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Hayuonanvnoiit mexnuvecKkui YHuUgepcumem Yxpaunwt «Kueeckuii
RONUMEeXHUYECKUI UHCI UMY

Crarbs MOCBSIIEHA UCCIEIOBAHUIO JINHEHHO-KBapaTHYECKON
3aJaud  ONTHMAIBHOTO  YINpaBlIeHHA MpoueccoM  KoneOaHuid  Oaiku
[IEPEMEHHOT0 MIONEPEYHOr0 CEYEHHUs B CIydae CBOOOIHBIX KOHIOB Oayku. s
paccMaTpuBaeMoil 3a7auyd ONTUMHU3ALMU IIOTYy4€Hbl HEOOXOIMMBIC YCIOBHS
ONTUMAJIBHOCTH. AHAJIM3 3THX YCIOBHUH Jall BO3MOXKHOCTb BBIBECTH CHCTEMY
uHTerpo-iuddepeHnanbHbBIX  ypaBHeHHE — PUKkaTM ¢ 4acTHBIMH
[POM3BOAHBIMU. PelieHHe 3TOM CHCTEMBbl HCHOJB30BAHO IPH MOCTPOCHHU
SIBHOW (pOPMYIIBI JUISl BBIYUCIICHHS OITUMAIIBHOTO YIIPABJICHUS.

Knrouesvie  cnoea:  nuHEHHO-KBaJpaTH4HAas  3ajaua,
ONTUMAJILHOE YNpaBlICHUE, MeTol MHOxurened Jlarpamxka, HeoOXoaumbie
YCIIOBUSI ONTHUMAJIbHOCTH, KOJeOaHUs OAJIKH, YaCTHBIC MPOM3BOAHBIE, CHCTEMA
uHTerpo-1ud hepeHnaNbHbIX ypaBHEHUH C YaCTHBIMU ITPOU3BOIHBIMH.

CrarTio MPUCBSMEHO MOCHTIDKCHHIO JTiHIHHO-KBaApaTHIHOL
3374l ONTHUMAJIBHOTO KEPYBaHHS IIPOLECOM KOJMBaHb Opyca 3MiHHOrO
MOTIePEYHOr0 Mepepi3y y BUMAAKY BibHUX KiHIIB Opyca. [list posrisgyBanoi
3a7a4i ONTUMI3alll OJepP)KaHO HEOOXiqHI YMOBH ONTHMAIIBHOCTI. AHaMi3 IHX
YMOB []aB MOXIIMBICTh BHUBECTH CHCTEMY IHTErpo-auepeHIialbHuX PiBHSIHbB
PikkaTi 3 4aCTUHHUMH MOXiTHUMH. PO3B 30K 1i€1 CHCTEMU BUKOPUCTAHO MPU
moOy10Bi sIBHOI ()OPMYITH /U151 OOUMCICHHS ONTUMATIBHOIO KEPyBaHHSI.

Knrouosi cnoea: niHiiiHO-KBaJIpaTUyYHA 3a/la4ya, ONTHMAaJbHE
KepyBaHHs, METO MHOXHHKIB Jlarpamxa, HEOOXiZHI yMOBH ONTHMAIbHOCTI,
KOJMBaHHs Opyca, YaCTWHHI MOXifHI, CHCTeMa iHTerpo-au(epeHIiaTbHIX
PIBHSIHB 3 YACTUHHUMH MTOX1THUMH.

