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This paper analytically proves the existence of stable orbital motions in a system of superconductive and permanent
magnetic dipoles. As opposed to a system of two permanent magnetic dipoles, that has been studied in the work
of I. Tamm and V. Ginzburg in this system we have no «problem 1/R?s, because of that the stability of the system

becomes possible.
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1. INTRODUCTION

In the system of permanent dipoles there is no static
equilibrium. This result was proved in [1] and that
proof is similar to the well known Earnshaw theo-
rem [2]. But the inner and relative rotations of the
dipoles can act as stabilizing factors, whereas Earn-
shaw’s theorem not be applicable to the dynamic sys-
tems. Therefore, the question of the existence of
stable motions of the magnetic dipoles in connec-
tion with the hypothesis about magnetic nature of
the nuclear forces [3] was considered by I. Tamm and
V. Ginzburg in both cases for classical and quantum
theory. And they formulate so called «problem 1/R3»
that relates to the interaction of magnetic dipoles.
This result casts doubt on the possibility of stable
motions in systems of small bodies that interact by
magnetic forces.

In the context of classical electrodynamics the
magnetic dipole is an equivalent of a small loop of
current. It is assumed that the current in loop is
constant. Other hand, the laws of electrodynamics
does not forbid us to consider a small superconduc-
tive loop. A current of such a loop is not constant,
but magnetic flux is constant (or as the phrase goes
"frozen"). Tt is perfectly acceptable to call such an
object as a superconductive dipole.

In the paper [1] we derived an expression for the
potential energy of interaction in a system consisting
of permanent magnets and superconducting circuits.

It develops that interaction of permanent and su-
perconductive magnetic dipoles does not fall under
the above-mentioned «problem 1/R3». This raises
the question of the possibility of stable orbital mo-
tions in such a system.

The modern Hamiltonian formalism based on
group-theoretical methods [4, 5, 6, 7, 8] is an effective
tool for studying the stability of magnetic systems
with symmetries [9, 10].

This approach allows us to analytically prove the
existence of stable orbital motions in a system con-
sisting of a superconductive and permanent magnetic
dipoles.

2. MATHEMATICAL MODEL

Let’s consider the superconducting dipole as a small
circular loop that fixed in the origin of coordinates
with a normal of v = e3 that is directed along the
axis of z. Its radius is denoted by 7, total "frozen"
magnetic flux is ¥, and its self-inductance is L.

The movable dipole can be described as a circular
loop with radius r,, and a current I that associated
with its magnetic moment p:

(1)

In the dipole approximation, mutual inductance
M of two loops has the form [1]:

p=mrilv=|plv.
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where 7,,7, — the corresponding radiuses of the cur-
rents loops (s — superconductive current and p — di-
rect current);

~,v — the corresponding normals;

r — the radius-vector of a movable dipole.

Potential energy of the interaction of the loops
was derived in [1]:

M = HoT (3<77 ’I"> <Vv ’I°> - T2 <77 V>) ’
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where M I, using (1) can be transformed to
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where S — the area of the superconducting dipole, or
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where
r=|rl;
e =7/r|;
d=e3 e =23r; (5)
d'=v-e;
" =es-v=15
Then the potential energy has the form
1 3! — 2
V(r,d,d',d")= k|- —F— | =
( )= (v -2,
— gﬂ_(r’ C/,CH7C”/)27 (6)
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For the first derivatives we have

’
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80/ VZE = —73;?3770//; (8)
_ 3kT ).

ac”Vze = —73C;

DoV = BT
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With regard to the mechanical properties of the
movable magnetic dipole it is a small rigid body
— symmetric top (two principal moments of inertia
I, = I = I,), and its mechanical symmetry coin-
cides with the magnetic.

The corresponding Hamiltonian of the system will
be [9]:

1

T=_—p*+2n2 (9

H=T+V, T oM 2

where M — mass of permanent dipole; o = 1/I, —
the position of the dipole; p — its momentum; n —
the intrinsic angular momentum of the dipole.

Then equations of motion have the form [11, 9]:

= 37P;

p=—-0,Ve, — L0,V PS(e3) + 0o VP (v));
U =a(nxv);

n =0 V(e x V) 4+ 0cnV(ez x v),

(10)
where the operator P{ — projection onto the plane
that perpendicular to the vector €., i.e. Pf(e3) =
es —ce, and P{(v) =v —e,.

