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Teopernyeckoe MOCTPOEHNE HAYAIBHON M MOCJIEAYIOIIUX IMOBEPXHOCTEH
HAIPYKEHUsI H3O0TPONHBIX YNPOYHAKIIMXCH YHNPYrOIIACTHYECKHUX
MaTepHaIoB JH(pPepeHIHAIBLHOIO THIIA

I1. 11. Jlenuxun

Wucruryt npobiem npounoct uM. I'. C. IMucapenko HAH VYkpaunsi, Kues, Ykpanna

B pamrax meopuu 6eckoneuno manvix oeopmayuii npeonodicer Ho8blil NOOX00 K MeOpemuiecKomy
HOCMPOEHUI0 HAYANIBHOU U NOCIeOVIOWell NOBEPXHOCMell HAePydlCceHus Ol HEeKOMopo2o Kiaccd
npocmulx no Hoany nauansno meepowix ynpouHAIOWuUxcs. ynpyoniacmuyeckux mamepuanos oudge-
PeHyuanbHo2o muna cioxchocmu 1. IIpu 9mom noepxHoCmu HaepyHceHus Cmposmces 6e3 nPUHAMus.
KaKux-1ubo OONOIHUMENbHBIX NPeOnoNodNCeHUll, Olid 6Ce20 PACCMOMPEHHO20 KIACCA Mamepuanos
HauabHas nogepxuocms umeem gopmy Iybepa—Museca, a nociedylowue nogepxnocmu 6 oouem
cayuae nooeepearmcs pacuiupenulo, CMeweHuo u UsMeHeHuo Qopmul. B uacmuvlx ciyuasx ypashe-
Hule nociedyroweli NO8EPXHOCHIU HAZPYHCEHUS COBNAVAEN C YPASHEHUAMU U3BECTNHbIX MeOpUll Nidc-
MUYHOCIU € U30MPONHO-KUHEMAMUYECKUM U KUHEMAMUYeCKUM YpOuHeHueM. Ycmanosneno, 4mo
OISl HAYANLHBIX NOBEPXHOCMEN HASPYIHCEHUS U DeSYNAPHbIX MOUeK NOCAeOVIOUUX NO8epXHOCHel
HASPYHCEHUSL BOINOTHACMCA ACCOYUUPOBAHHBLIL 3AKOH meyeHus. TIpu npuHAmvix onpeoeieHusx aKmue-
HO20 HAZPYJHCEHUs, PA3ePY3KU U HEUMPAlbHO20 HASPYIHCEHUS OISl HAYANLHOU U 2NAOKUX BbINYKIbIX
ROCIeOYIOWUX NOBEPXHOCHEN HAPYHCeHUs ebinonnsemcs nocmyaam [pykkepa. ObocHosano npose-
OeHue ONnblmos, HeOOXOOUMBIX ONisl KOHKPEeMU3Ayuy NOJIYYeHHbIX 3a6UCUMOCTEL.

Knrouesvre cnoea: npocroil mo Homty ynpouHsromuiics ynpyroriacTU4ecKui
Mmatepuai JupepeHIHatbHOr0 THIIA CIOKHOCTH 1, OECKOHEYHO Mauibie Jedop-
Mallid, U30TPONHS, HOBEPXHOCTh HArpPyKEHHUS.

In our earlier studies [1, 2], using rational continuum mechanics approaches, a
mathematical theory was developed for a strict construction and specialization of
constitutive equations for simple (in Noll’s sense) isotropic strain-hardening
elastoplastic materials of the differential type of complexity »n as the most
important representatives of the materials with the infinitesimal memory of the
path shape (the path shape memory on an arbitrarily small interval of the “past™).
The strains were assumed to be finite. The hierarchy of the constitutive relations
was constructed according to the level of complexity of the material response to
deformation.
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In papers [1, 3], the method for specialization of the previously constructed
physical equations [1, 2] is developed within the theory of infinitesimal strains.
With this method, a number of constitutive relations are derived. For n=1, the
conditions for the existence of a loading surface are established.

In [3], a number of assumptions are made for the specialization of constitutive
relations.

Assumption 1. We assume that in the construction of the constitutive relations
for simple, in Noll’s sense, isotropic strain-hardening elastoplastic bodies of the
differential type of a different complexity, a specific character of the tensor space
structure related to the tensor product can be neglected.

Assumption 2. We assume that under the elastoplastic deformation, the stress
deviator is independent of the first invariants and the mean stress is independent of
the deviatoric components of the kinematic infinitesimal strain tensors.

Assumption 3. We assume that the prehistory of wvariation of elastic
components of the strain tensor does not influence the stresses in the elastoplastic
material.

By the prehistory of variation of elastic components of the strain tensor one
should mean the whole history of variation of the elastic component of the strain
tensor except for its value at the end of the deformation process.

