased and the corres-
ponding εa is decreased in magnitude. The strain relation 
of expansion along the c-axis and shrinkage along the a-
axis corresponds to εv in Fig. 99,c. Therefore, the quadru-
polar operator in this system is 0

2O , as shown in Fig. 99,b. 
The dHvA effect is a powerful method to detect the 

metamagnetic transition via the electron scattering [142]. 
Figure 103 shows the dHvA oscillations for the field along 
the a-axis. When we first apply the magnetic field along 
the a-axis, there is no appreciable change in oscillation, 
showing a reversible oscillation, as shown in Fig. 103,a. 
On the other hand, the dHvA oscillation is extremely re-
duced in amplitude after the metamagnetic transition, as 
shown in Fig. 103,b, corresponding to the process (2) in 
the left-side figure of Fig. 102,a. As shown in Fig. 103,b, 
the dHvA oscillation is completely recovered after the 
metamagnetic transition, i.e. at fields higher than 74 kOe. 
The corresponding dHvA oscillation is again reversible 
against the magnetic field, as shown in Fig. 103,c. 

We explain the present metamagnetic transition on the 
basis of the quadrupolar interaction 0

2O〈 〉 . First, we calcu-
lated the magnetic susceptibility in the temperature range 
from about 8 K to room temperature, and determined the 
CEF parameters and the coupling constant KM in order to 
reproduce the susceptibility data and the metamagnetic 
field transition field on the basis of the following Hamilto-
nian: 

 2 2
Zeeman 2 2CEF MK O O= + − 〈 〉H H H . (20) 

Figure 104,a shows the calculated magnetization curves at 
10 and 30 K, where KM is obtained as 0.3. Here, the mag-
netization Mα (α = x, y, z) can be calculated by the follow-
ing formula: 

 e| | | |
e

n

n

E

J B E
n

n

M g n J n
β

α α βμ
−

−= 〈 〉∑ ∑
, (21) 

where the eigenvalue En and the eigenfunction |n〉 are de-
termined by diagonalizing the total Hamiltonian in Eq. (20). 
We note that the x-, y- and z-axes correspond to the c-, a-
and b-axes, as shown in Fig. 99,b. These calculated results 
are approximately consistent with the experimental data 
given in Fig. 104,b. 

Here we note that the metamagnetic transition occurs 
when the sign of 2

2O〈 〉  changes from negative to positive, 
as shown in Fig. 105. There are three solutions at zero field 
for 2

2O〈 〉 . The ground state possesses the lowest value as 
indicated by (1) in Fig. 105. The present metamagnetic 
transition corresponds to the process from (1) to (2). We 
can say that the present metamagnetic transition corre-
sponds to field-induced ferroquadrupolar ordering. 

The metamagnetic transition based on the same quadru-
polar interaction is observed in the other compounds: 
CeCu2, DyCu2 and TbCu2 [144–146]. Fig. 103. dHvA oscillations of PrCu2, cited from Ref. 142. Note

that the magnetic field in the left-hand side is larger than that in
the right-hand side. 
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7. Change of Fermi surface properties in quantum 
critical point 

The electronic states in Ce, Yb and U compounds can 
be tuned by applying pressure P and/or magnetic field H. 
The Néel temperature in the Ce compounds becomes a 
guiding parameter to tune the electronic state under pres-
sure. The quantum critical point is therefore defined as the 
electronic state at which the Néel temperature becomes 
zero at the critical pressure Pc: TN → 0 at P → Pc. We will 
present the Fermi surface properties as a function of pres-
sure, especially at Pc, for three typical antiferromagnets of 
CeRh2Si2, CeIn3 and CeRhIn5. 

7.1. Pressure-induced superconductivity in CeRh2Si2 
based on conduction electrons with the relatively large 

cyclotron mass 

CeRh2Si2 crystallizes in a tetragonal ThCr2Si2-type 
structure and orders antiferromagnetically below the Néel 
temperature TN = 36 K at ambient pressure. The magnetic 
structure was investigated by neutron diffraction measure-
ments [147], as shown in Fig. 106. Below TN, the propaga-

tion vector is q1 = (1/2, 1/2, 0), and the magnetic moment 
is oriented along the [001] direction. Furthermore, the 
magnetic structure changes to the 4q structure with two 
propagation vectors q1 and q2 = (1/2, 1/2, 1/2) below NT =′
= 25 K. The magnitude of the ordered moment μs is 
1.42 μB at the corner Ce site of the tetragonal structure and 
1.34 μB at the body-centered Ce site. The present magnetic 
structure is clearly reflected in the temperature dependence 
of the magnetic susceptibility, indicating an easy-axis of mag-
netization along [001], as shown in Fig. 107,a. The magne-
tic phase diagram for H ∥ [001] is also shown in Fig. 107,b 
[148]. 

When pressure is applied to CeRh2Si2, the Néel tempera-
ture NT  = 36 K and the magnetic transition temperature 

NT ′  are reduced to 0 K at Pc ≃ 1.06 GPa and cP′  ≃ ≃ 0.6 GPa, respectively, as shown in Fig. 108. Note that 
the ordered moment is also reduced with increasing pres-
sure [147], as shown by triangles in Fig. 108. The value of 
the superconducting transition temperature Tsc, which is 
shown in Fig. 108 as a function of pressure, is enlarged by 
a factor of ten compared with those of NT  and NT ′ . Super-
conductivity is observed around Pc ≃ 1.06 GPa. 

The low-temperature resistivity under pressure follows 
the Fermi liquid form of ρ = ρ0 + AT2  [149]. Figure 109 
shows the T2  dependence of the electrical resistivity under 
several constant pressures. Note that the T2  dependence is 
satisfied even at around Pc [150,151]. 

Fig. 105. Field dependence of the calculated quadrupole moment
2
2O〈 〉  in PrCu2, cited from Ref. 141. 
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Figure 110 shows the pressure dependence of A and ρ0. 
The A value has a maximum at 1.0 GPa, very close to Pc. The 
residual resistivity ρ0 also has a small anomaly around Pc. 

The specific heat measurement under pressure indicated 
that the electronic specific heat coefficient γ increases al-
most linearly with increasing pressure from 23 mJ/(K2·mol) 
at ambient pressure to about 80 mJ/(K2·mol) at Pc [152]. 
Above Pc, the γ value decreases slightly with increasing 
pressure. The γ value is found to correlate well with A . 

Superconductivity in CeRh2Si2 was first discovered by 
Movshovich et al. for a polycrystal sample [153]. The tran-

sition temperature, determined from the onset of the resis-
tivity drop, was Tsc = 0.35 K, at which superconductivity 
appeared in the pressure range from 0.6 to 1.6 GPa. Figu-
re 111 shows the low-temperature resistivity for a high-
quality single crystal sample with ρ0 = 0.75 μΩ·cm and 

0/  RTρ ρ = 100 [149]. An indication of superconductivity 
appears in the pressure region from 0.97 to 1.20 GPa, 
which is shown in Fig. 108 as a gray region. As shown in 
Fig. 111, the resistivity at P = 1.01 and 1.16 GPa decreases 
rapidly with decreasing temperature below 0.5 K. Zero 

Fig. 108. Pressure dependence of NT , NT ′ , and scT , shown by
open circles, open squares and closed circles, respectively, in
CeRh2Si2. scT  is enlarged by ten times compared with NT  and

NT ′ . The ordered moment sμ  is shown by triangles. The data on
NT ′  and sμ  are cited from Ref. 147. 
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resistivity, however, is not attained. The zero resistivity is 
observed in an extremely narrow pressure region around 
Pc, which is shown in Fig. 108 as a dark-gray region. 
Namely, the resistivity at P = 1.05 and 1.06 GPa decreases 
steeply below 0.5 K and reaches zero at 0.42 K. Note that 
the onset temperature of superconductivity is 0.4–0.5 K in 
the pressure region from 0.97 to 1.20 GPa, but the zero 
resistivity is attained in the pressure region from 1.03 to 
1.08 GPa. This implies that homogeneous bulk-supercon-
ductivity is realized in an extremely narrow pressure re-
gion around Pc ≃ 1.06 GPa. 

Figure 112 shows the temperature dependence of the 
upper critical field Hc2. The solid line connecting the data 
in Fig. 112 is a visual guide. The coherence length ξ is 
simply estimated as 340 Å from a relation of Hc2 = 
= φ0/2πξ2 : Hc2(0) = 2.8 kOe, where φ0 is a quantum fluxo-
id. Note that the mean free path for the present sample is 
estimated from the dHvA experiment as about 1000 Å 
around Pc ≃1.06 GPa. This indicates that the present sam-
ple is close to the clean limit. 