BBEJEHUE

[Nocnennee nATHACCATHIICTHE XapaKTEPH3YETCs OYPHBIM Pa3BUTHEM TCXHUKH.
CyIiecTBeHHBI Tporpece HaONIOMAeTCsl B PaKeTOCTPOCHUH, CaMOJIETOCTPOCHUH,
CyIOCTPOEHMH, KOCMHYECKOW TEeXHHMKe M T.I. B KaXnod U3 mnepedncieHHbIX
oTpaciell IMEIOT MeCTO OBITh KoneOaTelbHBIe MpOoIecChl. B oqHMX ciydasx ux
MOXKHO C TOJb30iM YYUTHIBATh UIsl TOBBIIIEHUS KayecTBa Ipolecca, B JIPyrux,
HA00OpOT, HAIO TMONABIATH B CHIY WX OTPHIATENHHOTO BIUSHHUS HA
OKOHYATENBHBIA TIpoIlecc. JTO O3HAYAET, YTO KOJedaTeNbHBIE IPOIECCH
HEOOXOIMMO HE TONBKO H3ydaTh, HO W yMeThb 3(P(EKTHBHO HMH YIIPABIATH.
[ono6ubIe 3amaun 3(GEKTHBHOTO YIPABICHUS MEXaHUYIECCKIMH MPOLECCaMH KaK
pa3 W u3ydaeT TeOopus ONTHMaJbHOrO ympaBieHus. OpnHoi w3 Hambomee
(yHIAMEHTANBHBIX TPOOJEM B TEOPHH ONTHMAIBHOTO YIPABICHUS SBISIETCS
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TUHEHHO-KBaApaTHIHAas 3a1a4a. [log STuM TepMIHOM moapa3yMeBaeTcs mpodiaeMa
HaXOXKICHUS MHHAMYMa KBaJIpaTHYHOrO (hYHKIMOHATAa Ha MHOXKECTBE pEUICHUN
CHCTEMBI JINHEWHBIX AU(PQPEPEHINANBHBIX YpaBHEHUHA, MpaBbleé YacTH KOTOPBIX
BKIIIOYAlOT B ce0s  ympaBisiomue mapaMeTpsl  (ympaBieHws). Ecmum
paccMaTprBaeTcs cucTeMa JTHHEHHBIX Iu()(epeHIHaNbHBIX YpaBHEHAN, TO B 3TOM
cllyyae THHEHHO-KBaIpaTHIHAs 3a]ada UCCIeNoBaHa JOCTaTOYHO oapobOHo [1, 2].
B mnpakTuueckux NPHIIOKEHUSAX YacCTO BCTPEUAIOTCA MaTeMaTHYeCKUEe MOJENH,
KOTOpBIC BKIIOYAIOT B ceOs nmHeiHble muddepeHnInanbHple  YpaBHEHUS C
YaCTHBIMM NPOU3BOJHBIMU MIIM K€ CHUCTEMbl TakuxX ypaBHeHuil. IloHATHO, uTO
Takue 3amayn Oojee CIOXKHBI M MOITOMY MEHee HCCIeoBaHbl. B MoHorpadum
[3, c. 56] mpennoxeHa wules TPaKTOBAaTh IBMIKEHHE JIETATEJILHOIO armapara
MOJOOHO KONEOaHUSAM YIPYrod OajKu IMEepeMEHHOTrO IMOMEPEYHOr0 CEYCHHS CO
CBOOOAHBIMH KOHIIAMH.

B manHO# craThe ATa mues MONydYHIa JambHenIIee pa3BUTHE B popMe 3aTadu
ONTUMANIBHOTO  TAIlleHWs  KOJNEOATeNBbHBIX  IPOIECCOB  PacCMaTPUBAEMOr0
mpoiiecca.

Henp paGorbl — Ui pelIeHHA 3a7auyd  ONTUMAIBHOTO YIPaBIIEHUS
MIPOLIECCOM KONeOaHnii Oallki IEPEeMEHHOTO IMOIMEPEYHOro CEUeHHs B CIydae
CBOOOIHBIX KOHIIOB OAJIKU OMPEIETNTh HEOOXOANMBIE YCIOBHUS ONTHMAIBHOCTH U
BEIBECTH PEUICHHUE CHCTEMBI HHTETPO-Iu(PepeHINANBHbIX ypaBHEHNH PukkaTu ¢
YaCTHBIMHU U1 BBIYMCIEHUS ONTUMAJIbHOTO YIIPaBICHHUS.