Assumptions 1 and 2 impose constraints on the material properties and, as
noted in [3], they are verified experimentally for a number of materials.

For strain-hardening elastoplastic materials of the differential type of
complexity 1, which obey assumptions 1-3, a constitutive relation is constructed
that is valid for the general case of active deformation and has the following form

[3]:
s=1n,e+1n3¢], (1

where 7, and 73 depend on invariants

r(e), wr(eel), ()

s, e,and éf? =de? / dEP are the stress, total strain, and plastic strain rate deviators,

respectively, e” is the plastic strain deviator, and £7 is the arc length of the path

of the plastic strain deviator.

According to [3], equation (1) is a parametric representation of the loading
surface equation. To analyze in greater detail the loading surface properties (such
as closure, convexity, smoothness, the associated flow rule observance or violation,
etc.), the specialization of functions 7, and 75 — to a greater or lesser extent — is
required.

The purpose of this work is to develop an approach to the construction of the
initial and subsequent loading surfaces based on Eq. (1) without specializing
functions 7, and 75.

As shown by the analysis, it follows from the general properties of the
initially solid strain-hardening elastoplastic material (hereinafter referred to as the
strain-hardening elastoplastic material) [4] that the path (history of variation) of the
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plastic strain during active deformation fully determines the stresses at the end of
the deformation process. Based on the aforementioned, a conclusion can be made
that assumption 3 stems from the general properties of strain-hardening elastoplastic
materials and can be reformulated as follows: in setting the history of variation of
plastic strains, the prehistory of variation of elastic components of the strain tensor
can be neglected in determining the stresses in the strain-hardening elastoplastic
material. Moreover, in constructing constitutive relations for such materials we can
admit that, in case of setting the history of variation of plastic strains, the history of
variation of elastic components of the strain tensor can be neglected in determining
the stresses in the strain-hardening elastoplastic material.

If the last corollary that proceeds from the general properties of the strain-
hardening elastoplastic materials considered proves to be valid, Eq. (1) takes the
form:

s=f7§ep+f7 éf), 3)

where coefficients 74 and #% are certain functions of invariants
r(e?)?,  w(ePel). (4)

As follows from [3], Eq. (3) can be written in the vector space. In this case,
the stress, plastic strain and plastic strain rate deviators can be substituted by
relevant vectors.

Let us write the vector representation of Eq. (3) in the II’yushin space [5]

o=n5E? +HLE], )

where &, E?,and E P = dEP / d&? are the stress, plastic strain, and plastic strain

rate vectors, respectively, 775 and Tyé7 , in view of (4), depend on the modulus of

the plastic strain vector and the angle between the plastic strain vector and the
plastic strain “rate” vector. At every point of the active deformation path, coefficients

75 and 7% correspond to coefficients 775 and 7%, respectively.

At the beginning of the active deformation process, the plastic strain is equal
to zero. In this case, Eq. (3) takes the form

s=M381 ©)

where, in view of (4), f7§0 is the positive quantity that does not depend on the type

of the stress (strain) state.

Taking into account the fact that the stress deviator in the active process of
uniaxial tension at the beginning of plastic deformation equals to s7,, where s7
is the stress deviator at the yield point under uniaxial tension, equation (6) can be
rewritten as
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_ 2P AP _
S=130€] =5S79- (7

Let us bring Eq. (7) to the invariant form. To do so, let us square it, take the
trace of the obtained equation, multiply all its members by 3/2 for convenience,
and write it in the coordinate form as follows:

3 3 AD N2 3 2
25555 = 5 W30)7 =5 85,85, = 070 ®)

where o7, 1is the initial yield strength under uniaxial tension. In writing Eq. (8),
we took into account the fact that éf is a normalized deviator.

Relation (8) corresponds to the equation of the initial loading surface, which
can be represented as

3 2 2 2
fin(Uzj)=§S,'jSij_0T0:0i_0T0=0, 9)

where 0, and o; = ,/(3/2)s,-js,-j are the Cauchy stress tensor and the stress

intensity, respectively.

Under assumptions adopted in the construction of Eq. (9), the initial loading
surface in the three-dimensional space of principal stresses represents a circular
cylinder (the Huber—Mises cylinder) — a regular (smooth), continuous, convex
surface with the radius equal to \/273 O79-

Given the validity of Eq. (9), we can show [6] that

of - of of : Jf ;
ﬂ=ﬁ=3s-- and Qda =f7‘ds--. (10)

ij> ij ij
ao,-j asij aa,-j 8sl~j

Based on Egs. (6), (8), and (9), we write in the coordinate form

3 dE?
deg.:\gois,.j. (11)

In view of (10), Eq. (11) expresses the flow rule associated to (9)

af af 3 dE?
del =d——=d———= .- =2—35..
€i 30 ;; ds; N2 o % (12)
1 d&?
where, as follows from (12), di=—=—->0.