3. RELATIVE EQUILIBRIA

Group-theoretic methods Hamiltonian dynamics
have proven effective in many problems of mechan-
ics [4, 5, 6, 8] and, in particular, in the study of the
stability of the magnetic dynamical systems [9, 10].
There are a number of theorems [7, 8], which give
us the conditions of stability of relative equilibria, i.e.
such trajectories of the Hamiltonian system that are

144

also the orbits of the one-parameter subgroups of the
invariance group of the system under study [4, 7]

Modern Hamiltonian formalism developed in two
basic versions: symplectic manifolds and Poisson
manifolds. Appropriate tools to investigate the sta-
bility of relative equilibria are available in both ap-
proaches.

The system has axial symmetry about z axis, i.e.
invariant with respect to the subgroup S* of the ro-
tation group SO(3) and, additionally, has a mirror
symmetry with respect to the plane z = 0.

Thus, the system under study has the same set
of symmetries, the same set of dynamic variables to
describe the state, and the same kinetic energy as for
the Orbitron system in work [9].

Therefore, to describe the system under study is
suitable Hamiltonian formalism on the basis of the
Poisson structure (see [9] ), and the difference is in
the form of potential energy of the system.

The main tool for studying the stability of rela-
tive equilibria in our case, as in the above-mentioned
work, will be the Theorem 4.8. [§], which is valid for
dynamical systems with symmetry in general case of
Poisson manifolds.

An important advantage of this theorem is that
investigation of the function space of the trajectories
replaced on the investigation of the finite-dimensional
vector space of the variations of dynamic variables in
the supporting point of the trajectory (relative equi-
libria). At this case the scheme of stability investi-
gation is broadly similar to the study of conditional
extremum of the function using Lagrange multipliers
method.

As it was already mentioned, the invariance group
of the Orbitron is S'. Each one-parameter subgroup
of this group will be characterized by the own angular
velocity wy = wpes. The rate of change of any phys-
ical quantity v of our problem along the orbit of this
subgroup will be given by the formula v = wg X v.

Therefore, for a relative equilibria such relations
must be satisfied

’f':(JJo(63XT‘;

P:W0(€3 Xp)a
U =wo(es X V); )

n = wo(eg X ’I’l)

We will show that there is a dynamic orbit, for
which performed these relations. Taking into con-
sideration the mirror symmetry of the problem let’s
consider the orbit that located in the plane z = 0.
We also assume that v || e3 and n || e3. Then along
all this trajectory ¢ =c = 0, ¢" = +1 and from
(8)§2 followed that 9,V =0,V =0.

3rd and 4th equation of system (10)§2 thus per-
formed identically, and the 1st and 2nd are reduced
to second-order equation of the form:

0,V
Mr + ( . ) r=0.
|r=rg

(2)



For the conditions (a,ﬁV)ha:,«0 > 0 the equation
(2) has a solution and corresponds to motion along a
circle of radius r¢ at a rate that is determined by the

relation 5
< TV) =wiM.
r s
|r=r0

Thus, we can conclude that for this orbit, indeed
was proved that it is a relative equilibrium.

(3)

4. CHOICE OF THE SUPPORTING
POINT

Let’s set the point on an orbit of relative equilibrium

Lo = Tro€1;
Do = Poe2;
Ze=q" (1)
vy = vpes, vy = *l1.
o = Npes;
In this point
d =0;
¢ =0; (2)
CI// — VO;
O Vs, = — 2580,
0V, =0;
O V)., =0; (3)
ac”’vrz = K‘.IFO;
e o
o =1+ 2%
0

and the following expressions for the differentials of
the arguments of the function V

dr = dx*;

dd = dle,es) = 1 (dz® — 'dat);
dc’ = dv' + L(vodz® — 'dat);
dd" =dv3.

(4)

5. NECESSARY CONDITION OF
STABILITY AND LAGRANGIAN
COEFFICIENTS

As motion integrals we will take
js = a'p® —2®p' +ng;

C, = Vz; (1)

Cy = (v,n);

N[

—~

where 1st line represents a 3rd conserved quantity of
a body total angular momentum, and the other two
are Casimir functions of the system.
Efficiency function (adjoined Hamiltonian) looks
like
(3)

The necessary condition of stability in theorem
4.8. [8] requires the differential of efficiency function
to be equal to zero in a supporting point.

ﬁ:T+V—W()j3+>\1C’1+>\QCQ.

Write out the correspondent differentials in a sup-
porting point z.
{(dT)lz(’ = pﬁodpg + angdns;

4
(@V)).. = 0, Vdz' + 0o Vduvs; (4)

(djs) |z, = poda' + rodps + dng;
(dCh))z, = vodus;
(dC3))z, = (nodvs + vodns).
Collecting the differentials of efficiency function,
we get

dH ., = (0,V],, —wopo)da' + (pﬂo - woro) dp> (6)

()

+(0ur Vi, + Mo+ Aang)dr® 4 (ang —wo + Ao )dns.