The dHvA experiment was carried out under pressure 
[154,155]. Figures 113,a and 113,b show the dHvA oscil-

lation and its FFT spectrum at ambient pressure and 
1.29 GPa, respectively. 

The angular dependence of the dHvA branches at ambi-
ent pressure in CeRh2Si2 is approximately explained by the 
Fermi surfaces of a non-4f reference compound LaRh2Si2, 
as shown in Fig. 114,a. This is because the 4f electron in 
CeRh2Si2 is localized, as mentioned above; thus, the 4f elec-
tron does not significantly contribute to the Fermi surface. 
These detected dHvA branches are formed by the conduc-
tion electrons which break through the antiferromagnetic 
Brillouin zone boundary and circulate around the original 
paramagnetic Fermi surface and/or correspond to Fermi 
surfaces, which are not affected by antiferromagnetic order-
ing. Antiferromagnetic ordering, however, changes the to-
pology of the Fermi surface. This might be approximated by 
a band-folding procedure, where the paramagnetic Fermi 
surface is folded into a small Brillouin zone based on a large 
magnetic unit cell. The magnetic structure in the ground 
state is the 4q structure shown in Fig. 106. The magnetic 
unit cell is eight times larger than the chemical unit cell. 
Correspondingly, the Brillouin zone of CeRh2Si2 in the anti-
ferromagnetic state is reduced to one-eighth of the size of 
that in the paramagnetic state. It is supposed that dHvA 
branches such as κ, which are relatively small in dHvA fre-
quency, are thus formed by magnetic ordering. Because the 
dHvA data are usually obtained over a wide field range from 
a low field of 25 kOe to a high field of 170 kOe to construct 
the angular dependence of the dHvA frequency, the experi-
mentally obtained Fermi surfaces consist of the Fermi sur-
faces in the paramagnetic state and many kinds of small 
Fermi surfaces produced in the antiferromagnetic state. 
These are also applicable to the dHvA data in the antiferro-
magnets of CeIn3 and CeRhIn5 shown later. 

Figures 113,c and 113,d indicate the dHvA oscillation 
and its FFT spectrum at 1.29 GPa, namely, in the para-
magnetic state. New branches named A, B, and C appear, 
which are convincingly explained by the 4f-itinerant Fermi 
surfaces shown in Fig. 114,b. 

The pressure dependence of the dHvA frequency up to 
1.54 GPa is plotted in Fig. 115,a. The dHvA branches at 
ambient pressure, which are identified from the 4f-
localized band model, namely, the Fermi surfaces of 
LaRh2Si2, are slightly changed at cP′ ≃ 0.6 GPa. Branches 
o, κ, and ζ disappear completely and new branches named 
p, q, and r appear above cP′ ≃ 0.6 GPa. This is because the 
magnetic structure changes from the 4q structure to the q1 
structure at cP′ ≃ 0.6 GPa, as mentioned above. Branches d 
and π are, however, unchanged for pressure up to Pc. Note 
that branches d and π are found at 1.03 GPa, while at 
1.08 GPa they disappear completely and a new branch 
named A appears. With further increasing pressure, two 
branches named B and C are also detected. These three 
branches named A, B and C are clearly identified by the 4f-
itinerant band model, as shown in Fig. 114,b, the detected 
dHvA frequency is 8.03·107 Oe (the corresponding theore-

Fig. 112. Temperature dependence of 2cH  at 1.06 GPa in CeRh2Si2,
cited from Ref. 149. 
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Fig. 113. dHvA oscillation (a) and its FFT spectrum at ambient pres-
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CeRh2Si2, cited from Refs. 154, 155. 
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tical dHvA frequency is 9.21·107 Oe) for branch C, 
5.80·107 Oe (4.65·107 Oe) for branch A, and 4.10·107 Oe 
(3.43·107 Oe) for branch B. The Fermi surface of CeRh2Si2 
in Fig. 114,b has one more electron per primitive cell com-
pared with the Fermi surface in LaRh2Si2 in Fig. 114,a, 
based on the itinerant electron model for the 4f electron. 
The 4f electronic state above Pc in CeRh2Si2 is similar to 
those of CeSn3, and CeRu2Si2 mentioned above. 

The cyclotron mass shown in Fig. 115,b increases with 
increasing pressure, reaching 28 m0 at 1.03 GPa for branch 
d, which is four to five times larger than that at ambient 
pressure. Above Pc, the cyclotron masses of branches A, B, 

and C are large, ranging from 24 to 34 m0. The cyclotron 
masses are about four times larger than the corresponding 
band masses. The mass enhancement */c bm m  ≃ 4 is con-
sistent with the enhancement of the electronic specific heat 
coefficient γ/γb = 4.4, where γ = 80 mJ/(K2·mol) at 1.3 GPa 
[152] and γb = 18 mJ/(K2·mol). 

From these experimental results, it is thus concluded 
that the detected dHvA frequencies clearly change at Pc ≃ ≃ 1.06 GPa, implying a first-order phase transition. This 
indicates a discontinuous change in the Fermi surface from 
4f-localized to itinerant at Pc, although the Fermi liquid 
nature holds even at Pc. 

Fig. 114. Theoretical Fermi surfaces in LaRh2Si2 (a) and 4f-itinerant CeRh2Si2 (b), cited from Refs. 154, 155. 
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7.2. Pressure-induced heavy fermion superconductivity 
in CeIn3 

Superconductivity in CeIn3, which was mentioned in 
Chap. 3, was also realized under pressure [14]. With in-
creasing pressure, the Néel temperature decreases and 
reaches zero at a critical pressure of around Pc ≃ 2.6 GPa, 
in which the narrow pressure region superconductivity 
appears below Tsc = 0.21 K [14,38], as shown in Fig. 116. 

The Fermi surface of the antiferromagnet CeIn3 is similar 
to that of LaIn3, although the Fermi surface is modified by 
the antiferromagnetic Brillouin zone boundaries [45]. The 
antiferromagnetic Brillouin zone in CeIn3 is the same as that 
for the face-centered cubic structure. The R point is reduced 
to the Γ point in this Brillouin zone. The Fermi surface of 
LaIn3 consists of two sheets of bands 6 and 7, as shown 
again in Figs. 117,a and 117,b, respectively [38,39]. The 
band 7-electron Fermi surface named a is essentially a 
sphere centered at the R point. The band 6-hole Fermi sur-
face looks complex and possesses the same volume as the 
band 7-electron Fermi surface, indicating that LaIn3 is a 
compensated metal. An inner orbit circulating along the hole 
Fermi surface, denoted by d, is electron in dispersion and is 
spherical in topology but possesses slender arms along the 〈111〉 direction, as in the Fermi surface of copper. The pre-
sent small electron Fermi surface denoted by d becomes a 
closed Fermi surface in a similar non-4f reference compound 

LuIn3 [49], as shown in Fig. 117,c′, where the main Fermi 
surfaces in LuIn3 are shown in Figs. 117,c,d. 

In CeIn3, the detected dHvA branch named d is very 
close to that of LaIn3 or LuIn3. The dHvA branch d in 
CeIn3 is, however, observed in the whole angle region, as 
shown in Fig. 21, and possesses no arms, indicating that 

Fig. 116. Phase diagram for the Néel temperature TN and the super-
conducting transition temperature Tsc in CeIn3, cited from Ref. 38. 
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the Fermi surface is a closed spherical Fermi surface as in 
LuIn3. The cyclotron mass *cm  of branch d is highly aniso-
tropic regarding the magnetic field direction: *cm  = 2−3 m0 
for the 〈100〉 direction and 12−16 m0 for 〈110〉, as men-
tioned in Chap. 3 [45,51]. Moreover, two kinds of branches 
named d and d′ are observed only for H ∥ 〈111〉: *cm  = 3 m0 
for branch d and *cm  = 13 m0 for branch d′, compared with 

*cm  = 0.37 m0 for branch d in LaIn3. The large spherical 
Fermi surface centered at the R point, which is observed in 
LaIn3, is not observed in CeIn3. This is due to the influ-
ence of the band folding based on the antiferromagnetic 
ordering, as discussed by Biasini et al. [156], whereas 
branch d is not significantly influenced by the antiferro-
magnetic Brillouin zone except for the disappearance of 
the arms, because this Fermi surface is small in volume 
and centered at Γ. The cyclotron mass is strongly enhanced 
in CeIn3. This is reflected in the electronic specific heat 
coefficient γ: γ = 150 mJ/(K2·mol) in CeIn3 and 
7.2 mJ/(K2·mol) in LaIn3 [38]. 

