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We considered two types of string models: on the Riemann space of string coordinates with null torsion and on
the Riemann-Cartan space of string coordinates with constant torsion. We used the hydrodynamic approach of Du-
brovin, Novikov to integrable systems and the Dubrovin solutions of the WDVV associativity equation to construct
new integrable string models of hydrodynamic type on the torsion less Riemann space of chiral currents in the first
case. We used the invariant local chiral currents of principal chiral models for SU(n), SO(n), SP(n) groups to con-
struct new integrable string models of hydrodynamic type on the Riemann-Cartan space of invariant chiral currents
and on the Casimir operators, considered as the Hamiltonians, in the second case.
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1. INTRODUCTION

String theory is a very promising candidate for a
unified quantum theory of gravity and all the other
forces of nature. For quantum description of string
model we must have classical solutions of the string in
the background fields. String theory in suitable space-
time backgrounds can be considered as principal chiral
model. The integrability of the classical principal chiral
model is manifested through an infinite set of conserved
charges, which can form non-abelian algebra. Any
charge from the commuting subset of charges and any
Casimir operator of charge algebra can be considered as
Hamiltonian in bi-Hamiltonian approach to integrable
models.

Magri [1] initiated the bi-Hamiltonian approach to
integrable systems. Two Poisson brackets (PB’s):

©(x), 92 (1}0 = B (x, )(®),

(), 92 (Mh = A (x,1)(©)
are called compatible, if any linear combination of these
PB’s {*,*}o +A{**}; is PB also for arbitrary constant

(M

A. The functions @4(¢,x),a =1,2,...,n are local coordi-
nates on a certain given smooth n-dimensional manifold
M" . The Hamiltonian operators

PSP (x, y)(@), B (x, 1))

are the functions of local coordinates ¢“(x). It is pos-
sible to find such Hamiltonians H, and H;, which
satisfy the bi-Hamiltonian condition [2]:

do?(x)

” =i (x), Hoyo = {0 (x), Hi}1 , 2
2n
where Hys = th(w(y))dy,M=O,l.
0

Two branches of hierarchies arise under two equa-
tions of motion under two different parameters of
evolution fgy, and 70 [2]:

do? (%) T oh
P fo (0. Hob = [ A (ry) 50— dy

101 0 907 (»)

2n
= [RE (2B )=y

0
0
2n
do(x) b Ohy
={o?(x),Hi}o = | Fy"(x,») dy

dho { 0 80 (y)

2n ohg
= [(RDHE(x,2)PSt (2, ) dy.

{ ‘ 0 30 ()
R (x,y) is recursion operator and (R‘l)g (x,y) is its
inverse:

2n
RE(x,y)= [ B (x,2)(Py)l (2, y)dz 3)

0
The first branch of the hierarchy of dynamical systems
has the following form:

d(pa(X) 2n a
= j (R(xX, y1)--R(Vas—2> Y -1))e
dtOM 0

b 0
X By (Vp—15Ym )Who)dhmdyM .
¢

Ym
The second branch of the hierarchy can be obtained by
replacement R — R~! and #gyy — t3r0 . Dubrovin,

Novikov [3, 4] and Tsarev [5] introduced the local PB
of hydrodynamical type for Hamiltonian description of
equations of hydrodynamics. Ferapontov [6] and Mok-
hov, Ferapontov [7] generalized it on the non-local PB’s
of hydrodynamic type. Integrable systems of hydrody-
namic type are described by Hamiltonians of hydrody-
namic type, which are not depending of derivatives of
local coordinates. Integrable bi-Hamiltonian systems of
hydrodynamic type were considered by Maltsev [8],
Ferapontov [9], Mokhov [11], Pavlov [12], Maltsev,
Novikov [13]. Polynomials of local chiral currents were
considered by Goldshmidt and Witten [14] (see also
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[15]). Local conserved chiral charges in principal chiral
models were considered by Evans, Hassan, MacKay,
Mountain [23]. Integrable string models of hydrody-
namic type were considered by author [16,17].