\/801'

Using the concepts of the active loading, unloading and neutral loading [7]
and taking into account (10), we obtain for the initial loading surface (9) under
active loading, unloading and neutral loading, respectively [6]
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of .

afmdsl-j>0, fin=0, dA>0, (13)
Sij

Yin s <0 =0, di=0

os., B <0 fin =0, dA=0, (14)
i

f;

6Sil"?dsij=0, fin=0, di=0. (15)

g

Given the validity of Egs. (12)—(15), the Drucker’s postulate is fulfilled for
the initial Huber—Mises loading surface.

In constructing subsequent loading surfaces when plastic strains are not equal
to zero, we go back to Eq. (3), whose coefficients depend on invariants (4), and
which has form (5) in the II’yushin vector space.

Let us introduce the concept of the active stress deviator [8, 9], by which one
should mean the component of the stress deviator decomposition in the direction of
the line tangent to the plastic strain deviator path. Then we can write from Eq. (3)

; (16)

where s? is the active stress deviator.

It follows from Eq. (16) that the direction tensors, strain mode angles and

Lode-Nadai parameters of the active stress deviator and &f in the arbitrary

active-deformation process, within the limits of Validity of relation (3), coincide.

By squaring (16), taking the trace of th obtained equation, multiplying its
right- and left-hand sides by 3/2 for convenience, we can write it in the coordinate
form

Since the & deviator is normalized, then ‘s ‘—

3 3 . . 3 .p\2

ES‘}S? =5(sy —iyel)(sy —77565):5(775) : (17)
Equation (17) represents the equation of the subsequent loading surface,

which can be rewritten as follows:

U)

3
foy)=(0f)* =SH5)* =3 sisi = S@5)* =0, (18)

where o7 =,/(3/2)sj;s;; is the active stress intensity.

In the case of validity of Eq. (18), using the approach described in [6], we can
show that

d d ad d
Iy ey =35y, and oy =ds, (o)

iy ij
Jdo i as,-j 0 i as,-j
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As follows from Egs. (16)—(18) in the coordinate form,
3 dE¥
P _ |Z a
dej; = \qu Sjj- (20)
1

In view of (19), Eq. (20) expresses the flow rule associated to (18)

d d 3 dEP
de§=dx’ti=dll= = Sa Siis Q21
1 d&?
where, as follows from (21), di= %70> 0.
o

Using the concepts of the active loading, unloading and neutral loading for
regular points of the loading surface, we derive that for the active loading,
unloading and neutral loading the following equations are true, respectively

o

Fljdsl-j>0, f=0, di>0, (22)
d
af“dsij <0, /=0, di=0, (23)
ij
J
afdsij=0, f=0, di=0. (24)
Sij

Given the validity of Egs. (21)—(24), the Drucker’s postulate is fulfilled for
regular points of the subsequent loading surface of convex shape.

Following the procedure described in [6], we can show that, for the initial and
subsequent loading surfaces represented by (9) and (21), the plastic change of
volume equals to zero, i.e., the material is plastically incompressible.

Let us point out that no other assumption was taken into account in the
construction of Egs. (9) and (18) based on Eq. (1).

We will call 75 eg and 75 in (17) the evolution parameters of the subsequent

loading surface. In view of (4) and the vector representation of the deviatoric
space, 775 and #% depend on the plastic strain deviator (vector) modulus, angle

between the plastic strain vector and the plastic strain “rate” vector. Equation (17)
allows modeling the translation, expansion and distortion of the subsequent loading
surface in the active deformation process. Here, the distortion of the subsequent
loading surface is described by the angle between the plastic strain vector and the
plastic strain rate vector. As we know from [6, 10], this kind of evolution of the
subsequent loading surface and the initial surface of the Huber—Mises type are
characteristic of a number of elastoplastic materials.
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Let us note that the plastic strain deviator modulus does not describe the effect
caused by the path shape of the plastic strain deviator on 7% and fyé’ in Eq. (17).

Therefore, these coefficients can be specified based on uniaxial tests with the
additional construction of subsequent loading surfaces for every plastic strain
deviator modulus within the studied plastic strain range in accordance with the
technique presented in [10], for instance.

Let us consider some special cases of Eq. (17).

1) We assume that for a certain class of materials considered here coefficient

fyg does not depend on the angle between the plastic strain vector and the plastic
strain “rate” vector. At the same time, a distortion of the subsequent loading
surface can be described by the evolution parameter ﬁé’ that depends on the above
angle.