The dHvA experiment was performed at ambient pres-
sure and also under pressures up to 3GPa [38,157]. Figure 
118 shows the pressure dependence of the dHvA frequency 
F and its cyclotron effective mass *cm  for the magnetic 
field along the principal axes H ∥ 〈100〉, 〈110〉, and 〈111〉. 
The dHvA frequency and the cyclotron mass for branch d 
increase slightly with increasing pressure: F = 3.22·107 Oe 
( *cm  = 2.9 m0) at ambient pressure and 3.56·107 Oe (4.4 m0) 
at 2.4 GPa for H ∥ 〈100〉, as shown in Figs. 118,a and 
118,a′. Similar pressure dependences of the dHvA frequen-
cy and the cyclotron mass are also observed for H ∥ 〈110〉: 
F = 3.60·107 Oe ( *cm  = 17 m0) at ambient pressure and F = 

= 4.0·107 Oe (21 m0) at 2.4 GPa, as shown in Figs. 118,b 
and 118,b′. Here, note that the cyclotron mass of branch 
d  is strongly enhanced for H ∥ 〈110〉 compared with 
H ∥ 〈100〉, although the dHvA frequency is almost the 
same as that for H ∥ 〈100〉. Branch d splits into two 
branches d and d′ for H ∥ 〈111〉, as shown in Fig. 118,c. 
Branch d′, which is observed for H ∥ 〈111〉, is considered 
to be due to the shape of the spherical Fermi surface with 
humps along the 〈111〉 direction as in LuIn3, as mentio-
ned above. The cyclotron mass of branch d for H ∥ 〈111〉 is 
3.0 m0 at ambient pressure and 7 m0 at 2.4 GPa. On the 
other hand, branch d′ for H ∥ 〈111〉 possesses a relatively 
large cyclotron mass: 10 m0 at ambient pressure and 14 m0 
at 2.4 GPa. A new branch shown by reverse triangles ap-
pears near branch d at 2.86 and 2.90 GPa for H ∥ 〈100〉 and 
at 2.60 GPa for H ∥ 〈110〉. 

Interestingly, branch a appears abruptly above 2.7 GPa, 
where the Néel temperature reaches zero and the antiferro-
magnetic state disappears completely. The appearance of 
branch a indicates that CeIn3 is paramagnetic above 
2.7 GPa. It is very important to elucidate the origin of 
branch a in order to clarify the 4f electron character above 
Pc. Also note that the cyclotron mass of branch a is extreme-
ly large: *cm  ≃ 60 m0 for H ∥ 〈100〉. Considering the cyclo-
tron effective mass *cm  = 0.57 m0 of branch a [39] and the 
electronic specific heat coefficient γ = 7.2 mJ/(K2·mol) in 
LaIn3, an extremely large value γ ≃ 1000 mJ/(K2·mol) is 
realized in CeIn3 around Pc, where the γ value in CeIn3 at 
ambient pressure is 150 mJ/(K2·mol), as mentioned above. 

The strongly enhanced cyclotron mass of branch a de-
creases with increasing pressure, as shown in Fig. 118,a′. 

Fig. 118. Pressure dependence of the dHvA frequency and its cyclotron effective mass in CeIn3 for the magnetic field along the princi-
pal axes H ∥ 〈100〉, 〈110〉, and 〈111〉, cited from Ref. 38. Open circles, triangles, and squares indicate branches d, d′, and a, respectively. 
A new branch indicated by reverse triangles appears at 2.86 and 2.90 GPa for H ∥ 〈100〉 and at 2.60 GPa for H ∥ 〈110〉. 
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The reduction of the cyclotron mass with increasing pres-
sure is a characteristic feature of the heavy fermion state. 

A new dHvA branch named a was observed above 
2.7 GPa, which corresponds to a main Fermi surface, jud-
ging from the large value of dHvA frequency. The abrupt 
appearance of branch a implies that the electronic state in 
CeIn3 is changed at high pressures and correspondingly the 
antiferromagnetic state is changed into the paramagnetic 
state. The paramagnetic state under the magnetic field 
might be realized not only by a change in the character of 
the 4f electronic state by applying pressure, but also by a 
metamagnetic transition from the antiferromagnetic state to 
the field-induced ferromagnetic (or paramagnetic) state. At 
ambient pressure, no metamagnetic transition was ob-
served for the magnetic fields of up to 400 kOe. In order to 
consider a possibility of the metamagnetic transition under 
pressure, a magnetic phase diagram under pressure was 
constructed from the temperature dependence of the ac 
susceptibility. The ac susceptibility was measured using 
the same experimental setup as that for the dHvA experi-
ment. The antiferromagnetic ordering reflected in the ac 
susceptibility was observed up to 2.56 GPa, but was not 
seen above 2.63 GPa. Therefore, the critical pressure Pc of 
CeIn3 is between 2.56 and 2.63 GPa, namely, Pc ≃ ≃ 2.6 GPa. From these experiments, the phase diagram 
for the Néel temperature was constructed, as shown in 
Fig. 119, at 2.20 and 2.56 GPa. The antiferromagnetic state 
is robust to the magnetic field even slightly below the criti-
cal pressure, namely, 2.56 GPa. Note that no metamagnetic 
transition was observed in the present dHvA measure-
ments. From these experimental results, it is concluded that 
the present experiments below Pc ≃ 2.6 GPa under mag-
netic fields were performed in the antiferromagnetic state, 
and the appearance of branch a is not due to the change 
from the antiferromagnetic state to the field-induced fer-
romagnetic (or paramagnetic) state but due to the change in 
the 4f electronic state. 

A large spherical Fermi surface named a also exists in 
4f-itinerant CeIn3. Figure 117,e shows the band 7-electron 
Fermi surface based on the 4f-itinerant band model [158]. 
The theoretical dHvA frequency of branch a in CeIn3 is 
8.82·107 Oe for the 4f-itinerant band model for H ∥ 〈100〉, 
while it is F = 6.84·107 Oe for LaIn3. The Fermi surface of 
branch a in CeIn3 on the basis of the 4f-itinerant model is 
larger than that in LaIn3 or the 4f-localized model, because 
the 4f electron considerably contribute to a conduction 
electron. Namely, the band 6-hole Fermi surface in LaIn3 
is completely occupied by the electron, and the band 7-
electron Fermi surface in LaIn3 is changed into an enlarged 
spherical Fermi surface centered at R in the 4f-itinerant 
CeIn3, although a complicated multiply connected electron 
Fermi surface centered at Γ appears in the band 7-electron 
Fermi surface of the 4f-itinerant CeIn3. Branches a and d 
are similar in shape for LaIn3 and the 4f-itinerant CeIn3. 
Therefore, the volume of the main Fermi surface a is very 
important for determining the character of the 4f electron 
in CeIn3. The experimentally obtained dHvA frequency of 
9.39·107 Oe for H ∥ 〈100〉 at 2.7 GPa in CeIn3 is close to 
F = 8.82·107 Oe in the 4f-itinerant model, although the 
experimental result is larger than the theoretical value. It is 
important that the volume of the spherical Fermi surface of 
branch a in CeIn3 above Pc ≃ 2.6 GPa is larger than that in 
LaIn3, as shown in Fig. 120. This enlarged spherical Fermi 
surface in CeIn3 indicates that the 4f electron is itinerant 
and contributes to the Fermi surface. 

It is interesting to compare the dHvA data of CeIn3 un-
der P = 2.7 GPa with those of ThIn3 because the number of 
valence electrons is the same between two compounds 
[59]. ThIn3, with the tetravalent electrons (6d27s2) of tho-
rium, is a good candidate for investigating the topology of 
the 4f-itinerant Fermi surface in CeIn3, which has tetrava-
lent electrons (4f15d16s2) of cerium. The dHvA frequency 
of the main Fermi surface a in ThIn3 is very close to that of 
CeIn3 at 2.7 GPa, as shown in Fig. 120,b. This result also 

Fig. 119. Magnetic phase diagram for the paramagnetic (Para) and
antiferromagnetic (AF) phases at 2.20 and 2.56 GPa for H ∥ 〈111〉 in
CeIn3, cited from Ref. 38. 
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supports the existence of a 4f-itinerant Fermi surface in 
CeIn3 above Pc. These dHvA experiments under pressure 
indicate that a change of electronic states at Pc is of the 
first-order. 