IIOCTAHOBKA 3AJIAYHA

Bromyxnennsle koieOaHWs Oalkd TEPEMEHHOTO IOTIEPEYHOr0 CEUCHUS
MOXHO OITHCaTh CIEAYIOIIUM JHHEHHBIM Iu((depeHInaTbHBIM YpaBHCHHEM C
YaCTHBIMU TPOU3BOJHBIMU:

o%z(t,x)  ©° 0%z(t,x)
m(x)7+¥ EJ(X)ax—Z =u(t,x), (1)

rne 0<x</, ty)<t<t;, netictBurensubie uncna [ = 0, ) =0, #] =) nu3BecTHbI,
EJ(x) — xectkocth Oanku, m(x) — 3aKOH pacHpeleseHus MacChl BJOIb
MIPOIOJIEHOM OCcH Oanku, PyHKIUS z(¢,X) OMHCHIBACT MPOTHO OAJKH B TOYKE X B
MOMEHT BpeMeHH ¢ . HauanbHble yenoBust ajist ypaBHenus (1) uMeroT Bu:

aZ(t(),X) _

z(tg,x) = h(x), p

J(x), 2

rae Gynxwan A(x) € W)°(0,0) j(x)e Ly(0,]) NpeamonararoTcsi H3BECTHBIML

Kpaessie ycnoBus s ypaBHeHHS (1) 3a0aHBI CIETYIOMIIM 00pa3oM:
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2 2
£7(0) 2200 ai[EJ(O)—a Z(t’o)] —0,
X

ox? ox?
GRET(N| Kl 0%z(t,1 )
Ery 28D E1) 228D |,
o’ 5 o’

VYcnopus (3) 0O3HAYarOT, YTO KOHIBI OaJKk CBOOOMHBI. Takas cuTyarus
BO3HHKAET, HANpWUMeEp, MPU HCCIEIOBAHWH JAWHAMHKH TIOJeTa camojera. Ecmum

gepe3 ) 0003HauMTH MHOXECTBO )= {(t,x):t €[ty,t],x<€[0,/]}, To byHKIHA
u(t,x) € L,(€2) Ha3pIBaeTCs IOMyCTHMBIM yrpaBieHHeM. s (puKcHpoBaHHOTO

nonyctumoro ynpapienus u(f,x) mnox pemenueMm z(1,X) ypaBuenus (1)

nogpasymMeBaeM €€  OOOOMIEHHOE —pelICHUE Z(I,X)EVVZLO(Q). KauectBO

YHpaBIsIE€EMOro Nponecca OUCHUBACTCA C ITOMOIIBIO CICAYIOMIETO (1)YHK]_II/IOHaJ'IaZ

I / 5
Hw,2)= %J.m(x)zz (ty, x)dx + %J.m(x)[—az(tl’x)} dx +
0 0

ot
Ll 4)
+ t{ (j) m(x)z> (t,x) +u (t,x)]dxdt .

Tpebyercs Haiitu fnommycTuMoe ynpasienue U(f,X) ¥ COOTBETCTBYIOIIEE EMY

pemenne z(t,X) 3amaunm (1)~(3), Ha KOTOpHIX pealu3yeTcs MHUHHMAJIBHOE

3HaveHue ¢pyHkauoHana (4). Takoe ympaBiieHre Ha3bIBACTCS ONTHMAIBHEBIM.
HEOBXOJIUMBIE Y CJIOBUS OITUMAJILHOCTH

Pemenne chopMynrpoBaHHOW BEHIMIE 3aJadd ONTUMAIBHOTO YIIPABICHUS
(1)~(4) Moxer OBITh HAWJIEHO C MOMOIIBI0 MeTOJa MHOXHTener Jlarpamxka [4].
115t 9TOTO CHEnyeT paccMOTPeTh (yHKIIMOHAT

1t 1 {azm,x)T
Y(p,u,z)=—|mx)z"(t;,x)dx + — | m(x)| ———| d
2([ : 2([ o

14l il
+—= Jl-[ m(x)z (t, x)+u (t,x)]dxdt + Jl-[p(t X)[u(t,x)—

toO 0 (5)
2 2 2
2 2 2
Ox Ox ot

Tako#t moaxof MO3BONSET BMECTO 33/7aud Ha yCIOBHBIA dkcTpemyM (1)—(4)
HCCIICZI0BATh 3a]]a9y MHHAMHU3aIIuK QyHKIHoHaNa (5) ¢ yaeToM ycnosui (2) u (3).
Crnenyromuii mar cocTouT B HaxokaeHnu npupamenns AY dyakumonana (5).

