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O mIaHMPOBAHMM YACTHYHO YCKOPEHHBIX PeCYpPCHBIX HCHIBITAHUMT
NPH NMOCTOSTHHBIX HATPy3KaxX U IEeH3YPHPOBAHWHU MO BpeMeHH
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VYHusepcuter uM. kopoist Cayna, Op-Puan, Caynosckas Apasus; Kaupckuii ynusepcuter, ['u3sa,
Eruner

Tonyuenue oannvix no paspyuleHuio 8bICOKOKA4eCmMBEeHHbIX Oemanell ¢ 60nbuol 001208eHHOCHIbIO 8
HOPMAIbHBIX YCLO08UAX IKCIIYAMAYUU ABNAEMCA 6€CobMA MPYOOEMKUM NPOYECCOM, NOIMOMY B03HU-
Kaem HeoOXOOUMOCHb UCNONb306AHUA YCKOPEHHBIX Ucnbimanull. Paccmampusaiomes 4acmuino
YCKOpeHHble pecypCHble UCNBIMAHUSL NPU NOCMOSHHBIX HAZPY3KAX U YEeH3YPUPOBAHUU NO 6DeMeHU
muna [ ona pacnpedenenus Beubyina. Ilianuposanue maxux UCHbIMAHUL NPOBOOUMCS MAKUM
06pazom, umodbl MUHUMUSUPOSANL 000OWEHHYIO ACUMNMOMUYECKYIO OUCNEPCUIO OYEHOUHbIX (DYHK-
YUt MaKCUMAanbHoOU 8eposmHOCIU napamempos mooenu. Ilnan sKcnepumenma noseonsem onpeode-
JUMb, KAKYIO UMEHHO YACMb PeCyPCHBIX UCHBIMAHUL 00beKmos ciedyen nposooums npu HOpMAaib-
HbIX OKCHIYAMAYUOHHBIX YCI08UAX. DPdexmusHocms 0aHH020 No0X00a NPOUNTIOCMPUPOBAHA HA
HeKOMOPLIX NPUMEPAX YUCTEHHbIX PACYEmOos.

Knrouegvie cnoga: 4acTUIHO YCKOPEHHBIC PECYPCHBIC HCIIBITAHMS, OCTOSHHOE HAIpshKe-
HUe, pacripeenenue BeiOymna, 0000mmeHHas aCHMIITOTHYECKas! TUCIICPCHs, TJIaH JKCIe-
pHUMEHTA.

Notation
ALT — accelerated life test
PALT - partially accelerated life test
n — total number of test items in PALTs
T — time of censoring
X — lifetime of an item at normal use condition
Y — lifetime of an item at accelerated use condition
A — acceleration factor (4 >1)
*) — denotes maximum likelihood estimate
n — Weibull scale parameter
B — Weibull shape parameter
X; — observed lifetime of item 7 tested at normal use condition
Vj — observed lifetime of item ; tested at accelerated use condition
04i,0, — indicator functions: 8,;, =1(X; <T), 0, =1(Y; <T)
— proportion of sample units allocated to accelerated condition
" — optimum proportion of sample units allocated to accelerated condition
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n,, n, — numbers of items failed at normal use and accelerated use
conditions, respectively
X(1) S ... SX(,, ) ST — ordered failure times at normal use condition

Yy S .=y, =T — ordered failure times at accelerated use condition

Introduction. It is not easy to obtain more failure data from products with high
quality and long life at use condition. Hence, in order to assure rapid failure and then to
shorten the testing period, all or some of test units may be subjected to stress conditions
more severe than normal ones. Such accelerated life tests (ALTs) or partially accelerated
life tests (PALTs) result in shorter lives than would be observed under use condition. In
ALTs test items are run only at accelerated conditions, while in PALTs they are run at both
use and accelerated conditions.

As Nelson [1] indicates, the stress can be applied in various ways, commonly used
methods are step-stress and constant-stress. Under step-stress PALTS, a test item is first run
at use condition and, if it does not fail for a specified time, then it is run at accelerated
condition until failure occurs or the observation is censored. But the constant-stress PALTs
run each item at either use condition, or accelerated condition only, i.e., each unit is run at a
constant-stress level until the test is terminated. Accelerated test stresses involve higher
than usual temperature, voltage, pressure, load, humidity, ..., etc., or some combination of
them. The objective of PALTs is to collect more failure data in a limited time without
necessarily using high stresses for all test units.