Superconductivity was observed in the pressure range 
from 2.50 to 2.81 GPa. Note that the change in the ac sus-
ceptibility at the superconducting transition in CeIn3 is 
almost the same magnitude as that at the superconducting 
transition of aluminum with the same volume, indicating 
that bulk superconductivity is realized in the narrow pres-
sure region from 2.50 to 2.81 GPa. The pressure depend-
ence of the superconducting transition temperature Tsc is 
shown by closed circles in Fig. 116, where the supercon-
ducting transition temperature is enlarged by a factor of ten 
because of a low Tsc of about 0.2 K. 

Next, the temperature dependence of upper critical field 
Hc2 was determined from the ac susceptibility measure-
ment. The superconducting transition temperature under a 
magnetic field was defined as the temperature correspond-
ing to the onset of the susceptibility drop. Figure 121 
shows the temperature dependence of Hc2 at 2.68 GPa. A 
solid curve is a visual guide based on Werthamer–Hel-
fand–Hohenberg (WHH) theory [159]. Hc2 (0) at 2.68 GPa 
is estimated as 4.4 kOe, indicating a coherence length ξ = 
= 270 Å. Heavy fermion superconductivity is realized in 
the quantum critical region of of CeIn3. 

In an 115In-NQR experiment, no coherence peak is ob-
served at Tsc, and the nuclear spin lattice relaxation rate 
1/T1 at P = 2.50 GPa has a T3  dependence below Tsc = 
= 0.19 K, indicating a line-node gap [160]. In the quantum 
critical region, the electrical resistivity does not follow the 
Fermi liquid relation ρ = ρ0 + ATn (n = 2), which indicates 
that n ≃ 1.6−1.7 [161] or 1.6±0.2 [14]. The d-wave pairing 
state is theoretically proposed on the basis of the three-
dimensional spin fluctuations near the propagation vector 
q = (1/2, 1/2, 1/2) [162]. 

7.3. Pressure-induced heavy fermion superconductivity in 
CeRhIn5 with the quasi-two dimensional electronic state 

The detected dHvA branches of CeRhIn5 are convincing-
ly explained by the result of energy band calculations for 
LaRhIn5, as described in Chap. 5. The corresponding topo-
logies of the main Fermi surfaces in CeRhIn5 are nearly 
cylindrical, and are found to be approximately the same as 
those in LaRhIn5, as shown in Fig. 122,a, indicating that 
the 4f-electron in CeRhIn5 is localized and does not con-
tribute to the Fermi surfaces [77,163,164]. 

The dHvA experiment was also carried out for CeCoIn5 
[79,165–167], as described in Chap. 5. The detected dHvA 
branches are consistent with the 4f-itinerant band model. 
The main Fermi surfaces in CeCoIn5 are also nearly cylin-
drical, as shown in Fig. 122,b. The topologies of the two 
kinds of cylindrical electron Fermi surfaces in CeCoIn5 are 
similar to those in LaRhIn5 (CeRhIn5), but the Fermi sur-
faces of CeCoIn5 are larger than those of LaRhIn5 in vol-
ume. Moreover, the band 13-hole Fermi surface in 
LaRhIn5, not shown in Fig. 122, is considerably reduced in 
volume for CeCoIn5. This is because one 4f-electron in 
each Ce site becomes a valence electron in CeCoIn5 and 
contributes to the Fermi surface. The contribution of the 4f 
electron to the density of states at the Fermi energy is abo-
ut 60%. The corresponding cyclotron masses of 5–87 m0 in 
CeCoIn5 are extremely large, reflecting a large γ value of 
1070 mJ/(K2·mol) [101,102]. 

Keeping in mind that the 4f electron is localized in the 
antiferromagnet CeRhIn5 but becomes itinerant at low 
temperatures in CeCoIn5, the dHvA experiment in 
CeRhIn5 was carried out under pressure [78]. Figures 
123,a and 123,b show the dHvA oscillation in the field 
range from 30 to 169 kOe and its FFT spectrum, respec-

Fig. 121. Temperature dependence of the upper critical field Hc2 in
CeIn3 at 2.68 GPa, cited from Ref. 38. 
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tively, at ambient pressure. Two kinds of main cylindrical 
Fermi surfaces named αi (i = 1, 2, 3) and β2 are detected. 
The dHvA frequencies F and the cyclotron effective masses 

*cm  are F = 6.13·107 Oe ( *cm  = 5.5 m0) in β2, 4.67·107 Oe 
(6.0 m0) in α1, and 3.67·107 Oe (3.5 m0) in α2,3. These dHvA 
frequencies are in good agreement with those of LaRhIn5, 
shown in Fig. 123,c: F = 6.13·107 Oe (0.73 m0) in β2, 
4.62·107 Oe (0.69 m0) in α1, 3.76·107 Oe (0.51 m0) in α2, 
and 3.56·107 Oe (0.64 m0) in α3 [77]. The mass enhance-
ment observed in CeRhIn5 is also consistent with the γ va-
lue: γ = 50−60 mJ/(K2·mol) in CeRhIn5 and 5.7 mJ/(K2·mol) 
in LaRhIn5 [77,168]. 

Next, the dHvA oscillation in the field range from 82 to 
169 kOe and its FFT spectrum at pressure P = 2.9 GPa are 
shown in Figs. 124,a and 124,b, respectively. Four kinds of 
dHvA branches are observed: F = 5.43·107 Oe ( *cm  = 23 m0) 
in α1, 4.96·107 Oe (30 m0) in α2, 4.58·107 Oe (24 m0) in c 
α3, and 1.98·107 Oe (9 m0) in branch A. The dHvA fre-
quencies of these branches are larger than those at ambient 
pressure, but are approximately the same as those of 

CeCoIn5 at ambient pressure: F = 5.56·107 Oe (15 m0) in 
α1, 4.53·107 Oe (18 m0) in α2, and 4.24·107 Oe (8.4 m0) in 
α3, as shown in Fig. 124,c [79]. The origin of branch A is 
not clear, but it is close to branch ε with F = 0.79·107 Oe in 
CeCoIn5, which was, however, not observed experimental-
ly along H ∥ [001] in CeCoIn5 [79]. Here, branch ε in 
CeCoIn5 is identified as a band 13-hole nearly spherical 
Fermi surface, not shown in Fig. 122,b. 

To elucidate a change in the Fermi surface properties un-
der pressure, the pressure dependences of the dHvA frequen-
cy and the cyclotron mass were measured, as shown in 
Figs. 125,a,b, respectively. The dHvA frequencies for the 
main dHvA branches named β2, α1 and α2,3, together with 
those for branches named a, b, and c in Fig. 125,a, are ap-
proximately unchanged up to about 2.3 GPa [78]. These 
branches, however, disappear completely at 2.35 GPa, and 
another two branches with F = 4.23·107 Oe ( *cm � 30 m0) 
and 4.03·107 Oe (20 m0) appear. Furthermore, new branches 
α3 and A appear abruptly at 2.4 GPa, which are connected 
with the branches at 2.9 GPa. 

Fig. 123. dHvA oscillation at 0 GPa in CeRhIn5 (a) and its FFT spec-
trum (b), together with the FFT spectrum in a non-4f reference com-
pound LaRhIn5 (c), cited from Ref. 78. 

Fig. 124. dHvA oscillation at 2.9 GPa in CeRhIn5 (a) and its FFT 
spectrum (b), together with the FFT spectrum in CeCoIn5 at ambient 
pressure (c), cited from Ref. 78. 
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Note that the branches at 2.35 GPa appear from 1.80 to 
2.35 GPa, which are shown by small closed circles in 
Fig. 125. The origin of these branches is unknown, but 
they might be related to the magnetic and/or electronic 
state, because at a zero field the antiferromagnetic ordering 
disappears above cP �  2.0 GPa but persists up to *cP �

2.4� GPa in magnetic fields, as mentioned above. It is 
observed from the neutron-scattering experiment that the 
helical magnetic structure and the ordered moment remain 
up to 1.63 GPa [86]. Furthermore, the present dHvA exper-
iment was carried out in high magnetic fields up to 
169 kOe. Even in these high fields, CeRhIn5 is in the anti-
ferromagnetic state at ambient pressure, because the mag-
netization for H ∥ [001] indicated neither a metamagnetic 
transition nor a saturated feature in magnetic fields of up to 
500 kOe [169]. The dHvA branches a, b, etc., which are 
not observed in LaRhIn5, are characteristic in the antiferro-
magnet CeRhIn5. These branches are observed continuous-
ly in the present measured field range even under pressures 

up to approximately *cP , indicating that an antiferromag-
netic state persists up to *cP �  2.4 GPa in the present 
dHvA experiment.  