2. STRING MODEL OF SIGMA-MODEL
TYPE

String model is described by the Lagrangian

5@ (t x) dp” (¢, ) e
oxP

=- I N gu (@(2,%))

and by two ﬁrst kind constraints:

atp (X) 29° (x)

8ap (@ [——— Py

L 20" () 29" <x)
Oox ox

6@ (%) 6<p () L
ox

]zO’

8ap(@(X)———

0 (x),
smooth n-

The coordinates

a=1,..,n

target space of local

belong to certain given
dimensional manifold M”" with nongenerated metric
2ap (@(x)) =My € @(X))e; (@(X)) 5

K,v =1...,n are indexes of tangent space for the mani-

tensor where

fold M" in some point ¢?(x). The veilbein eX (¢)

and its inverse eff(p) satisfy to the conditions:

el e“ =3b, eteav =nHv.
The coordinates x%(x% =z, x! =x) belong to the
world sheet with metric tensor gqp (x) in the conformal

gauge. String equations of motion have the form:

*BOgp@? + ' (9)0a02059¢]1=0,
eu a H
where I'} ((p)—E H[a C 8 b] is connection.

In terms of the canonical chiral currents
J(tl ((P) = e}; ((p)a(xq)a 5 ao,

have the form:
n*®a oI} @) =0,

0o Jp (@)= JE (@) -

0 . .
=— equations of motion
X

Ch. @)Y @) (@) =0,

oe!
Oca ——" 1 is torsion. The
ol opa

where Cl (9) —fe\, del[

Hamiltonian has form:

2n
1
H=" [ JouJov +n I JY T, )
0

where  Jo, (@) =el (@)p, .J| (@) =el (<p)7 and

p,(t,x) is canonical momentum. The canonical com-

mutation relations of currents are the following:

Yo () Joy ()} = Chy @)y, (@) (x— ),
{JoH (). 5 (1)} = Cia @I @) (x— )

v
_58“ 6_8 (x=),

U (), 7 (1} =0.
Let us introduce chiral currents:
UK =W Jgo, +J“ VR = J, —Jl“ .

The commutation relations of the chiral currents are the
following:

UR U (7)) = CFY [%Ux ) —%Vx OB (- y)
Y a—ia (=),

U7 =N U )+ 0B (x-p),  (5)
TH@IY (1)) = [% V() —%U” OB (- )
Y %8 () .

The equations of motion in the light-cone coordinates

= ﬁ + E have the form:

ot ox

A s
o_UM =chuY vt ot =l U,

In the case of null torsion:

Ch@)=0.ek @)=
02ek
oplogp¢
string model is integrable one. The Hamiltonian (4)
describes two independent left and right movers:

UY(t+x) and VH*(r—x).

s
a

i (@)=ef =0.RY_ (©)=0

3. INTEGRABLE STRING MODELS
OF HYDRODYNAMIC TYPE
WITH NULL TORSION

We want to construct new integrable string models
with Hamiltonians, which are polynomials of the initial

chiral currents U* (¢p(x)). The PB of chiral currents
UM (x) coincides with the flat PB of Dubrovin, No-
vikov

UH),UY (5)}g = - W §8(x—y>.
X

Let us introduce local Dubrovin, Novikov PB [3,4]. It
has the form:

{UH),UY ()} =g™ (U(X))%S(x—y)

aUk(x) (6)

- (U) 5(x—y).

The PB is skew-symmetric if gtV (U)=g"* (U) and it
satisfy to Jacobi identity [18] if
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rg U)=réU),cLU)=0,RE,U)=0.

In the case of non-zero curvature tensor we must in-
clude [6,7] Weingarten operators to right side of PB
with the step-function

sgn(r—y) = (%)*la(x—y) —v(x—y).

The PB’s {**}, and {*,*};are compatible by Magri
[1] if pencil {*,*}q +A{**}; is PB also. As a result,
Mokhov [11,10] have obtained compatible pair of PB’s:

Pogy (U)() = My %6 (=) ™

TFU) o

Py U)(x,y)=2 d(x—
w @0n) =252 58
03F(U(x)) oU* 5(x—)
oUMUY UM  ox .
The function F(U) satisfies equation:
3F(U) O3F(U)
UMty PoUN aUY oy° oU M 9)
03F(U) 03F(U)

T oUYOUPOUN BUMOUC AU

This equation is WDVV [19,20] associativity equa-
tion and it was obtained in 2D topological field theory.
Dubrovin [21,22] obtained a lot of solutions of WDVV
equation. He showed, that local fields UM (x) must
belong to Frobenius manifolds to solve the WDVV
equation and gave examples of Frobenius structures.
Associative Frobenius algebra may be written in the
following form:

0 0 0
* =dk, (U)——.
T AT
Totally symmetric structure function has form:
dpvx(U)zaFL)k =1,..,n
oU*oUY oU
The associativity condition
(8*8)*6:6*(8*6)
oUM QUY " oUM oUW oUY oU*

leads to the WDVYV equation. Function F(U) is quasi-
homogeneous function of its variables:

F\U,,.., M\ U,)=A4F F(U;,...,U,).

