PROPAGATION OF INTENSE CHARGED-PARTICLE BEAM
IN COAXTAL MAGNETIC UNDULATOR

K. Ilyenko, T. Yatsenko
Institute for Radiophysics and Electronics of NAS of Ukraine, Kharkov, Ukraine
E-mail: t.dream@gmx.net
The system of dynamics equations describing the propagation of high-current charged-particle beam in a coaxial

drift-tube in combined longitudinal homogeneous (guide) and periodic magnetostatic undulator fields is formulated.
The self-electric field and both longitudinal and azimuthal components of self-magnetic field of charged-particle

beam averaged over the undulator period are obtained.
PACS: 84.30.Jc

INTRODUCTION

The estimates of limiting current of charged-particle
beam propagating in the conducting grounded drift-tube
in the longitudinal homogeneous (guide) strong (infi-
nite) or finite magnetic fields are among the most stud-
ied in physical electronics (cf. [1 - 3]). In papers [4, 5]
the authors discuss the limiting current of electron beam
in the magnetostatic pump field of the hybrid coaxial
free electron laser/maser (FEL/FEM). The authors of
papers [3, 6, 7] estimated the limiting current of electron
beam in the strong (infinite) longitudinal homogeneous
magnetic field. The estimates made for the coaxial un-
dulator [8] and values experimentally achieved in the
Strathclyde hybrid coaxial FEL [9] exhibit propagating
currents smaller by an order of magnitude than those in

the longitudinal homogeneous magnetic field. The
statement of problem is in Section 1. In Section 2 apply-
ing ideas of works [10 - 12] we obtain the self-electric
and self-magnetic fields of charged-particle beam in a
coaxial drift-tube including the longitudinal component
of the self-magnetic field. In Section 3 we apply results
of Section 2 to modelling electron beam propagation in
hybrid coaxial FEL/FEM.

1. PROBLEM SETUP

The system of equations and initial conditions de-
scribing the dynamics of charged-particles beam under
the assumption of laminar flow and circular cylindrical
symmetry has the form:
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where p,(t), py(t), p.(t) are r-, @-, z - the compo-

nents of relativistic momentum; y =1+ p,2 + pg. + pf

is the relativistic factor; » and 6 are radial and azi-

muthal coordinates; g and m, are the charge and mass

of particles (for electrons ¢ =—|e|, e is the electron
charge, m, =m,); c is the light velocity in vacuum.

Here E'/ (r)=—-09"" (r)/ or is the radial component
of the self electric field (°?/ (r) is the scalar poten-
tial); l_?gdf (r), B (r) are the -, z - components of

the self-magnetic field; B& = (0,0,B4') is the external
homogeneous static magnetic field produced by a sole-
noid. B (r,z) = (B (r,2),0,B™ (r,z)) is the undula-
tor magnetostatic field produced by a system of perma-
nent magnets [8, 13, 14]
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where B is the value of longitudinal component of the

magnetic induction on cylindrical surfaces of the per-
manent magnets of the undulator (for simplicity we sup-
pose that these surfaces are located at r=7 and

r=n);

Conr = 4 sin Qk+rx :
Qk+)rx 4
k, =2x/l, (I, is the spatial period of undulator);
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1y(), 1;() are Bessel functions of 0- and I-order;
Ko(), K,(-) are modified Bessel functions of 0- and 1-
order; z, is the longitudinal position of the injection
plane; p., is the initial longitudinal momentum; 7, is

the initial radial position of a current beamlet (beam
layer).
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2. SELF-FIELDS OF CHARGED-PARTICLE
BEAM