As shown in Fig. 125,b, the cyclotron masses of the 
main branches β2 and α2,3 increase rapidly above 1.6 GPa, 
where superconductivity occurs: 5.5 m0 at ambient pres-
sure, 20 m0 at 1.6 GPa, and 60 m0 at 2.2 GPa for branch β2, 
where the cyclotron mass was determined in the field range 
from 100 to 169 kOe, namely, at an effective field Heff = 
= 126 kOe. This is approximately consistent with the pres-
sure dependence of the γ value: 50−60 mJ/(K2·mol) at am-
bient pressure and 380 mJ/(K2·mol) at 2.1 GPa [168]. On 
the other hand, the cyclotron mass of the new branch α3, 
which was observed above 2.4 GPa, decreases slightly with 
increasing pressure: about 30 m0 at 2.4 GPa and 24 m0 at 
2.9 GPa. Branch β2 was, however, not detected above 
2.4 GPa. This is mainly due to the existence of a large cy-
clotron effective mass close to 100 m0. Anyway, it is re-
markable that the pressure dependence of the cyclotron 
mass indicates a divergent tendency at *cP � 2.4 GPa. 

It has also been reported from other experiments that 
the residual resistivity ρ0 [87], and the A  value become 
maximum at *cP  [170]. 

It is concluded from the present dHvA experiment that 
the Fermi surface in CeRhIn5 under pressure is changed 
from a 4f-localized Fermi surface to a 4f-itinerant Fermi 
surface. A notable change in the Fermi surface occurs 

*cP � 2.4 GPa, revealing a first-order phase transition. 
Pressure-induced superconductivity is not related to the 
topology of the Fermi surface, but to the heavy fermion 
state, although the Fermi surface is very similar between 

*cP P<  and *cP P> . 

8. Split Fermi surfaces in the non-centrosymmetric 
crystal structure 

Recently superconductivity in the non-centrosymmetric 
crystal structure has been reported in CePt3Si [171,172] 
with the tetragonal structure (P4mm), UIr [18,173] with the 
monoclinic structure (P21), CeRhSi3 [174–176], CeIrSi3 
[23,29,177], CeCoGe3 [178,179] and CeIrGe3 [180] with 
the tetragonal BaNiSn3 type structure (I4mm). We show in 
Fig. 126 the crystal structure of CePt3Si and CeIrSi3, 
which lack inversion symmetry along the tetragonal [001] 
direction (c-axis). In CeIrSi3, the Ce atoms occupy the four 
corners and the body center of the tetragonal structure, 
similar to the well-known tetragonal CeCu2Si2 (ThCr2Si2-
type), but the Ir and Si atoms lack inversion symmetry 
along the [001] direction. 

Inversion is an essential symmetry for the formation of 
Cooper pairs. In non-centrosymmetric metals, a splitting of 
Fermi surfaces with different spins occurs, restricting the 
possible Cooper pair states which can be formed keeping 
the total momentum zero. In the case of CePt3Si, CeRhSi3, 
CeIrSi3, CeCoGe3 and CeIrGe3, split Fermi surfaces, 

Fig. 125. Pressure dependence of dHvA frequency (a) and cyclotron
mass (b) in CeRhIn5, cited from Ref. 78. 
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which are very similar to each other in topology but differ-
ent in volume, are formed due to the presence of a Rashba-
type antisymmetric spin-orbit interaction: 

· ·2
2

( ( ) )· ( )
4

so V
m c

α α ⊥= − ∇ × = × =∗ r p n p p=
σ σ σH (22) 

where α denotes the strength of the spin-orbit coupling, n 
is a unit vector derived from ( )V∇ r , which lies along the 
[001] direction (c-axis) for these compounds, and σ is the 
Pauli matrix [181,182]. This additional term in the electron 
Hamiltonian separates the spin degenerate bands into two 
given by [181,183,184], 

 
2

 | |
2p m

ε α± ⊥= ∗
p p∓ , (23) 

where p⊥ = (py,–px,0). This splitting appears in the absence 
of a magnetic field and introduces a characteristic momen-
tum-dependent spin structure to the electronic states, as 
shown in Fig. 127,c, which is compared with a spherical 
Fermi surface with degenerated up and down spin states in 
Fig. 127,a. Note that the spins of the conduction electrons 
are rotated for the direction of the effective magnetic field, 

×n p , clockwise or anti-clockwise, depending on the up and 
down spin states. For comparison, in Fig. 127,b, we show the 
well-known Zeeman splitting, where the degenerated Fermi 
surface is split into two Fermi surfaces corresponding to a 

Fig. 126. Crystal and magnetic structure of CePt3Si (a), and the crys-
tal structure of CeIrSi3 (b), which also lack inversion symmetry along
the [001] direction. 

Fig. 127. Spherical Fermi surface with degenerated up (↑) and down (↓) spin states (a), and the Fermi surface and the corresponding 
energy bands are split into two components depending on the up and down spin states when the magnetic field H is applied to the mate-
rial. The maximum cross-sectional areas SF are also split into two components as a function of the magnetic field, well known as Zee-
man splitting (b). The Fermi surface and the corresponding energy band are split into two components depending on the up and down 
spin states due to the antisymmetric spin-orbit interaction even when H = 0. The field dependence of the maximum cross-sectional areas 
SF− and SF+ are also shown in the non-centrosymmetric structure (c). 
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majority and minority spin, respectively, for a given quan-
tization axis parallel to an applied magnetic field. 

Due to the Fermi surface splitting in Fig. 127,c, the 
dHvA frequency F is split into two dHvA frequencies, F+ 
and F−. Using the relations of 2 2 */2F F ck mε = = , 

2
F FS kπ= , and (2 / )FS e c Fπ= = , we obtain from Eq. (21) 

 
2 *| |  | | c
cF F p m
e

α+ − ⊥− =
=

. (24) 

We can thus determine the magnitude of the antisymmetric 
spin-orbit interaction 2|αp⊥| via the dHvA experiment. 

As noted above, the existence of inversion symmetry in 
the crystal structure is believed to be an important factor 
for the formation of Cooper pairs, particular for the spin-
triplet configuration. For example, parallel spin pairing is 
prohibited in the non-centrosymmetric structure because 
one conduction electron with a momentum p and an up-
spin state, named , and the other conduction electron 
with a momentum −p  and an up-spin state, named , be-
long to two different Fermi surfaces, as shown in 
Fig. 127,c. The possible existence of a spin-triplet pairing 
state in the non-centrosymmetric tetragonal crystal struc-
ture was, however, proposed theoretically [185,186]. 

First, we show the Fermi surface properties of LaTX3 
(T = Co, Rh, Ir and X = Si, Ge). In Fig. 128,a we show the 
typical dHvA oscillations of LaIrSi3 for the magnetic field 
H along the [001] direction (c-axis) and its FFT spectrum 
[23]. The observed dHvA branches, α, β, ε, and η, are de-
picted in Fig. 128,b. The signal α with the largest dHvA 
frequency is clearly split into two branches, each of which 
separates once more into two branches. The former split-
ting is due to antisymmetric spin-orbit coupling, while the 
latter one is mainly due to the slight corrugation of each 
Fermi surface, possessing two extremal (maximum and 
minimum) cross-sections. 

Figures 129,a and 129,b show the angular dependence 
of the dHvA frequency in LaIrSi3, together with the theo-
retical one [23]. The detected dHvA branches are well ex-
plained by the result of the energy band calculation. The 
corresponding theoretical Fermi surfaces are shown in 
Fig. 130. The dHvA branches are identified as follows: 

— branches α and η correspond to outer and inner or-
bits of the electron-Fermi surfaces belonging to band 41 
and 42, respectively. These Fermi surfaces have a void 
around the center of the Brillouin zone (Γ point). Also the 
branches α′ and α′′ are due to these Fermi surfaces; 

— branch β is due to the hole-Fermi surfaces corres-
ponding to band 39 and 40; 

Fig. 128. Typical dHvA oscillation for H ∥ [001] (a) and its FFT
spectrum (b) in LaIrSi3, cited from [23]. 
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Fig. 129. Angular dependence of the dHvA frequency (a) and theoretical angular dependence (b) in LaIrSi3, cited from Ref. 23. 
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— branch ε originates from the hole-Fermi surface of 
band 38. 