Frobenius manifolds can be realized as Coxeter
groups (group of reflections). Coxeter groups of corre-
spondent simple Lie algebras (SU(n),SO(n),SP(n)) are
Weyl groups. Dubrovin examples of certain solutions of
WDVYV equation are:

1

n=1,FU)=U} ;n=2FU)==UU, +e"2,
2 (10)

n=3,F(U)=d,,U"U"U" ,n=123.

We used local fields U, with the low indexes there for

convenience. One of Dubrovin polynomial solution is:
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FU) =5(U12U3 +U1U22)+ZU22U32 +%U35 .(11)
In the bi-Hamiltonian approach to integrable string
model we must construct the recursion operator to gen-
erate hierarchy of PB’s and hierarchy of Hamiltonians:

2n
R (x,9)= [ B (x.2)(Py )y (2, y)dz

0

O2F(U)
_p 9FU) 5
aurauy CE )

02F (U
+ 4 #V (x=y).
dx oU M oUY
The Hamiltonian equation of motion with Hamiltonian
H  is the following:

oUM QUM
ox

21
Ho = [ UR @)UY (x)dx, (12)

0

First of new equations of motion under new time £,
has the form [11]:

our ¥ oUY () d OF(x)
I R“ , 22 My = v
oo £ 3 (x, p) =t

).(13)

This equation of motion can be obtained as Hamiltonian
equation with the new Hamiltonian /7, :

2n
Hy = | IO 4 ey, (14)
, oum

where F(U) is each of the Dubrovin solutions of
WDVV associativity equation (10), (11).
Any system of the following hierarchy [11]:
ouH
Otom

2n Uy M
= [ (R y1) R,y D [T dvk
0 WM =1

is integrable system. As a result, we will obtain chiral
Uk (@(tor»x) = [ (@(tom > X)),

fH (o) is solution of equation of motion. In the case of

currents where

Hamiltonian H; and the equation of motion (27) one
can introduce new currents:

Jg(tm,X):U“(fg;(x), :
fo1,X
JH (o1, x)=n vy —222 20
1(01 ) n oUY

Consequently, we can introduce new metric tensor
and new velbein depending on new time coordinate.
New string equation of motion has form:

09 % (191, %) _ de* (p(to1. )
dx

el (@(t01,x)) .
w OF ([ (@01, X)) '
ofY (e(to1,x))

4. INTEGRABLE STRING MODELS
WITH CONSTANT TORSION

Let us come back to commutation relations of chiral
currents. Let torsion C'; (¢(x))#0and CY are struc-

ture constant of simple Lie algebra. We will consider



string model with constant torsion in light-cone gauge
in target space. This model coincides to principal chiral
model on compact simple Lie group. We cannot divide
motion on right and left mover because the chiral cur-
rents 0_U" =ChU" vh oM = chv U* do not
conserve. The correspondent charges are not Casimirs.
Evans, Hassan, MacKay, Mountain ([27] and other ref-
erences therein) constructed local invariant chiral cur-
rents as polynomial of initial chiral currents of SU(n),
SO(n), SP(n) principal chiral models and they found
commutative combination of them. Correspondent
charges are Casimir operators of these dynamical sys-
tems. This paper was based on the paper of de Azcar-
raga, Macfarlane, MacKay, Perez Buena ([24] and other
references therein) about invariant tensors for simple
Lie group.

Let 7, be a matrix representation of generators Lie
algebra: [t,,,4,]= Cﬁ\, fTr(tyt, )= —%SH\, .

There is additional relation for SU(n) algebra:
1 . 2
oot b ==y —id)y =10’ -1,

Invariant tensors have the following form:

_ gk ky

d = STr(ty ity V=i A2 i s

My Mg
where STr means Tr of completely symmetrized prod-

uct of matrix and d,, = is totally symmetric tensor.

There are n-1 primitive tensors for SU(n). The invariant
tensors for M > n are functions of primitive tensors.

De Azcarraga et al. gave some examples of these
functions and they gave general method to calculate
them. Evans et al. introduced local chiral currents based
on the symmetric tensors of simple Lie algebra:

M
Ty U)=STrUM =d,, ., UM UM

where U:tuU“ w=1,..,n>-1. The commutation

relations of invariant currents SU(n) [23] are PB’s of
hydrodynamics type:

(I (), Ty (0)} =~[MN Jyp o - ()

Y Ay (5 (x— )
n ox

_[MN(N—D Ay n—2 (%)
M~+N-=-2 Ox

MN oJn_1(x
— Ty () AR 1)
n Oox

Bx=y).

