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On the base the theory of Cauchy type integralsis given an anaytic continuation of the exact relativistic plasma
dispersion functions from the real axis into the complex region and studied their analytical properties in this region.
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1. INTRODUCTION

The basic to study linear plasma waves in hot enough
plasmas is an evaluation of the relativistic Maxwelian
plasma dielectric tensor [1]. In order to give a recipe of it
for arbitrary plasma and wave parameters the exact
plasma disperson functions (PDFs) in the form of
Cauchy type integrals with purely real density, defined at
the real axis and tending to zero in the infinite, were
introduced [2-4]. A dielectric tensor has been presented
as a finite Larmor radius expansion in terms of those
PDFs, similarly to cases of non-relativistic and weakly
relativistic approximations, to reduce an evauation of the
tensor to the PDFs evaluation. The exact PDFs is a
generdization of the weakly relativistic PDFs [5] on the
case of an arbitrary plasma temperature. Two ways
evaluating the exact PDFs in the real frequency region
were given and their main analytica properties were
studied.

The main scope of the present work is an analytic
continuation of the exact PDFs from the real axis to the
complex region. On the base the theory of Cauchy type
integrals we study their analytical properties in this
region.

2. EXACT PDFsIN COMPLEX REGION

Exact PDFs of half-integer index g (q3 3/2) for

real frequency w are defined by Cauchy type integrals
[2-4]
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where g = mN/%IZ. z=ml- we/w), a, =ml- {1- N,zl),
m=mec?/T, b =1/(1- N7); N, =k,c/w, W, m,,T aethe
longitudina refractive index, fundamenta electron
cyclotron frequency, rest mass of electron and plasma
temperature;  1,.4(x), Kg1(x) are modified Bessel
function and Macdonald function of half-integer index
g-1; square root means the postive branch of this

function. If an argument z takes real values (w isreal)
both integrals are divergent a the poles t=z and

t=a -z (when z£a ), respectively, and must be
understood as the Principal Part of these integrals in the
sense of Cauchy. The contour of integration in that caseis
chosen to pass below the pole in the expression (1) and
abovethe polein the expression (2).

For real argument z those integrals can be eval uated
by means of the next nonsingular integral forms[4]
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Calculating the exact PDFs on the basis of integrals

(2 (1, (2) and using integrals forms (3), (4) alows one also
to continue analytically those PDFs on total complex

region on the base some facts from the theory of Cauchy

typeintegrals.
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Fig.1. Module-argument diagram of function
2Jaz,,,(a,z,m for N, =11 and T, = 100keV

Fig.2. Module-argument diagram of function
2Jaz,,,(a,z,m for N, =11 and T, = 1000keV

We dtart from the case N, >1 which is rather similar
to analytical continuation of the non-relativistic PDF
since in this case the integrand in (1) is aso the entire
function at the contour of integration. Then for z = x+iy

in the upper semi-plane those PDFs are defined by the
expressions
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where formula (5) follows from expression (1) by means
of analytical continuation of integrand into upper semi-
plane and formula (6) is obtained from (5) by limit
passing y ® 0. Divergent expression (6) can be evaluated
on the base nonsingular integral form (3). Then from (5)
and formulas of Sokhotskii-Plemelj it follows analytical
continuation of functions z,(a,zm from upper semi-

planeinto the low one
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where asterisk denotes complex conjugation. This branch
of z,(a,zm corresponds to Landau rule of passing the

pole. If to start from analytical continuation of (1) first
into the low semi-plane and then into the upper one we
will obtain the second branch Z,(azm=2Z,(az,m
which has a sense for negative valuesof N, [6].

At the Figs. 1,2 there are presented plots of module-
argument diagram for function 2/az,,(a2Vaz,m for
N, =11, which corresponds ICR frequency range, and

T, =200, 2000 keV, respectively, for |z |=|z/(2va)lE
£ constant, obtained using formulas (5)-(7) (module is
presented in logarithm scale). It can be concluded from
these plots that exact PDFs are 100sing module symmetry
which there is in non-rdativistic PDF respectively of
imaginary axis. This anti-symmetry becomes more and
more essential with growing of ion plasmatemperature.