We determine the cyclotron effective mass *cm  from 
the temperature dependence of the dHvA amplitude and 
find, for example, 1.03 m0 for branch α in the magnetic 
field along the [001] direction. Fermi surface properties are 
summarized in Table 9, where the dHvA data for LaTGe3 
(T: Co, Rh, Ir) and a paramagnet PrCoGe3 with the singlet 
CEF scheme are also presented. 

The dHvA results of LaIrSi3 are also compared with 
that of LaIrGe3, as shown in Fig. 131 [26]. The valence 
electrons are 3s23p2 in Si and 4s24p2 in Ge. The dHvA 

frequency of LaIrGe3 is slightly smaller than that of 
LaIrSi3, because the lattice constants of a = 4.4343 Å and 
c = 10.0638 Å in LaIrGe3 are larger than a = 4.2820 Å and 
c = 9.8391 Å in LaIrSi3 and the corresponding Brillouin 
zone of LaIrGe3 has a smaller volume than that of LaIrSi3. 
However, the 2|αp⊥| value is almost the same for the two 
compounds as listed in Table 9. 

We now discuss the Fermi surface properties and the 
magnitude of the antisymmetric spin-orbit coupling in 
LaTGe3 (T: Co, Rh, Ir) [26]. Figure 132 shows the angular 
dependence of the dHvA frequency. The topologies of the 
Fermi surfaces are essentially the same in LaTGe3(T = Co, 

Table 9. Experimental dHvA frequency F, the cyclotron mass *cm , and the antisymmetric spin-orbit interaction 2| |pα ⊥
 for 

H ∥ [001] in LaTX3 (T = Co, Rh, Ir and X = Si, Ge) and PrCoGe3, cited from Ref. 26 

 
branch α  branch β 

F, 107 Oe *cm , m0 2| |pα ⊥ , K F, 107 Oe *cm , m0 2| |pα ⊥ , K 

LaCoGe3 
9.15 
8.74 

1.19 
1.20 461 7.09 

6.72 
1.28 
1.11 416 

LaRhGe3 
10.4 
10.0 

1.04 
1.04 511  6.98 

6.67 
0.83 
0.85 505 

LaIrGe3 
10.4 
9.29 

1.13 
1.51 1090  7.25 

6.22 
1.32 
1.29 1066 

LaIrSi3 
10.9 
10.0 

0.97 
1.03 1100  7.64 

6.76 
0.97 
0.92 1250 

PrCoGe3 
9.04 
8.64 

1.80 
1.97 284  7.13 

6.71 
2.04 
1.70 302 

Fig. 130. Theoretical Fermi surfaces in LaIrSi3, cited from Ref. 23. 
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Rh, Ir). This is plausible in view of the fact that the valence 
electron configurations do not differ in LaTGe3: 3d74s2 in 
Co, 4d85s1 in Rh and 5d9  in Ir. Note, however, that the 
dHvA frequency of branch α in LaCoGe3 is smaller than 
those in both LaRhGe3 and LaIrGe3, and the width of the 
split dHvA frequencies, | |F F+ −− , for branch α in 
LaIrGe3 is larger than those in LaCoGe3 and LaRhGe3. 
Hence the Fermi surface in LaCoGe3 is slightly smaller in 
volume than those in LaRhGe3 and LaIrGe3. Moreover, we 
may conclude that the antisymmetric spin-orbit coupling 
2| |pα

⊥
 in LaIrGe3 is larger than in LaCoGe3 and LaRhGe3: 

2| |pα
⊥

 = 460 K in LaCoGe3, 510 K in LaRhGe3 and 1090 K 
in LaIrGe3 for branch α. Precise values for branches α and 
β are given in Table 9. 

In this series of dHvA experiments, the potentials can 
be varied by changing the transition metal ions T = Co, Rh 
and Ir in LaTGe3. This may explain the reason why the 
antisymmetric spin-orbit coupling in LaIrGe3 is relatively 
large compared with those in LaCoGe3 and LaRhGe3. The 
difference is connected with both the characteristic radial 
wave function φ(r) of Ir-5d electrons and the relatively 
large effective atomic number Zeff in Ir close to the nuclear 
center. Here we simply calculate the spin-orbit interaction 
for the d electrons, not in the lattice but in the isolated at-
om, following the method presented by Koelling and Har-
mon [187]. 

Figure 133 shows the r-dependence of the radial wave 
function rφ(r) for Ir-5d, Rh-4d and Co-3d electrons. We 

Fig. 131. Angular dependence of the dHvA frequency in LaIrGe3 (a) and LaIrSi3 (b), cited from Ref. 26. 
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Fig. 132. Angular dependence of the dHvA frequency in LaCoGe3 (a), LaRhGe3 (b) and LaIrGe3 (c), cited from Ref. 26. 
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assumed the valence electrons to be 3d74s2 in Co, 4d75s2 in 
Rh and 5d76s2 in Ir. The rφ(r) function of Ir-5d electrons 
possesses a maximum at r = 0.11 a.u. (atomic units), very 
close to the atomic center, while the corresponding dis-
tance r is 0.37 a.u. in Rh-4d and 0.66 a.u. in Co-3d, farther 
from the atomic center. 

Next we will consider the potential V(r), which corre-
sponds to the sum of the nuclear potential, and the classical 
Coulomb and exchange-correlation potentials derived from 
electrons. Figure 134,a shows the coupling constant of the 
spin-orbit interaction, r2dV(r)/dr. Simply thinking, this 
value corresponds to the effective atomic number Zeff in 

the potential V(r) = −Zeff /r. Zeff at r = 0 is very close to the 
atomic number Z in the nuclear potential V(r) = −Z/r, 
where Z is 77, 45 and 27 for Ir, Rh and Co, respectively. 
As seen in Fig. 134,a, the coupling constant of the spin-
orbit interaction is reduced strongly as a function of the 
distance r, because of screening of the nuclear charge by 
the electron cloud, reaching Zeff → 1 for r → ∞. 

Finally we calculate the spin-orbit interaction, Iso: 

 
2

2
2 2

0

1 ( )( ) | ( ) |
2

r

so
dV rI r r r dr

r drm c
φ′= ′′ ′

′ ′∫
=

, (25) 

which is shown in Fig. 134,b as a function of the distance 
r. Iso becomes constant at about 1.0 a.u., but approximately 
reaches this constant value at r = 0.11 a.u. for Ir-5d, 
0.37 a.u. for Rh-4d and 0.66 a.u. for Co-3d, where the cor-
responding radial wave functions possess the extremal val-
ues, as mentioned above. The spin-orbit coupling is, thus, 
obtained to be 38.0 mRy (6000 K) for Ir-5d, 12.8 mRy 
(2020 K) for Rh-4d and 5.72 mRy (900 K) for Co-3d. These 
calculations suggest that the radial wave function of Ir-5d 
electrons have a larger weight at distances close to the cen-
ter, compared with those of Rh-4d and Co-3d, and deve-
lops a relatively strong spin-orbit coupling in Ir, closely 
connected with the relatively large effective atomic num-
ber Zeff for Ir at the distance r close to the atomic center. 

This result of the spin-orbit interaction for an isolated 
atom is applied to the non-centrosymmetric crystal lattice. 
In this case, the degenerate Fermi surface is split into two 
Fermi surfaces of which the magnitude of the antisymmet-
ric spin-orbit interaction is approximately proportional to 
the spin-orbit coupling of Eq. (25), because the same po-
tential is in principle used in the band structure calculation. 
The d electrons in the transition atom as well as the 5d 
electrons in the La atom and the other electrons contribute 
to the conduction electrons in LaTGe3. This is the main 
reason why the antisymmetric spin-orbit interaction 2|αp⊥| 
in LaIrGe3 and LaIrSi3 is larger than in LaCoGe3 and 
LaRhGe3. These results may also be applied to Li2Pt3B 
and Li2Pd3B [188], where the spin-orbit coupling in 
Li2Pt3B, which originates mainly form Pt-5d electrons, is 
expected to be larger than the contribution from Pd-4d or-
bitals in Li2Pd3B. The magnitude of the antisymmetric 
spin-orbit coupling of CeIrSi3 cannot be determined from 
the result of the present dHvA experiments, but can be 
roughly estimated from the γ value: we estimate 2|αp⊥| ≃ ≃ 40 K from γ = 120 mJ/(K2·mol) in CeIrSi3 based on 
2|αp⊥| ≃ 1000 K and γ = 4.5 mJ/(K2·mol) for LaIrSi3 [23]. 
This value is much larger than the superconducting transi-
tion temperature Tsc = 1.6 K at 2.65 GPa in CeIrSi3, as 
shown below. 