In the assumption of laminar flow and the average
over the undulator period the components of the self-
electric and self-magnetic fields of charged particle
beam have form
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where &'/, by, b’ are the radial component of ~ are the angular velocity) are natural. In this case all in-

the dimensionless self-electric and the @- and z-
components of the dimensionless self-magnetic fields of

beam, respectively; f° (p) = q@*’ (r)/(chz) is the
dimensionless scalar potential; p=r/r, is the dimen-
sionless radial coordinate, p, =7/ is the dimen-
pi=1ln,
p, =1,/ r, are the dimensionless inner and outer radii
of the Bo(p)=74(p)/ 7(p)
p.(p)=x.(p)/y(p) are the dimensionless &-, z -
of (7o(P) = Po(p)(myc),
7.(p)=p.(p)/(m, ) are the dimensionless 6-,

sionless inner radius of the drift-tube,

beam boundaries;

components velocity
Z -

components of momentum). For thin beams the assump-
tions of independence of beam density on radial coordi-
nate and of a “rigid rotator” (@, = Uy(r)/r = const , @,
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tegration in expressions (5) - (7) disappear and the sys-
tem of equations becomes system of just differential
equations so it is not difficult to find its numerical solu-
tions (compare with papers [8, 13]). Further we shall
consider this important case.

3. ENVELOPE APPROXIMATION

Following [8], we suppose that the averaged over
the period of undulator focusing force compensates the
defocusing by the self-electric and self-magnetic fields
of charged-particle beam and take into account only the
first (leading) harmonic of the undulator magnetostatic
field (see expressions (3), (4)). Assuming that the above
conditions are realized for the envelopes of the beam
boundary (see [15, p. 197]), we require that the relations
following from (1) and (5) - (7) hold:
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where iy =1,/1, is the dimensionless beam current
(I,=-17.05 KA for electrons); I, = qnyv,oz(r? — 1) is
the beam current; n, is the beam density in assumption

that it does not depend on the radial coordinate;
Piegs Poeq are the dimensionless equilibrium inner and

outer beam radii; x,, =k,r,; 7.0 =p.o/(m,) is the

dimensionless  initial  longitudinal ~ momentum;

= qryBS) /(chz) , bl'=qr,B /(chz) are the
dimensionless induction of longitudinal homogenous
magnetic field and the longitudinal component of mag-
netic induction on cylindrical surface of permanent
magnets, correspondently. In the derivation of the equi-
librium equations (8) we use the following estimate for
the average of the equilibrium & -component of momen-
tum over the undulator period

Ty z\/z ©

in such a way accounting for the influence of longitudi-
nal homogenous magnetic field. Alternatively, we could
have used another estimate for the average of the equi-
librium @ -component of momentum over the undulator
period
7y=0. (10)
In this case, in the equilibrium system (8) the last
summands on the left hand sides would vanish, so the
solutions to the system would not depend on the dimen-
sionless magnetic induction of the longitudinal ho-
mogenous magnetic field (see Table).

lioA’ pi,eq po,eq pi,eq po,eq
apers apers
Strath. Strath. [Il) 31? 14] [Ii 31,) 14]
0.5 0.890 0.905
1.0 0.752 0.767
3.0 0.864 0.951 0.740 0.783
5.0 0.848 0.981 0.728 0.800
10.0 0.700 0.831

Dependence of the equilibrium inner and outer radii of the
beam on the beam current under the assumption (10)

In Fig. 1 the dependence of the relativistic electron
beam equilibrium radii on the value of longitudinal ho-
mogeneous magnetic field is shown. We see that for all
values of the longitudinal homogeneous magnetic field
with the increase of the beam current the inner equilib-
rium radius decreases and the outer equilibrium radius
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increases. Also, one can see that with the increase of the
longitudinal homogeneous magnetic field the beam
thickness decreases if the beam current is fixed. It is
obvious that for the coaxial geometry and tube parame-
ters of the Strathclyde FEL/FEM the zone of admissible
values of guide magnetic field is much narrower (see
Fig. 1,a).

Fig. 2,a,b shows the dependence of the inner and
outer radii of the beam on the longitudinal coordinate
obtained by numerical solution of the system of equa-
tions (1) with the initial conditions (2). The initial inner
and outer radii of the electron beam are found from the
equilibrium equations (8); such choice of initial condi-
tions allows us to ensure minimal possible oscillations
of outer and inner boundaries of the beam (see [13]).