C yuetom cootHoweHus (5) Beipaxenue st AY npumer ciaenyromui BUa:
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/
AY = %J.m(x)[z(tl ,x)+¢edz(t ,x)]z dx +
0

) 2
L1 jm(x){azm,x) ' asZm,x)} J
2 0 Ot Ot

t /
+— Jl-[ [m(x)[z(t,x) +edz(t, x)] +[u(t,x)+ sSu(t,x)]z]dxdt+
t00
fi
+ ”[p(t,x) +&dp(t,x)][u(t,x) +eu(t,x) -
to0

2 2 2
_a_z[EJ(x)[a (), 2 82(2t,x)]}_
Ox Ox Ox

()[Gzz(t S 282(t,x)]] e

ot ot?

(6)

L j ()22 (1, v~ j m(x )FZ(“’”}

1l

2 2
- ”p(t X)[u(t, x)——[EJ( )6 2, x)] m(x)éL;’x)}dxdt.

10 6x Ot

Ecnu MIPEAIIOIOXUTH BBINIOJIHCHUEC KPACBbIX YCJ'IOBI/Iﬁ

2 2
E7(0) 2P0 _ o O pr0)dPEO |
ox? ox ox?

% p(tl1 0 % p(tl @)
EJ(Z)p—(Zt’) - 0,—[&1(1)”—(;’)] -0,
Ox Ox Ox

TO TIOCIIe TMpeoOpa3oBaHUiA, IOMOOHBIX HCIIONL30BAHHEIM B [4], TpUXOONM K

TaKOMY COOTHOLICHUIO:

l
A¥ = m(x)[Z(M) + %jsz(zl,x)dx +
0
ti 5 )
+ Sf-[[[m(x)z(t X) _a—[EJ( ) 0 P(;,x)] ~
toO x ax
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2
- m(x)%] +[u(t,x)+ p(t,x)]Su(t,x)]dxdt +
t

ti 5 ,
+sf1f8p(t X)[u(t x)_a_[EJ( )6 z(zzx)]

toO 5x

2 )
—g )%}d de+ & j m(O[Sz(ty, x)P dx +
t

21
+8—J.m(x){m} dx +
2 ot

Ztll

+_II [m(x)[8z(t, x)1* + [Su(t, x)* dxdt .
toO

Cootromienus (7) u (8) MO3BOJNSAIOT CIENATH CIIEAYIONINI BEIBOJL.
Teopema 1. J{ns HaxOKIEHUS €AWHCTBEHHOTO ONTHMAIBHOTO YIIPABIICHHUS

u(t,x) uMeeM CHCTEMY COOTHOLIEHUHI

2 2
R [EJ( 20D ;ﬁt;x)]—u(r,x),
20,0 = £, Z0H g,

922(1,0) i d22(1,0) |
EJ(O)—x > =0 [EJ(O)—ax | =0,
EJ(Z)GZZ(t D_00 EJ(Z)Gzz(t,Z) o

o’ " ox o’ ’

2 2 )
. [EJ( )¢ g(i”‘)}m(x)z(z,x),
X X

oz(ty,x) apty,
p(tl’x)= Z((;lt X)a p(;lt X) =_Z(tl’x):

’pt0) o ?p(1,0) |
EJ(O)—ax =0 [EJ(O)—ax = |=0,

*pt,h) 0 ?p) |
EJ(Z)—XZ =0.— [EJ(Z)—@XZ =0,
u(t,x)+ p(t,x)=0.