In practice, PALTs are easier to implement and have many advantages, which include:

(1) Time saving: PALTs can substantially shorten the duration of the test without
affecting the accuracy of lifetime distribution estimates.

(2) Economical: Testing units under PALTs can reduce the costs of experiments
because not all test units are run at higher stresses.

(3) Adaptable: PALTs provide a flexible test strategy, especially for new products
when one presumably has little information regarding appropriate test stresses. In such
situations, it may not be easy for the experimenter to determine suitable test stress levels.

Moreover, the constant-stress PALTs approach is simple and has several advantages:
firstly, it is easier to maintain a constant stress level in most tests. Secondly, accelerated test
models are better developed. Thirdly, data analysis for reliability estimation is well-
developed and computerized [1].

For an overview of constant-stress PALTSs, there are few studies in the literature on
designing constant-stress PALTs: Bai and Chung [2] used the maximum likelihood method
to estimate the scale parameter and the acceleration factor for exponentially distributed
lifetimes under type-I censoring. They also considered the problem of optimally designing
constant-stress PALTs that terminates at a predetermined time. Ismail et al. [3] considered
the constant-stress PALTs plans under Pareto distribution of the second kind with type-I
censoring. Abdel-Ghani [4] considered only the estimation problem in constant-stress
PALTs for the Weibull distribution parameters, the present investigation extends this work
in which PALTs plans with two levels of stress are developed under type-I censoring.

The rest of this paper is organized as follows: In Section 1 the Weibull distribution is
introduced as a failure time model and the test method is also described. Section 2 presents
the maximum likelihood (ML) estimates of the model parameters. In Section 3 optimum
test plans of simple constant-stress PALTs are developed. To illustrate the theoretical
results, simulation studies are carried out in Section 4.

1. The Model and Test Method. This section introduces the assumed model for
product life and also fully describes the test method.

1.1. The Weibull Distribution: a Failure Time Model. The lifetimes of the test items
are assumed to follow a two-parameter Weibull distribution. The Weibull distribution is one
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of the most commonly used distributions in reliability engineering because of the many
shapes it attains for various values of f. It can therefore model a great variety of data and
life characteristics; see Dimitri [5]. So, it is a statistical distribution frequently used in life
data analysis.
The probability density function (pdf) of a two-parameter Weibull distribution is
given by
B

B-1
fT(Z;ﬁ’ﬂ)=ﬂ(;) expi-(t/n)’}, >0, B>0, p>0 (1)

The Weibull reliability function takes the form:
R(t)=expi=(1/n)° 3,

and the corresponding failure rate function is given by
p-1
t
h(t)= P () .
n\n

1.2. Constant-Stress PALTs. The test procedure of the constant-stress PALTs and its
assumptions are described as follows:

Test Procedure. In a constant-stress PALTs, the total sample size n of test units is
subdivided into two parts such that:

1. nm items randomly chosen among # test items sampled are allocated to accelerated
condition and the remaining ones are allocated to use condition.

2. Each test item is run until the censoring time is reached or the item fails and the test
condition is not changed.

Assumptions.

1. The lifetimes X,;, i=1, ..., n(1—m) of items allocated to use condition, are i.i.d.
I.V.’s.

2. The lifetimes Y, j= 1, ..., nr of items allocated to accelerated condition, are
Lid. r.v.’s.

3. The lifetimes X, and Y; are mutually statistically-independent.

2. Maximum Likelihood Parameter Estimation. In a simple constant-stress PALTSs,
the test item is run either at use condition, or at accelerated condition only. Since the
lifetimes of the test items follow the Weibull distribution, the probability density function
of an item tested at use condition is given as in (1). For an item tested at accelerated
condition, the pdf is given by

AB (Ay

B-1
fy(y;/l,ﬁ,n)=n(n) exp—(Ay/m)}, y>0, A>1, >0, 5>0,

where ¥ = A7 x.
Since the test in type-I censoring terminates when a predetermined time is reached,

the observed lifetimes x ;) ==X, =T and yq s..= Yn,) <T are ordered failure

times at normal and accelerated conditions, respectively, where 7' is the time at which the
experiment is terminated, n, and n, are the numbers of items failed at use and
accelerated conditions, respectively.
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Let us define the indicator functions: 6,, = [(X; <T) and 0, =I(Y; <T). Then

ut
the total likelihood for (x;; 0,1, s Xy (1=2)5 Oun(i=n)> Y15 Oals > Yz Oang ) 18 given
by

n(l=m) niw

L(L XM‘: ﬂs 77)= l__[ Lui(xi!aui|ﬂs n)l_[Laj(yjséaju's ﬂs 77)=

i=1 j=1

=”(ﬁ”{ﬂ :