In Fig. 3,a,b for different injection points along the
radial coordinate we present the dependence of the radii
of the respective beamlets (beam layers) of relativistic
electron beam on the longitudinal coordinate in the ab-
sence of guide magnetic field obtained by numerical
solutions of system (1) with initial conditions (2). One
can see quite rapid destruction of the relativistic electron
beam laminar flow (compare with [16, p. 205]).
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Fig. 1. Dependence of the equilibrium radii on the induc-
tion of longitudinal homogenous magnetic field for
different values of beam injection current: a) Strathclyde
FEL/FEM [4, 9] and b) ubitron considered in [13, 14]
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Fig. 2. Dependence of the inner and outer radii of the
beam on the longitudinal coordinate in the absence
of guide magnetic field: a) Strathclyde FEL/FEM [4, 9]
and b) ubitron considered in [13, 14
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Fig. 3. Dependence of the radii of various beamlets
(beam layers) on the longitudinal coordinate in the
absence of guide magnetic field. Initially
(in the injection plane) inner and outer beamlets
are shown in blue; initially internal beamlets are shown
in red
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CONCLUSIONS

The steady propagation of high-current electron
beam in a coaxial drift tube is studied in the approxima-
tion of continuous medium in the combined longitudinal
homogeneous (guide) magnetic and periodic magne-
tostatic undulator fields. The closed system of dynami-
cal equations, which describes propagation of charged-
particle beam in coaxial drift-tube without an assump-
tion of constant beam density and/or “rigid rotor” type
of rotation, is derived. Expressions for the averaged
over the period of the undulator self-electric and self-
magnetic fields of the charged-particle beam in a coax-
ial drift-tube including the longitudinal component of
the self-magnetic field are obtained.
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Ukraine Grant No. ©53.2/064-2013 in accordance to the
“Contract on collaboration between State Fund for Fun-
damental Researches and Russian Foundation for Basic
Research”.
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MNPOXOKIAEHUE HHTEHCHUBHOI'O ITYYKA 3APAKEHHBIX YACTUIl B KOAKCHAJIBHOM
MATI'HUTHOM OHAYJATOPE

K. Unvenxo, T. Auenxo

C(bOpMyJ'II/IpOBaHa 3aMKHYTas1i CUCTEMA JUHAMUYCCKUX ypaBHeHHﬁ, OIMMCBIBAIOIIAsA TPAHCHOPTHUPOBKY ITyYKa 3a-
PAKCHHBIX 4YaCTHL B KOaKCHAJIbLHOU KaMepe ,upei/'l(ba B KOM6I/IHI/IpOBaHHLIX KOHCYHOM MNPOAOJIBHOM OJHOPOJHOM
(BGHyIHCM) U NMCpUOAUICCKOM OHAYJIATOPHOM MAarHUTOCTAaTUYCCKUX IMOJIIX. HOJ’Iy‘IeHLI BBIpAXKCHUA AJI1 YCPCAHCH-
HBIX TI0 MEpUOAY OHOYIIATOpA COOCTBEHHBIX QJIEKTPUICCKUX U MAarHUTHBIX ToJIei ITy4Ka 3apsHKEHHBIX YaCTHIL.

MMPOXOIKEHHSA IHTEHCUBHOI'O ITYUKA 3APAVKEHUX YACTHUHOK Y KOAKCIAJIBHOMY
MAT'HITHOMY OHAYJIATOPI

K. Inveuxo, T. Auenko

CdopMynboBaHO 3aMKHEHY CHCTEMY IMHAMIUYHHMX PIiBHSHB, IO ONHUCYE TPAHCHOPTYBAHHS ITy4Ka 3apsKeHHX
YAaCTHHOK y KOaKCialbHIi kamepi npeiidy B KOMOIHOBaHMX CKIHYEHOMY IT030BXKHBOMY OJHOPIIHOMY (BELydoMY)
Ta MEepPIOAMYHOMY OHIYJISITOPHOMY MAarHITOCTaTHYHHMX NOsaXx. OTpUMaHO BUpas IS yCepeJHEHUX 3a MepiosioM
OHJIyJISITOPA BJIACHUX €JIEKTPUYHMX 1 MArHITHUX IOJIB ITy4YKa 3aps/KEHUX YaCTUHOK y KOAKCiallbHiN Kamepi Aperdy.
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