Fig.3. Module-argument diagram of function
2\/525/2(31211"1) for Te =2keV and N// =06

For the case 0£ N, <1 on the same way we will have

next formulas for analytical continuation of formula (2)
for Z,(a,z,m on the whole complex plane with cutting

aongtheline Rez=a, (Imz<0)
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The cutting line is uniquely defined by PDFs behavior for
the case N, >1while plasma temperature is increasing
(fig. 1,2). Wewill call this continuation first branch of the
function Z,(a,zm in this case.

If to start from analytical continuation of expression

(2) into low semi-plane and then by similar way into
upper semi-plane we will obtain the function
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Z,(azm= z; (a,z',m Wwith cutting along the line
Rez=a, (Imz>0). We will cdl this continuation which
has a sense for negative values of N, by second branch of
the function z,(a,z,m in the case 0£ N, <1. Obvioudy,
both those branches areidentical for Rez> a, .

Thus, we have obtained a double-valued analytical
function defined on the whole complex plane excepting
the points z=a, and z=¥ , sinceit is known [5] that
function Z,(a,zm) and its derivativestill (q- 1/2)th are
continues a the point z=a,, and the (q-1/2)th
derivative has a sngle pole at that point. These branches
are separating when m® ¥ since a, ® +¥ inthiscase.

Fig.4. Module-argument diagram of function
2Jaz,,,(a z,m for T, =2keVand N, = 0.06

At the Figs. 3,4 there are presented the same plots as
in Figs. 12 for T,=2keV and N,=0.6, 0.06,
respectively, which are relevant to ECR frequency range,
obtained using formulas (8)-(10). It can be conclude from
these plots that exact PDFs are 100sing module symmetry
which there is in non-rdativistic PDF respectively of
imaginary axis with decreasing of N,. This anti-
symmetry becomes more and more essential (similar to
the case N, >1 with increasing of T ) with decreasing of

N, . It worth to note that the number of zeroes in region
Rez >o0 in this case is finite and defined by the cutting
line, in difference with the case N, >1 where the number
of such zeroesisinfinite.

CONCLUSIONS

The next conclusions can be drawn from this study.

1. On the base the theory of Cauchy type integrals it
was studied analytical properties of exact PDFs in
complex frequency region.

2. Forthecase|N,|<1, relating to the ECR frequency
range, it was shown that every exact PDF is two
branched analytic function for Rez, <a, (one branch

has a sense for N, >0and second branch for N, <0)

with cutting line Rez, = a, (these branches coincides
for Rez, >a,).

3. In the dlternative case, |[N,|>1, relating to ICR
frequency range, these branches are separating, as in
non-relativistic approximation.

These results can be useful to study the properties of

plasma wave instabilities and collisionless dumping in the
frame of the initial value problem in relativistic regimes.
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TOYHBIE IVIASMEHHBIE TUCITEPCUOHHBIE @ YHKIIUUA J1JIS1 KOMIIJIEKCHBIX YACTOT
C.C. Ilagnos, @. Kacmexon, H.B. /Ipesans

Ha ocnose TCOpUN HHTCIrpaJIOB THUIIA Komm JAACTCA AHAJIMTHYCCKOC TMPOJAOJLKECHHUE TOYHBIX PEIATUBUCTCKUX
TJIa3MCHHBIX NUCTICPCHOHHBIX q)yHKIII/II\/‘I C peaﬂBHOﬁ OCH B KOMILICKCHYIO 001acTe u HN3YYaroTCs UX aHAJIUTHYCCKUC

CBOICTBA B DTOH 00IaCTH.

TOYHI ILJTA3MOBI JICIEPCIVHI ®YHKIII 1JISI KOMILIEKCHUX YACTOT
C.C. Ilagnos, @. Kacmexon, M.b. /Ipesans

Ha ocHoBi Teopii iHTerpaniB tumy Ko gaeTbest aHaniTHIHE TPOJOBKEHHS TOYHUX PENATHBICTCHKHUX IIa3MOBHX
JUcnepciiHuX (YHKIIH 3 peanbHOi Oci Ha KOMIUICKCHY O0JIacTh Ta BHBYAIOTHCS iX aHANITHYHI BIACTHBOCTI B IiH

obacrTi.
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