'ﬂ—l 6ui
() exp{—(x,-/mﬁ}} [exp {—(T/n)P 11% x
i=1 [T\

o

niw A Ay B-1 04
x [f(;f) exp{—(ﬂyj/n)ﬁ}} [exp=(AT/7)P 117,

i=1

where L,; and L, denote the contributions of the items i and ; to the total likelihood
function under use and accelerated conditions, respectively, and §,, =1-9,, and 9

=1-9,.
y
The ML estimate of # can be obtained by

1B
f7={ v } : @

ui aj

nw nm
where = Eémx,ﬁ +P 4 zéajyf +7P (nm—n, )+(AT)/3 (nr—n,) and = 1-m.
i=1 j=1
Therefore, two ML non-linear equations can be expressed as follows:

"aﬁ (nu +na )Bj'ﬁ_l N p p
Zalf | Mu D Ta PR Eéajyf+Tﬂ(mT—na) =0, (3)
A 4 j=1
B 1/B
+ " ni
n, Ana+26ui lnx[_.l_zéaj lnyj—(nu+na)1n 1/) +
B i=1 Jj=1 M
/B
A A +
R S Y L7 @

From Eq. (3), the ML estimate of A can be easily derived from
- A UB
niw .

Eéuixiﬂ +7F (nTt—n,)
L=l U )

nmw . .
zéajy? +T'B(nrr—na)
L/=1

Q

>0
Il

=
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Then Eq. (4) after substitution of A can be rewritten as follows:

niw
- Eéu,x,ﬂ In x; +Tﬁ(nﬁ—nu)lnT

+ =
u+26m In x; +z(§aj Iny;—n, =] -
p =1 j=1 Eémxl +Tﬂ(nﬁ—nu)

Zéa]y] Iny; +Tﬁ(nn—na)lnT
—na =0. (6)

zéajyf +7F (nr—n,)
j=1

Obviously, it is very difficult to obtain a closed-form solution for the non-linear
equation (6). Thus, an iterative procedure must be used to solve this equation numerically.
The Newton—-Raphson method is used to obtain the ML estimate of B. Thus, once the value
of f is determined, the ML estimates of # and A are easily obtained from Egs. (2) and
(5), respectively.

Concerning the asymptotic variance-covariance matrix of the maximum likelihood
estimators (MLE) of the parameters, it can be obtained by numerically inverting the
asymptotic Fisher information matrix F. The asymptotic (large sample) matrix F is
composed of the negative second derivatives of the natural logarithm of the likelihood
function evaluated at the ML estimates. Unfortunately, the exact expressions of the
mathematical expectations for the second derivatives given in (7) are very difficult to
obtain. Therefore, the observed Fisher information matrix can be written asymptotically by
dropping the expectations as follows (see Cohen [6]):

_9*InL_9’InL _9’InL

oA’ aran arop
9% InL 9%InL 0%InL A A
F=|- - - A, 7, B).
pery o’ nap V(4,7 B) (7)

9% InL _82 InL _82 InL
0B aA Ban B>

Consequently, the MLEs of A, 7, and 8 have an asymptotic variance-covariance
matrix defined by inverting the Fisher information matrix /' indicated above.

3. Optimum Test Plans. Now, for the optimal design stage of the test, a new
experiment — with test units different from those tested in the stage of parameter
estimation — is conducted. The current aim is to obtain the optimal proportion of sample
units 77" allocated to accelerated condition based on the outputs of the stage of parameter

estimation that are at the same time considered inputs to the optimal design stage of the test.
It is worth noting that the proportion of sample units 7 allocated to accelerated condition
is pre-specified for the stage of parameter estimation. But for the optimal design stage of
the test 7w is considered a division parameter that has to be optimally determined according
to a certain optimality criterion.

This section considers the problem of designing simple constant-stress PALTs, which
are terminated at a pre-specified time. The optimum test plan for products having a
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two-parameter Weibull lifetime distribution is developed. The optimality criterion is to find
the optimal proportion of sample units 7" allocated to accelerated condition such that the
generalized asymptotic variance (GAV) of the MLE of the model parameters under use
condition is minimized.