Let us note, that ultra local term in commutation rela-

tion of chiral currents U (5) does not contribute to the
commutation relations of invariant chiral currents be-

cause of totally symmetric invariant tensors d, .

Therefore, chiral currents J;,(U(x)) form closed

algebra under canonical PB. Evans et.al. found con-
served combination of invariant chiral currents:

K (U) = Jo(U) . Ky (U) = 5 (U).
K4(U) :J4<U>—%J%(U),

Ks(U) = J5U) —%Jz U U).

Ke(U) = Jﬁ(U)—%Jsz(U)—

15 25
I U U)+ =2 T3 (U).
4n 8n
Corresponding charges of chiral currents K,,(U) are

Casimir operators.

Let us apply the hydrodynamics approach to inte-
grable string models with constant torsion. In this case
we must consider the conserved chiral currents
Ky U(x)),M =2,3,..,n—1 as the local fields of Rie-

mann-Cartan manifold. The corresponding local charges
form the hierarchy of new Hamiltonians in bi-
Hamiltonian approach to integrable systems. The com-
mutation relations of invariant chiral currents are local
PB’s of hydrodynamics type. The metric tensor
gy (K) for the SU(3) group has the following form:

—4K, —6K;
(@)un (K) = :
—6K3 - C0K22
The metric tensor for SU(4) group is the following:
4K, |-6Ky . \—181{4 +3K3
2
~6Ky  |-9K, 5K - K3K,
(g )MN (K) = 7.1 b .
—8K4 +3K2 |—EK3K2 \clK3 +02K4K2
+c3K§
The equations of motion for local fields K, (U(x)) are
the following:

0Ky (U(x))
Otp
M=23,.,n-1;P>2.

2n
= {Ky U®), [ KpU)dy,
0

The similar method of construction of chiral currents
for SO(2n+1), SP(n) groups was used by Evans et al. on
the basis of symmetric invariant tensors of Azcarraga
et al. Symmetric product of three generators of these
algebras let to introduce symmetric structure tensor:

—pP
Hub By = Vinlp -
Invariant symmetric tensors have the form:

4 =y

WMo ps (Mbakty | Hgpsvy " Vasr—3Han —2Moy—1Moa)
The invariant chiral currents J,,, can be constructed
from invariant symmetric tensor and initial chiral cur-
rents U :

uh..utm

Joy =V
M Hy--Hop

The commutation relations of invariant chiral currents
are PB’s of hydrodynamics type:
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g Ty () =—MN Jyg o (x)a—axs (x—y)
_MN(N-1) 0Jy N2 (%)
M+N-=-2 Oox

Conserved densities of Casimir operators of SU(2n+1),
SP(n) group have the form:

d(x—y).

1
Ky(U)=Jy, K4(U)=J, —5<3a>J%,

3 1
Ks(U) =g =5 (o) gy + (503

2 1
KyU)=Jy =5 (a)JgJy = (Ta)J +
1
(Ta)? J4J3 ——(Ta)’ J5 .
48
Constant parameter o is arbitrary one.

5. INTEGRABLE STRING MODELS
IN TERMS OF POLMEYER TENSOR
NONLOCAL CURRENTS

In the case of flat space Cva =0, there are nonlocal

tensor totally symmetric chiral currents, such called as
“Polmeyer” currents [25-27]:

RM) (U(x)) = RMHu (U (x))
=UM (0)[ U2 (x))dx;... Mjfz UM Gy )y
0 0

where round brackets mean totally symmetric product
of the chiral currents U" (x) . New Hamiltonians have
the following form:

2n
HM) =% [ R @y M RM U (x))ax
0
where M is totally symmetric invariant constant tensor,
which can be constructed from Kronecker deltas. For
example:
1 2n
R = RW =_[UM(x) [ UY (xp)dxy
2 0
2n
+UY (x) [ UM (x)x],
0

2n 2n 2n
g® :% I [UM (x)U* (x) j uvY (x)dxy _[ UY (x2 )dxy
0 0 0

2n 2n
+UM (U (x) [ UM () [ U (xp)dley Jdlx .
0 0

The Hamiltonian H®) commutes with Hamiltonian

2m
HY :% j UM (x)UM (x)dx and it commutes with the
0
2m
Casimir J U* (x)dx . The equation of motion under the
0