Joka3zaTteascTBO. B ciryuae BRITOTHEHUS CHCTEMBI COOTHOIICHUH (9) mepBast
Bapuarus (yHKIHOHaNA (5) paBHA HYIIO, YTO SIBISIETCSI HEOOXOIUMEIM YCIOBHEM
dKCTpeMyMa 3Toro ¢yHkinuoHama. Ecmm mmeror mecto cooTtHomeHus (9), To
BBIpaXKeHHE (8) CTaHeT CIIeAYIONUM:
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2 / 2 /
AY =_.[m(x) 6Z(tbx) dx+ -[ ( )|:662(t17x):|

0
201 (10)
+_II [m(x)[8z(t, x)1* + [Su(t, x)* dxdt .
toO

U3 coornomenus (10) ciemyer, 4To: BO-NEPBHIX, NpU ympasnenun u(Z,X)
peanmu3yercss MUHIMYM (QYHKIHOHANA (4); BO-BTOPBIX, ONITUMAIBHOE YIIPABICHHE
u(t, x) enuncrBenno. Takum o6pa3om, TeopeMa | MOTHOCTEHIO JI0Ka3aHa.

CHUCTEMA UHTETPO-IU®DEPEHIIUAJIBHBIX YPABHEHHU PUKKATH

Jlanee Bce paBeHCTBA, CBs3aHHbIE C jenbTa-QpyHkuued Jlupaka, ciemyer
MOHMMATh KaK PABEHCTBA B CMBICIE TEOpUH 0000mIeHHbIX (QyHKImH. [ToCKOIbKY
chucTeMa COOTHOIlIeHHH (9) JMHElHA OTHOCHUTENbHO HEHM3BECTHBIX (YHKIHI
z(¢,x), p(,x) ®m wu(t,x), TO C Yy4ETOM YCIOBHH TPaHCBEPCAIHLHOCTH

0z(ty,x) 5P(f1,x)

p(t,x) = Py Py —z(#,X) pacCMOTPHM TaKHe ABa BBIPa>KSHH
PED __f m(y){Ru(f X )2( )+ Ry (e, ) 22 )}dy,
t ot
p(t,x) = IM(y)[Rm(t x,¥)z(t,y) + Rop (1, x y)(3 (ty)} y .

ITomo6HO TOMy, Kak 3TO OBUIO CHENaHO B cTaTthe [4], mId HaXOXKICHUS
dyskumit - Ryy(4,x,y), Rpp(t,x,y), Rpi(t,x,y), Rpp(f,x,y) monydnm Takyro
CUCTEMY ypaBHeHIxII?'I C YaCTHbIMU ITPOU3BOJHBIMU

2 2
Ry 59) 00 0 [ 20?2 Ru(rz,x,y)]_

m(x)m(y) 5
4 oy oy

2 2
—m(y)a—z(EJ(x)“L’;x’”}m(y)a(x—y)—
ox 0.

x (11)

l
= m()m(y)[ Riz (6%, )R1 (1,5, y)ds = 0
0
m(x) aRlZ(t’x’y) 62 EJ(x )62R22(t,x,y) +
ot o’ o’
; (12)
+m(x)Ry (¢, x,) — m(x)-[ Ry (t,x,5)Ryy(t,8,y)ds =0

0
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Ry (t,x,y) O

, X, 0“Ryy(1,x,
m() By TR0 |
ot ay oy
) (13)
+m(y)R (£, %, ) = m(y) [ Rop (t,%, )Ry (£, y)ds = 0
0
AR, (1, x, !
%meRlz(fax,y)JrRm(f,x,y) — [ Roy (t,x,5)Rp (8,5, y)ds =0, (14)

0
rae cuMBoloM O(x) obo3zHaueHa aenbra—(yHKIUsA Jupaka. Ilpum 3TOM TOIKHBI

BBIITOJIHATHCA YCIIOBUA TPAHCBECPCAJIBbHOCTU

{m()’)Rll(tla x,0)=3(x—y), m(y)R5(44, x,0) =0, (15)
m(y)Ry (11, x,0) = 0, m(y)Rpy (11, X, 0) = 8(x — ).’
" KpacBbIC YCIIOBHA
2 2
£10) 7 R2b20 o 2 ) TRl r 0
Oy oy Oy
2 2
pryZRaeed o 0y Ratnd)
oy oy oy
%Ry (t, x, 0 o 02 Ryy (2, x, 0 ' (16)
Er) R0 o O gy TR0
Oy oy Oy
2 2
Ery T2l o Of gy PRt
Oy oy Oy

[lpuauMas BO BHHMaHHE BBHIMICH3IIOKEHHBIC PACCYKACHUS, IPUXOIUM K
CIIEAYIOIIEMY BEIBOLY.