To understand the electronic properties of CeTX3, we 
plot the Néel temperature and the electronic specific heat 
coefficient γ as a function of the average lattice constant 
3 2a c  for CeTX3, in Figs. 135,a and 135,b, respectively. It 

Fig. 133. Radial wave function rφ(r) as a function of the distance r
for Ir-5d, Rh-4d and Co-3d electrons in the isolated atoms, cited from
Ref. 26. 

Fig. 134. Coupling constant of the spin-orbit interaction
(dV(r)/dr)r2 (a) and the spin-orbit interaction Iso as a function of
the distance r (b) for Ir-5d, Rh-4d and Co-3d electrons in the
isolated atoms, cited from Ref. 26. 
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is noted that the lattice constant on the left hand side is 
larger than that in the right hand side (data from Refs. 23, 
176, 189, 190). The observed relation of TN vs 3 2a c  in 
Fig. 135,a roughly corresponds to the Doniach phase dia-
gram [4], which indicates a competition between the 
RKKY interaction and the Kondo screening effect, as men-
tioned in Chap. 1. CeRhSi3 and CeIrSi3 are close to the 
quantum critical point in the electronic state, with a rela-
tively large γ value, as shown in Fig. 135,b. In fact, the 
Néel temperatures in CeRhSi3 and CeIrSi3 become zero at 
a relatively small value of pressure, Pc ≃ 2 GPa. 

Figure 136 shows the pressure dependence of the Néel 
temperature TN, the superconducting transition temperature 
Tsc, the specific heat jump at Tsc, ∆Cac/Cac(Tsc), and the 
upper critical field at 0 K, Hc2(0) for H ∥ [001] [191,192]. 
The critical pressure, where the Néel temperature becomes 
zero, is estimated to be Pc = 2.25 GPa. The superconduct-
ing transition temperature becomes maximum at about 
2.6 GPa, as shown in Fig. 136,a. Simultaneously, the jump 
of the specific heat at Tsc becomes extremely large at 
2.58 GPa: ∆Cac/Cac(Tsc) = 5.8 as shown in Fig. 136,b, in-
dicating a strong-coupling superconductivity for CeIrSi3. 
The upper critical field Hc2(0) for H ∥ [001] becomes max-
imum at 2*cP  = 2.63 GPa, as shown in Fig. 136,c. 

As shown in Fig. 137, the upper critical field deviates sub-
stantially between H ∥ [001] and [110] [191]. The supercon-
ducting properties become highly anisotropic: −dHc2/dT = 
= 170 kOe/K at Tsc = 1.56 K, and Hc2(0) ≃ 450 kOe for 

H ∥ [001], and −dHc2/dT = 145 kOe/K at Tsc = 1.59 K, and 
Hc2(0) = 95 kOe for H ∥ [110] at 2.65 GPa. The upper criti-
cal field Hc2 for H ∥ [110] shows strong signs of Pauli para-
magnetic suppression with decreasing temperature because 
the orbital limiting field Horb = −0.73(dHc2/dT)Tsc) is esti-
mated to be 170 kOe [159], which is larger than Hc2(0) = 
= 95 kOe for H ∥ [110]. On the other hand, the upper critical 
field H ∥ [001] is not destroyed by spin polarization based 
on Zeeman coupling but possesses an upturn curvature be-
low 1 K, reflecting a strong-coupling nature of superconduc-
tivity. This is because all the spins of conduction electrons 
are perpendicular to the magnetic field direction of H ∥ [001], 
as shown in Fig. 127,c, revealing that the spin susceptibility 
for H ∥ [001] is unchanged below Tsc in this non-centro-

Fig. 135. 3 2a c -dependence of the Néel temperature (a) and the γ
value (b) in CeTSi3 and CeTGe3 (T: Co, Rh, Ir), cited from
Refs. 23, 176, 189, 190. 

Fig. 136. Pressure dependences of the Néel temperature TN and 
superconducting transition temperature Tsc (a), specific heat jump 
ΔCac/Cac(Tsc) (b), cited from Ref. 192, and the upper critical field 
Hc2(0) for H ∥ [001] (c) in CeIrSi3, cited from Ref. 191. 



de Haas–van Alphen effect and Fermi surface properties in rare earth and actinide compounds 

Low Temperature Physics/Fizika Nizkikh Temperatur, 2012, v. 38, No. 2 183 

symmetric crystal structure and then the Pauli paramagne-
tic suppression of Hc2 is not realized for H ∥ [001]. More-
over, the electronic state at *cP  is found to correspond to an 
antiferromagnetic quantum critical point from the result of 
the 29Si-NMR experiment [193]. 

The magnetic quantum phase transition thus occurs in 
CeIrSi3 at *cP  ≃ 2.6 GPa, coinciding with a huge Hc2 value 
of Hc2(0) ≃ 450 kOe for H ∥ [001] for a low Tsc = 1.6 K 
value. A similar result is also obtained for CeRhSi3 [174,175]. 

9. de Haas–van Alphen oscillation in the 
superconducting mixed state 

To our surprise, the dHvA oscillation was observed 
even in the superconducting mixed state of type II-super-
conductors [194]. Here we show the dHvA oscillation in f-
electron superconductors CeRu2 [195], CeCoIn5 [79], 
URu2Si2 [196] and UPd2Al3 [197] in both the normal and 
superconducting mixed states, as shown in Fig. 138. The 
main Fermi surface named αi in CeCoIn5 was detected in 
magnetic fields very close to Hc2 [79]. Surprisingly, a 
small Fermi surface in CeRu2, URu2Si2 and UPd2Al3 was 
detected in low fields down to H/Hc2 = 0.3–0.5, for exam-
ple down to a low field of 15 kOe or 0.3Hc2 in CeRu2. It is 
questionable whether the small Fermi surface has a super-
conducting energy gap in magnetic fields far below Hc2. 
This might indicate the growth of a pair-breaking effect far 
below Hc2 for the small Fermi surface. More importantly, 
there is a possibility that the superconducting state for the 
small Fermi surface is changed into a normal state far be-
low Hc2. 

Till now, the dHvA oscillation in the mixed state has 
been observed for several compounds such as NbSe2 
[198], V3Si [199], Nb3Sn [200], YNi2B2C [201,202] as 
well as f-electron system of CeRu2, CeCoIn5, URu2Si2 and 
UPd2Al2. 

10. Conclusion 

We summarize the present Fermi surface studies in the 
f-electron systems of rare earth and actinide compounds. 

1. Fermi surface studies are very important to know the 
ground-state properties of these various f-electron com-
pounds. Even in the 4f-electron localized system, the pres-
ence of 4f-electron alter the Fermi surface through the 4f-
electron contribution to the crystal potential and through 
the introduction of new Brillouin zone boundaries and 
magnetic energy gaps which occur when 4f-electron mo-
ments order. The latter effect may be approximated by a 
band-folding procedure where the paramagnetic Fermi 
surface, which is similar to the Fermi surface of the corre-
sponding La compound, is folded into a smaller Brillouin 
zone based on the magnetic unit cell, which is larger than 
the chemical unit cell. If the magnetic energy gaps associ-
ated with the magnetic structure are small enough, conduc-
tion electrons undergoing the cyclotron motion in the pres-
ence of a magnetic field can tunnel through these gaps and 
circulate the orbits on the paramagnetic Fermi surface. If 

Fig. 137. Temperature dependence of upper critical field Hc2 for
the magnetic field along [001] at 2.60 GPa, together with those at
2.65 GPa in CeIrSi3, cited from Ref. 191. 

Fig. 138. dHvA oscillations in the superconducting mixed states 
of CeRu2 [195], CeCoIn5 [79], URu2Si2 [196] and UPd2Al3
[197]. 
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this magnetic breakthrough occurs, the paramagnetic Fermi 
surface is observed in the dHvA effect even in the presence 
of magnetic order. The typical example was an antiferro-
magnet NdIn3 in RIn3 (R: rare earth). A nearly spherical 
Fermi surface in the paramagnetic state, which corresponds 
to branch a of the band 7-electron Fermi surface of LaIn3, 
is changed into a multiply-connected Fermi surface based 
on the magnetic Brillouin zone in the antiferromagnetic 
state. Even in the antiferromagnetic state, the dHvA oscil-
lation for branch a was observed, with an extremely small 
dHvA amplitude based on the breakthrough effect. 