Most of the test plans are equally-spaced test stresses, i.e., the same number of test
units are allocated to each stress. Such test plans are usually inefficient for estimating the
mean life at design stress [7]. In this section, statistically optimum test plans are developed
to determine the optimal sample proportion allocated for each stress. Therefore, to
determine the optimal sample proportion 7" allocated for accelerated condition, 7 is
chosen such that the GAV of the MLEs of the model parameters is minimized. The GAV of
the MLEs of the model parameters as an optimality criterion is commonly used and defined

below as the reciprocal of the determinant of the Fisher information matrix F (see Bai et al.
[8].) That is

s

The minimization of the GAV over s solves the following equation:

aGAV
a

0. (8)

In general, the solution to (8) is not in a closed form and therefore it requires usage of
a numerical method, such as the Newton—Raphson method, which is applied to obtain x

which minimizes the GAV. Accordingly, the corresponding expected optimal numbers of
items failed at use and accelerated conditions can be obtained numerically, as it will be
shown in the next section.

4. Simulation Studies. In this section, several data sets generated from Weibull
distribution under type-I censored data are considered with sample sizes 25, 30, 50, 75, and
100 using 1000 replications for each sample size. The true parameter values of 4, 7,and
used in this simulation study are (3, 5, 1.5) and (2, 4, 0.7). The Newton—Raphson method
and programs written in the Pascal language are used for obtaining the MLEs of A, #, and
p. Tables 1 and 2 summarize the results of the ML estimates of the parameters and the
estimated variances of the MLEs. Results of simulation studies provide insight into the
sampling behavior of the estimators. The numerical results indicate that the ML estimates
approximate the true values of the parameters as the sample size n increases. Also, as
shown from the numerical results, the asymptotic variances of the estimators are decreasing
as the sample size n is attaining large values.

Tables 3 and 4 depict the results of the test design. That is, the optimal sample-
proportion 7" allocated to accelerated condition, the expected fraction failing at each

and the optimal GAV of the MLEs of the model

parameters are obtained numerically for each sample size. The test plans developed here are
statistically optimum plans because they are more efficient than standard plans for
estimating the life distribution at design stress. Standard plans usually involve equally-
spaced test stresses, each with the same number of test units, and they are not the
optimum test plans.

It can be observed from the numerical results, via a" , presented in Tables 3 and 4,

* *
stress, represented by n, and n,,

that the optimum test plans do not allocate the same number of test units to each stress. In
practice, the optimum test plans are important for improving precision in parameter
estimation and thus improving the quality of the inference. Also, these tables present the
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Table 1

ML Estimates and Estimated Asymptotic Variances of MLEs
for the Set of Parameters (4, 1, () at (3, 5, 1.5), Respectively, Given 7 =0.50 and 7 =10
for Different-Sized Samples under Type-I Censoring in Constant-Stress PALTs

n Parameter Estimate Variance
25 A 34721 2.3527
n 5.6325 2.7104
B 1.8362 1.2473
30 A 3.4192 1.5521
n 5.4571 2.2205
p 1.6920 1.0978
50 A 3.3255 1.0358
n 5.2689 1.6571
B 1.5523 1.0266
75 A 3.2030 0.8659
n 5.1276 0.7945
B 1.5244 0.8571
100 A 3.0324 0.4655
n 5.0764 0.5106
p 1.4923 0.3749
Table 2

ML Estimates and Estimated Asymptotic Variances of MLEs
for the Set of Parameters (4, 1, () at (2, 4, 0.7), Respectively, Given 7 =0.50 and 7 =10
for Different-Sized Samples under Type-I Censoring in Constant-Stress PALTs

n Parameter Estimate Variance
25 A 2.9425 0.2711
n 5.1162 0.2265
B 1.0284 0.1025
30 A 2.6782 0.2341
n 4.6471 0.1843
p 0.9652 0.0617
50 A 2.2783 0.1456
n 4.4458 0.1355
B 0.8361 0.0268
75 A 2.1845 0.0519
n 4.1239 0.0813
B 0.7632 0.0112
100 A 2.0322 0.0343
n 3.9852 0.0212
B 0.7103 0.0041

optimal GAV of the MLEs of the model parameters which is obtained numerically with "

in place of 7 for different sized samples. As anticipated, the optimal GAV decreases as the
sample size n increases.
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Table 3