Teopema 2. Jlns HaxoxageHus GyHkuid Ry (4, x,y), Ro(t,x,¥), Ry (t,x,),
Ry, (t,x,y) TpedyeTcs pemuth cucreMy ypapHeHui (11)—(14) ¢ yueroM KpaeBbIX

ycnoBuit (16) v yciaoBuid TpaHcBepcabHOCTH (15).
3nas GyHKUMM Ry (¢t,x,y) U Ry (t,Xx,y), MOXKHO HAHTH ONTHMAJIbHOE

yrpasienue u(t,x) .

Teopema 3. I onTHManbHOTO yIIpaBiIeHUs u(t,Xx) CIpaBemInBa GhopMyIa
(t »)
u(t, x) =—| m()’){Rzl(f X, 0)2(t, ) + Ry (8,%, y) ——= }
0

I[anLHeﬁmee Pa3BUTHEC IIOIYUCHHBIX B CTATbEC PE3YJIbTATOB COCTOHUT B
HCCIICAOBAaHNU CiIydas, KOraa BpEMs pETyJINpOBaHHA CTPEMUTCA K 6CCKOH6‘{HOCTI/I.
B TEOpUHU ONTHMAJIBHOI'O YIIPABJIICHHUA 3Ta HpO6J'I€Ma HNMCHYCTCA 3anaqel‘/i
AHAJIMTHYCCKOI'O KOHCTPYHUPOBAHUSA PETYIIATOPA. HepCHeKTI/IBHHM HCCIICAOBAHUEM
TAKKE ABJIACTCA UTPOBAsA IMMOCTAHOBKA 3aJda4u, I{T06I>I BOCITIOJIB30BaThCA METOAOM
paspemarommx GyHKIUMI.
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OPTIMAL CONTROL BY VIBRATIONS OF THE BEAM
WITH VARIABLE CROSS-SECTION

M.M. Kopets

National Technical University of Ukraine «Kyiv Polytechnic Institute» (Kiev)

Introduction. The last half-century is characterized by the rapid development
of technology. Significant progress has been made in the rocket, aircraft,
shipbuilding and space technology, etc. All sectors have oscillatory processes. In
some cases, they can usefully be taken into account to improve the quality of the
process, while others, on the contrary, it is necessary to suppress because of their
negative impact on the final process. This means that the oscillatory processes must
not only be learned, but also be able to manage them effectively. Similar problems
effectively manage mechanical processes just studying optimal control theory. The
purpose of this article is to study the linear-quadratic problem of optimal control by
oscillations of the beam with variable cross-section in the case of the free ends of
the beam.

Statement of the Problem. The state equation is linear partial differential
equation of the fourth order of hyperbolic type with given initial conditions and
homogeneous boundary conditions. Quality of the process is estimated by
quadratic functional. The admissible control is such a function which belongs to
the class of square Lebesgue integrable functions. Optimal control is admissible
control which is implemented at least the cost functional.

The purpose of the paper is to determine the necessary conditions for optimal
control of process vibrations of a beam of variable cross-section in the case of the
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free ends of the beam and to give solution of integral-differential Riccati equations
for the optimal control.

The main results. Necessary optimality conditions for the considered
optimization problem are obtained. Analysis of these conditions made it possible to
bring the system of integro-differential Riccati equations with partial derivatives.
The solution of this system is used in the construction of an explicit formula for the
calculation of optimal control.

Conclusions. The article investigates the linear-quadratic optimal control
process vibrations of a beam of variable cross-section in the case of the free ends of
the beam. Necessary optimality conditions for the considered optimization problem
are obtained. Analysis of these conditions made it possible to bring the system of
integro-differential Riccati equations with partial derivatives. The solution of this
system is used in the construction of an explicit formula for the calculation of
optimal control. Further development of the obtained results is to study the case
where the control time tends to infinity. In the theory of optimal control, this
problem is called the problem of analytical construction of the regulator.

Keywords: linear quadratic optimal control problem, method of Lagrange
multipliers, necessary optimality conditions, oscillations of the beam, partial
derivatives, system of integro-differential equations.
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