Hamiltonian H® is the following:

20

UM () _ 0

2n 2n
= W““‘){ UY (0)dxy [ UY ()

0
2n 2n

+UY (x) [ UM Gy [ UY (), ]
0 0

2n 2n
~UY (U (x) [ UM () U (U () [ U () -
0 0

X

In the variables S*(x) = IU H(x))dx; the last equation
0

can be rewritten as the following:

n X 2 v
ai=3[S“(SVSV N+ [SH(s” oS Y
2 1
ot ox 0 X
w=1..,n.
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HNHTEI'PUPOBAHHBIE CTPYHHBIE MOJEJIM U CUT'MA-MOJEJIU TNJPOJUHAMHUYECKOI'O
THUIIA B TEPMUHAX NHBAPUAHTHbBIX KUPAJIBHBIX TOKOB

B.JI. I'epuyn

PaccMmoTpeHs! 1Ba THITa CTPYHHBIX MOJIENeH: Ha MPOCTPaHCTBe PrMaHa CTPYHHBIX KOOPAMHAT C HYJIECBBEIM Kpy-
YeHHEM W Ha mpocTpaHcTBe Pumana-KapraHa ¢ MOCTOSIHHBIM KpydeHHEM. B mepBoM ciydae MCIIONB30BaId THAPO-
JuHamudeckuit moxxoxa JyOposuna, HoBukoBa K MHTErpupoBaHHBIM cucteMaMm u JlyOpoBuna peuienuss B/IBB
YpaBHEHHSI aCCOLIMATHUBHOCTH, YTOOBI IIOCTPOUTH HOBBIC HTETPUPOBAHHBIE CTPYHHBIC MOJICIIN THIPOJANHAMUYECKOTO
THTIA Ha MPOCTpaHCTBE PuMaHa KHpalbHBIX TOKOB C HYJIEBBIM KpydeHHEM. Bo BTOpOM cilydae MCIONB30BaIH JIO-
KaJbHbIC HHBAPHAHTHBIC KUPAIBHBIE TOKA B MOJIENIN TIIaBHOTO KupaibHoro moist st SU(n), SO(n), SP(n)-rpymm,
4TOOBI IOCTPOUTH HOBBIE MHTETPUPOBAHHBIE CTPYHHBIE MOZEIH TMIpPOJHMHAMHYECKOro Thrna Ha Pumana-Kaprana-
MIPOCTPAHCTBE MHBAapUAHTHBIX KHPAJBHBIX TOKOB M Ha omepaTtopax Kasumupa, paccMaTpuBaeMbIX Kak FaMUJIBTO-
HUAHEI.

IHTETPOBAHI CTPYHHI MOJEJII TA CUTMA-MOJAEJII I'TAPOAUHAMIYHOI'O TUITY
Y TEPMIHAX IHBAPIAHTHHUX KIPAJIBHUX TOKIB

B.JI. I'epuiyn

Po3risiHyTO /1Ba THIy CTPYHHHX MOJieNieil: Ha mpocTopi PiMana cTpyHHHMX KOOpIMHAT 3 HYJILOBUM CKPYTOM Ta
Ha npoctopi Pimana-Kaprana 3 mocriiiHuM ckpyToM. B mepimomy BHIanKy, MH BUKOPHUCTAIM TiIpOAWHAMIYHHUIA
miaxix ly6posina-HosikoBa 0 iHTerpoBaHHX CHCTEM Ta po3B’s30k [lyOpoBiHa piBHsSHHA acouiaTuBHOCTI BJ/IBB,
o0 MmoOyAyBaTH HOBI IHTErpOBaHI CTPYHHI MOJENI TIAPOJMHAMIYHOTO THIy Ha Oe3cKpyTHOMY mpocropi Pimana
KipaJbHUX TOKIB. Y ApPYromMy BHIaJIKy BHUKOPHCTAJIM iHBapiaHTHI JoKanbHi KipambHi Toku SU(n), SO(n), SP(n)-
MOJIENi TOJOBHOTO KipaJlbHOTO TOJIs, 00 MO0y yBaTH HOBI iHTETPOBaHI CTPYHHI MOJIEINI TiAPOANHAMIYHOTO THITY
Ha mpoctopi Pimana-Kaprana iHBapiaHTHHX KipaJbHHX TOKIB Ta Ha omeparopax Kasimipa, po3riissHyTHX SIK TaMijib-
TOHIaHH.
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