2. Mass enhancement due to the electron–magnon in-
teraction in the 4f localized compounds RIn3 is large com-
pared with the one due to the electron–phonon interaction. 
The cyclotron mass is enhanced by twice or three times in 
RIn3 compared with the cyclotron mass in LaIn3. An anti-
ferroquadrupolar ordering in PrPb3 is also found to en-
hance the cyclotron mass. An exceptionally large mass 
enhancement is observed in a Kondo-lattice compound 
with magnetic ordering such as CeIn3 in RIn3. The Fermi 
surface of CeIn3 is similar to a non-4f reference compound 
LuIn3 or LaIn3 in topology, especially for branch d, but is 
altered by the magnetic Brillouin zone boundaries for 
branch a. Nevertheless, the cyclotron mass is extremely 
large compared with the corresponding one of LuIn3. In 
this system, a small amount of 4f electron most likely con-
tributes to make a sharp density of states at the Fermi ener-
gy. Thus the energy band becomes flat around the Fermi 
energy, which brings about the large effective mass. It is 
stressed that the heavy electronic state exists locally in the 
Fermi surface. The Fermi surface named branch d is a 
nearly spherical Fermi surface with humps. The hump re-
gion on the Fermi surface is extremely heavy. 

3. The f-itinerant band model is well applicable to the 
topology of the Fermi surface in enhanced Pauli paramag-
nets such as CeSn3, YbAl3, UAl3, UX3 (X: Si, Ge), NpGe3 
and PuIn3 in RX3 and AnX3 compounds. These com-
pounds are called a valence fluctuating compound or a spin 
fluctuating compound. The magnetic susceptibility in these 
compounds increases with decreasing temperature, roughly 
following the Curie–Weiss law at high temperatures, with 
an f-localized magnetic moment, has a maximum at Tχmax 
and reaches an enhanced Pauli paramagnetic susceptibility 
χ(0) for T → 0 K. A characteristic feature is that Tχmax is in 
the range from 50 to 200 K. Tχmax roughly corresponds to 
a Kondo temperature. The f electrons in a Kondo lattice 
compound with a relatively large value of TK are itinerant. 
It is, however, stressed that the cyclotron mass is larger 
than the corresponding band mass because the many-body 
Kondo effect is not included in the conventional energy 
band calculations. 

4. It is interesting that the topology of Fermi surface is 
very similar between two compounds: LaPb3 vs UAl3, 
LaIn3 vs NpIn3, and YbIn3 vs PuIn3, although the cyclo-
tron mass is extremely different between two compounds. 

It is also noticed that the topology of a divalent compound 
YbIn3 is very similar to a 4f-itinerant compound YbAl3. It 
is also noted that YbCu2Ge2 is similar to YbCu2Si2 in to-
pology of the Fermi surface. Furthermore, 4f-itinerant Ce 
compounds are similar to the corresponding non-5f Th 
compounds in the topology of the Fermi surface: CeIn3 
under pressure vs ThIn3, and CeRhIn5 under pressure and 
CeCoIn5 vs ThRhIn5. 

5. 5f electrons in magnetically ordered U and Np com-
pounds reveal dual nature: localized and itinerant. Namely, 
the 5f electrons contribute to the magnetic moment and 
also to the Fermi surface. The topology of the Fermi sur-
face of antiferromagnets UPtGa5 and NpRhGa5 is approx-
imately explained by the spin-and orbital-polarized 5f-it-
inerant band model. 

6. RTIn5 (T: Co, Rh, Ir) and AnTGa5 (T: transition 
metal) with the tetragonal structure possess the quasi-two 
dimensional electronic state. Simply thinking, a conductive 
RIn3 (AnGa3) layer and an insulating TIn2 (AnGa2) layer 
stack along the tetragonal c-axis. The quasi-two dimen-
sional electronic state, together with the heavy fermion 
state, enhances heavy fermion superconductivity, as in 
CeRhIn5 under pressure, CeCoIn5, PuRhGa5, PuCoGa5 
and also NpPd5Al2. Interesting is the relation between the 
superconducting transition temperature Tsc and the γ value: 
Tsc = 2.3 K (γ = 1070 mJ/(K2·mol)) in CeCoIn5, 4.9 K 
(400 mJ/(K2·mol)) in NpRh5Al2, 8.6 K (70 mJ/(K2·mol)) 
in PuRhGa5 and 18.5 K (77 mJ/(K2·mol)) in PuCoGa5. It is 
also stressed that Tsc = 0.2K (γ = 1000 mJ/(K2·mol)) in a 
three dimensional electronic state of CeIn3 under pressure 
is enhanced by one order, Tsc = 2.3 K in a two dimensional 
electronic state of CeCoIn5. It is also noted that heavy fer-
mion superconductivity of CeCoIn5 and NpPd5Al2 is real-
ized in the non-Fermi liquid state 

7. Heavy fermion compounds with a small Tχmax value, 
less than 50 K, indicate a metamagnetic behavior or an 
abrupt nonlinear increase of magnetization at Hm. We ob-
tained a simple relation for CeRu2Si2, UPt3 and YbT2Zn20 
(T: Co, Rh, Ir): Hm (kOe) = 15Tχmax , K or, kBTχmax = 
= μBHm. A superheavy fermion state is realized in 
YbCo2Zn20: γ = 8000 mJ/(K2·mol)), Tχmax = 0.32 K and 
Hm = 6 kOe, and also under pressure for YbIr2Zn20, ex-
ceeding γ = 10 J/(K2·mol) at 5.0 GPa. The present super-
heavy fermion state is, however, drastically reduced in 
magnetic fields. It is also noted that the metamagnetic field 
Hm is a good guiding parameter to reach the quantum criti-
cal point in heavy fermion Yb compounds without magnet-
ic ordering: P → Pc for Hm → 0. The topology of the Fer-
mi surface is changed at Hm in CeRu2Si2, but not in 
YbIr2Si20, although the cyclotron mass in both compounds 
possesses a maximum at Hm and reduces extremely in 
magnetic fields larger than Hm. The metamagnetic transi-
tion based on the field-induced ferroquadrupolar ordering 
was also studied in PrCu2. 
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8. From the dHvA experiments under pressure for anti-
ferromagnets CeRh2Si2, CeIn3 and CeRhIn5, it was clari-
fied that a drastic change in the 4f electronic state from a 
4f-localized Fermi surface to a 4f-itinerant Fermi surface 
occurs when pressure P crosses a critical pressure Pc or 

*cP . The Fermi surface instability occurs at Pc ( *cP ), indi-
cating a first-order phase transition. The cyclotron mass is 
enhanced around Pc ( *cP ), especially indicating a diver-
gent tendency at *cP  in CeRhIn5. Superconductivity in 
these compounds is observed in the heavy fermion state 
around Pc ( *cP ). 

9. The split Fermi surface properties based on the non-
centrosymmetric tetragonal crystal structure in LaTX3 (T: 
Co, Rh, Ir; X: Si, Ge) were studied by the dHvA experi-
ments, together with the energy band calculations. The 
magnitude of the antisymmetric spin-orbit interaction 
2|αp⊥| is found to vary when LaTGe3 is changed from 
T = Co, Rh, to Ir, but remains unchanged in LaIrX3 from 
X = Si to Ge: 2|αp⊥| = 460 K in LaCoGe3, 510 K in 
LaRhGe3, 1090 K in LaIrGe3, and 1100 K in LaIrSi3 for 
the main orbit named α of bands 69 and 70 electron-Fermi 
surfaces, for example. The corresponding superconducting 
properties were also studied in CeTX3 compounds under 
pressure. One of the characteristic superconducting proper-
ties in CeIrSi3 is the upper critical field Hc2 at pressure of 
about 2.6 GPa. A huge value of Hc2(0) ≃ 450 kOe was 
found for the magnetic field along the non-centrosymmet-
ric tetragonal [001] direction, with a very small Tsc = 
= 1.6 K, while Hc2(0) = 95 kOe for H ∥ [110]. The present 
superconductivity is realized in the electronic instability at 

*cP  ≃ 2.6 GPa, strong-coupling nature and non-centrosym-
metric electronic state. 

10. The dHvA oscillation was observed clearly in both 
the normal and superconducting mixed states in CeRu2, 
CeCoIn5, URu2Si2 and UPd2Al3. 
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