Results of Optimal Design of the Life Test for Different-Sized Samples

under Type-I Censoring in Constant-Stress PALTSs,

Based on the Parameters (4, 7, ) Set at (3, 5, 1.5), Respectively

n T n ", Optimal GAV

25 0.5738 22 36 0.2237

30 0.6177 41 84 0.0833

50 0.7182 48 173 0.0261

75 0.7617 54 262 0.0072

100 0.8215 63 312 0.0024
Table 4

Results of Optimal Design of the Life Test for Different-Sized Samples

under Type-I Censoring in Constant-Stress PALTS,

Based on the Parameters (4, 7, ) Set at (2, 4, 0.7), Respectively

n T nz ”jz Optimal GAV
25 0.4273 31 19 0.3681

30 0.4972 74 37 0.1924

50 0.5481 105 46 0.1137

75 0.6152 122 62 0.0491
100 0.6507 138 71 0.0134

Conclusions. This paper discusses the problem of designing simple constant-stress
PALTs plans for the Weibull distribution under type-I censoring, in which the dependence
between allocations of observations and the actual values of the probability model
parameters were investigated numerically. In a constant-stress test, a unit is subjected to a
constant level of stress until failure occurs or the observation is censored. The ML
estimates of the model parameters were numerically obtained. Optimum constant-stress
PALTs plans were also developed. The minimization of the GAV of the MLEs of the model
parameters was used as an optimality criterion.

In the constant-stress PALTs, the common test plans are usually standard plans which
use equally-spaced test stresses, each with the same number of test units. The design
problem is to determine the numbers of test units that should be allocated to each stress
level to estimate the life distribution accurately based on the values of the model
parameters. The test plan provides the most accurate estimate of the model parameters for a
given test time and number of test units. Thus, the optimal design of the life tests can be
considered as a technique to improve the quality of the inference. As shown from the
results, via 7", the optimum test plans are not standard plans because the value of a' s

different from 50% for lower or higher than unity values of shape parameter. These results
coincide with finding of Yang [7] concerning the standard plans. Since the value of &7 was
obtained to minimize the GAV of the MLEs of the model parameters, the developed test
plans are statistically optimum.

It is noteworthy that when B>1, 4(¢) becomes suitable for representing the failure
rate of units exhibiting wear-out type failures. Consequently, the majority of these units
tend to fail under the accelerated conditions, which is also confirmed by the results
obtained. On the other hand, when f <1, /(¢) becomes suitable for representing the failure
rate of units exhibiting early-type failures. Therefore, in this case, the majority of test units
tend to fail under use condition, which is also corroborated by the numerical results.
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Therefore, the optimal design results are quite lucrative for using the new optimal
proportions, in order to run futher experiments. In fact, the test is called an optimally
designed test because the test is based on the optimal values of the allocating or dividing
proportions. Finally, since the developed test plans are statistically optimum plans, the
usefulness of the optimal design lies in the fact that it can serve as a benchmark for
comparison with other designs. As a future work, the problem of designing PALTs under
the context of Bayesian approach will be considered for the same probability distribution.
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Pe3ome

OTpuMaHHS JJaHUX IO0JJ0 PYWHYBAHHS BUCOKOSIKICHUX JIETaJIeH 3 BEJIMKOIO JOBIOBIUHICTIO
B HOPMaJIbHUX yYMOBAaX EKCIUIyaTalii € JOCHTh TPYIOMICTKHM IIPOIIECOM, TOMY BHHHUKA€E
HEOOXI/IHICTh BUKOPUCTAHHS TPUCKOPEHHX BUIPOOYBaHb. PO3IisiaroThesi 4acTKOBO IpH-
CKOpeHi pecypcHi BUIPOOyBaHHS 3a TIOCTIHAX HAaBAaHTAXKCHP 1 IICH3YPYyBaHH B 4aci TUITY |
Uit po3noziny BeiiOyiia. [lnanyBaHHS Takux BUIIPOOYBaHb MPOBOJUTHCS TAKUM UYHHOM,
00 MiHIMI3yBaTH 3arajbHy aCHMITOTHYHY AWCIEPCiI0 OMIHOYHUX (PYHKIIH MakcHMalb-
HOi KMOBIipHOCTI mapameTpiB mozeni. [lnaH excrepuMeHTy J03BOJISIE BU3HAUUTH, SIKY
YaCTUHY PECYpPCHHX BHIIPOOYBaHb 00’€KTIB HEOOXiTHO MPOBOIHWTH 32 HOPMAIBHUX EKCII-
JyaTalifHux ymMoB. EQeKTHBHICTH JaHOTO MiIXOJy HPOITIOCTPOBAHO HA JACSKUX MPHKIIA-
Jlax YUCIIOBUX PO3PaXyHKIB.
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