2) We assume that fyg and fyf do not depend on the angle between the
plastic strain vector and the plastic strain “rate” vector. Then the equation of the
subsequent loading surface takes the Huber-Mises form, #} and 17}37 are

determined by the plastic strain deviator modulus. In this case, the equation of the
subsequent loading surface can be specified based on uniaxial tests performed in
accordance with the technique presented in [6], which was offered for the
Kadashevich—Novozhilov theory of plasticity with isotropic-kinematic hardening

.In , the translation ot the subsequent loading surface e;;) 1s modeled by
[8]. In[11], th lation of the sub loadi face (75 e;) is modeled b

the dependence of the plastic strain deviator coefficient on the plastic strain
deviator modulus.

3) In special cases such as /3/2 ﬁg =07, =const and /5 = c=const,Eq. (17)

corresponds to the equation of the subsequent loading surface from the Ishlinsky—
Prager theory [12, 13].

The equation of the initial loading surface for special classes of materials
considered here will not change.

The main distinction of the proposed approach from the well-known approaches
[6-9, 11-14, and others] is that the loading surface type is not postulated, as well
as the constitutive equation based on which it is constructed. The initial and
subsequent loading surfaces, as well as the expression for the plastic strain
increment deviator, are constructed strictly on the basis of the earlier obtained
constitutive relation that is valid for the active loading processes.

Within the theory of infinitesimal strains, a new approach is proposed for the
theoretical construction of the initial and subsequent loading surfaces for simple in
Noll’s sense initially solid strain-hardening materials of the differential type of
complexity 1. The loading surfaces are constructed without making additional
assumptions. For the whole class of materials considered, the initial surface has the
Huber-Mises form, the subsequent surface undergoes expansion, translation and
distortion in the general case. In special cases, the equation of the subsequent
loading surface corresponds to the equations of the well-known theories of
plasticity with the isotropic-kinematic and kinematic hardening. It is established
that the associated flow rule is fulfilled for the initial loading surfaces and regular
points of the subsequent loading surfaces. With the accepted definitions of the
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active loading, unloading and neutral loading, the Drucker postulate is fulfilled
for the initial surface and subsequent surfaces of smooth convex shape. The
experiments necessary for the concrete definition of the derived dependences are
verified.

Pe3ome

VY pamkax Teopii Manux aedopmaliil 3amporOHOBAHO HOBHMW MiAXil 1O Teope-
THYHOT TOOYTOBM TIOYATKOBOI 1 HACTYITHOT IIOBEPXOHb HABAHTAXKEHHS IJISI IESIKOTO
KJacy mpocTux 3a Homiom moyaTkoBO TBEpAMX 3MIIIHIOBAHUX MPY>KHO-TIACTHY-
HUX MatepianiB audepermianpHoro TUny ckiuagHocti 1. Ilpu mpomy moBepxHi
HaBaHTAXKEHHsS OYyAyIOThcs 0e3 MPUUHATTS Oy/Ab-SKUX JOJAaTKOBHX IPHITYICHb,
JUIL BCHOTO KJIACy MaTepialliB, MIO PO3IJISAAIOTHCS, MOYATKOBA ITOBEPXHS Mae
¢dopmy ['yGepa—Mizeca, a HACTymHI MOBEpPXHI B 3arallLHOMY BHMAJKY 3a3HAIOThH
PO3LIMPEHHs, 3MillIeHHs 1 3MiHH QopMu. B oKkpemux BuTagKax piBHSIHHS HACTYII-
HOI TMOBEpXHI HAaBaHTAXEHHS 30ira€ThCs 3 PIBHAHHAM BiJOMHX TEOPid IIacTh4-
HOCTI 3 130TPOITHO-KIHEMAaTUIHUM 1 KIHEMaTHYHAM 3MIITHEHHSIM. Y CTAaHOBJICHO, 110
JUIS. TIOYaTKOBHX TIOBEPXOHb HABAHTAXKCHHS 1 PETYISPHUX TOYOK HACTYIHHUX II0-
BEPXOHb HABAaHTA)KEHHS BUKOHYETHCS acOLiOBaHWII 3aKOH TeKydocti. [Ipu mpwii-
HSTHX BH3HAYCHHSX AKTHBHOTO HAaBAHTAXXCHHS, PO3BAHTKEHHS 1 HEUTPaIbHOTO
HaBaHTA)KEHHsI U1l TIOYAaTKOBOI 1 TJIaJKUX OMYKJIMX HACTYIHUX ITOBEPXOHb HaBaH-
Ta)KeHHS BUKOHYETHCS mocTynar Jlpykkepa. OOGIrpyHTOBaHO MHpOBEAEHHS BHIIPO-
OyBaHb, 110 HEOOXIJHI /U KOHKpETH3alii OTPUMaHUX 3aJIeKHOCTEH.
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