Equating dH |z. = 0, we derive the following ex-
pression for Lagrange multipliers

po/M = woro;

wopo = Or V. ;

A2 = Vowo — QVgno; (7)
A1 = —v0cn V)., — Aavong =

—V()ac”/v\zﬂ + no(ang — wo).

The 1st equation in (7) is an ordinary relationship
between linear and angular velocity during circular
orbital motion.

The 2nd equation in (7) represents the equality of
centrifugal (on the left) and centripetal (on the right)
forces.

From this two expressions we get the relationship
for angular velocity, namely:

1 3KV 3
2 070 0
MLUO = 7,,7087"/'2'3 = — 718 = _ﬁac“/ |ze - (8)

6. ALLOWABLE VARIATIONS

For the application of the sufficient condition of sta-

bility in the theorem 4.8. in [8] it is necessary to

extract a linear subspace of allowable variations.
Let’s consider the variations of the dynamic vari-

ables annihilating the differentials in formula (5)§5.
From the 2nd line in (5)§5 it follows, that v° = 0,

then it ensues from the 3rd line, that dn® = 0.
Thus, we obtain

ov3 =0;
éng = 0;
6p2 = 7%(;(51’1.

(1)

Hence it ensues that the variations in the form

51‘1761‘2751'3; 5101,51733 5V175V2; (2)

can be considered as independent variations, further-
more, we must exclude from this subspace the direc-
tion which is tangent to the orbit.

It ensues from formula (1)§3, that this direction
(in z. point) is determined as

5”1, 5”2

ox = rpes;

0p = —poer; (3)
ov = 0;

on = 0.
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In order to eliminate the variation (3), we impose
another additional condition on variations, and then
we get the constraints

o3 = 0;
ong = 0;
op1 = %5532;

5p2 = *%51'13
and an independent set of variations will be

sat, 622, 623, svt, v (5)

5p3; (577,1, (577,2.

7. BASIC QUADRATIC FORM

Sufficient condition for a minimum consists in
positive definiteness of quadratic form of type
dzfl‘zp (6z,02), where variation vector §z must be ex-
pressed through independent variations (5)86 taking
into account the constraints (4)§6. Quadratic form
defined in independent variations we denote by Q.

Calculations of the efficiency function hessian (ad-
joined Hamiltonian) and basic quadratic form in in-
dependent variations were performed in Maple.

After insignificant transposition of columns (and
corresponding lines with the same number) the ma-
trix of basic quadratic form acquires a form

Q: 0 0O O 0 0 0 0
0 Q2 O 0 0 0 0 0
0 0 Qua 0 0 0 0 0
0 0 0 Q33 Q35 0 0 0
0 0 0 @35 @s5 Qs7 0 0
0 0 0 0 Q57 Qrr 0 0
0 0 0 0 0 0 Qs Qss]

(1)
Let’s write out diagonal elements from matrix of
quadratic form Q:

Q11 = %g (V07T0 + %) ;

Q22 = 4Muwg;

Q33 = 3Mwg;

Qua = 77 (2)
Qs5 = no (ang — wo) + %Mr(z)w%;

Qo6 = Qss;

Q77 = Qss = .

For matrix @) to be positive definite it is foremost
necessary that all diagonal elements of the matrix
are positive.

The positive definite of Q44, Q77, Qss are scienter
positive.

The positive definite of Q22 and Q33 elements en-
sured by the physically obvious requirement:

3/431/071'0

7’8 — yomg < 0. (3)

From (2) (1e Q11 >0, Q55 = Qg > 0) and (3)
we have

Muwi = —

(4)

—r% < yomy < 0;
0
ng (ang — wo) + %Mrgwg > 0.

146

Let’s consider non-diagonal elements.
First consider lower-right-hand block

|:Q66 Q68:|

Qes Qs (5)

where

(6)

then the conditions of positive definiteness of (5) will
be

Qs = 1o (wo - Omo) ,

QssQe6 — Qg = wolang — wo) + %MTSWS >0. (7)
Now consider the central 3 x 3-block, where

(8)

(9)

then the condition of positive definiteness of central
block are as follows

{Q33Q55 — Q3% = 3Mnowd(ano — wo) > 0;

Q33Q55Q77 — Q33Q3; — Q35Q77 = 3Mwi(ang — wo) > 0.
(10)

2
Q35 = Mvorowy,

Qs7 = —vo(ang — wo),

So, considering the mp = ¢ + =3 we have the fol-
0
lowing non-trivial conditions for positive definiteness

of the matrix @

=3 < (1+ vriy) < 0;
no(ang — wg) > 0;

(11)

wo(ang —wp) > 0.

Thus for the stability of a given relative equilib-
rium in our system the geometric conditions must be
carried out

-3 < (1+wriy) <0 (12)

and the dynamical conditions

{no(@no —wp) > 0; (13)

wo(ang — wp) > 0.

The last conditions can also be written as

{sign(no) = sign(wo); (14)

alng| > |wol;

or, given the ng = I3Qy, where 0y — the frequency
of self-rotation of the movable body

sign(Qo) = sign(wo); 5)
€] > %|wo|-



8. ESTIMATION OF PHYSICAL
PARAMETERS

Let’s show that we can choose the system parameters
that correspond to the available material and techno-
logical capabilities, and in addition does not violate
the assumption of dipole nature and justice of quasi-
stationary approximation.

Let’s consider a small ring Nb3Sn of radius R =
0,005 (m) with the radius of the wire » = 0,0005
(m), and disc permanent magnet NdFeB (with den-
sity p = 7,4 - 103 (kg/m3) with residual induction
B, = 0,25 (T)) with diameter D = 0,014 (m) and
height h = 0,006 (mn) (M = 0,0068 (kg) — mass).

These bodies are characterized by a set of mag-
netic parameters. For the ring this is self-inductance
that can be estimated from the expression [12] (5-1)
p.207:

21 8R 1
L_‘uOR<ln<8R) _Z+17“I1(T)—|-3>7
r

8 R?

for the permanent magnet this is a magnetic moment
p=0,18 (A m?).

Let’s freeze the flow through the ring (i.e., trans-
late it into a superconducting state) when the per-
manent magnet located in the equatorial plane at
a distance of rx = 0,05 (m) (disc of the magnet
located mirror-symmetrically relative to the equato-
rial plane and with magnetic moment directed down,
ie. vyg = —1). Then move the magnet on a dis-
tance ro ~ 0,059 (m) and provide it initial velocity
such that the angular velocity of the orbital motion
was wp =~ 0,0152 (rad/s) and also small self-rotation
(such that condition (15)§7 will met).

Then such motion will be stable, because all sta-
bility conditions §7 are met.

The smallness of the angular velocity is dictated
due smallness of the centripetal magnetic force, be-
cause in fact a magnetic dipole interacts with itself
through the magnetic flow induced in the supercon-
ducting ring (at a relatively large distance). It is easy

to deduce that with decreasing of the all size of the
system in k times its circular frequency of rotation
also increased in the same times.
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YCTOMYNBHIE OTHOCUTEJIBHBIE PABHOBECHUS B CUCTEME, COCTOMIIIIEN
N3 CBEPXIIPOBOAAINEIO 1 IIOCTOAHHOI'O MATHUTHBIX JTUITIOJIEN

C. C. 3y6

ABamuTuyecky N10Ka3aHO CYIECTBOBAHNE YCTOWUMBBIX OPOUTALHBIX JBUYKEHUH B CHCTEME, COCTOSIIEH
73 CBEPXIPOBOMSAIIErO U MOCTOSHHOIO MArHUTHBIX aunojeil. B orimuwme ot uccnemosannoit U. Tammom u
B. Tun36yproM CHCTeMBI I3 IBYX MOCTOSHHBIX MAPHETHBIX JUTIONeH «mpobaema 1/R3» B mamHoil cucreme He

BO3HUKAET, U YCTOHYUBOCTb CTAHOBUTCA BO3MOZKHOM.

CTINKI BIZTHOCHI PIBHOBATH B CUCTEMI, IIIO CKJIAJTAETHCS 3
HAOIIPOBIZITHOT'O TA TTIOCTIMHOT'O MATHITHUX JAUITOJIIB

C. C. 3y6

AnamiTuuHo JOBEEHO ICHYBAHHS CTIHKUX OPOITATBLHUX PYXIB ¥ CHCTEeMI, IO CKIATAETHCI 3 HAIIPOBII-
HOTO Ta MOCTIfHOTO MarniTHux aunonis. Ha BiaMiny Bix cucremMu 3 IBOX MOCTIfHWX MarfHiTHUX JWTIOJIB, IO
nocrimkena I. Tammom Ta B. Tims6yprom, «mpobaema 1/R? » B namiif cucTeMi He BUHUKAE, i OTXe CTifIKiCTh

CTa€ MOZKJINBOIO.
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