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Abstract. We study the existence and nonexistence of positive (su-
per) solutions to a singular quasilinear second-order elliptic equations
with structural coefficients from non-linear Kato-type classes. Under
certain general assumptions on the behaviour of the coefficient at in-
finity we construct an entire positive solution in RY which is bounded
above and below by positive constants. An application is given to a
non-existence problem in an exterior domain.
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1. Introduction and main results

In the last decades there has been growing interest in studying posi-
tive solutions to quasilinear variational equations in unbounded domains
of RY, mostly due to numerous applications in mathematical physics.
The entire positive solutions are of special interest, partly due to their
applications to Liouville type theorems. For linear elliptic second-order
divergence type equations the problem of existence of such solutions arises
in the presence of lower order terms. For instance, for the stationary
Schrédinger equation Au+ Vu = 0 with nonnegative smooth V' decaying
at infinity slower than c|z|~2 it is well known (and one can easily show)
that there are no positive solutions in RY. The optimal conditions at
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infinity for the entire solution to exist is called Green-bondedness of the
potential (or Kato-class at infinity) [8,9]. When the potential is sign-
changing the existence of a positive entire solution bounded below and
above by constants is of particular interest. In this paper we address
this problem for a general quasilinear second-order elliptic equation in
divergence form. Namely, we study the quasilinear elliptic equation

— div A(x, u, Vu) + ag(z,u, Vu) + g(z,u) =0, xRN, (1.1)

Throughout the paper we suppose that the functions A : RV x R x
RY - RN aqp: RN xR xRY - R and g : RY x R — R are such
that A(-, &, u),ao(-,u, &), g(-,u) are Lebesgue measurable for all £ € RV
and all v € R, and A(z,u,-),ap(x,u,-) are continuous for almost all
r€RY ueR. A= (ay,as, - ,an).

Let 1 < m < N. We also assume the following conditions

(a) there exists vp,v1 > 0 such that

A(z,u,§)€ = wlé™,
Az, u,€)| < val€™ ™+ ha@)ul™ (1.2)
|ao(z, u, )] < ha ()€™ + ha()|u™ 7, (1.3)
(A(z,§) — A(z,m)) (€ —n) > 0.

(b) there exist two non-negative functions g1, g2 € L} (RY) two mea-
surable functions g; : RV — R and g : RV — R such that

—g1()|u[""" < gla,u)signu < ga(@)ul™ (1.5)
The model equation for (1.1), which is of independent interest, is
—Apu A+ Vaulu["? =0, (1.6)

where A,u = div(|Vu|™"2Vu) is the m-Laplacian, V is a potential.
We make the following local assumptions on the structural coefficients

of (1.1)

o
lim sup /{TNlm / [y (y) + ha(y) + g1(y)

P=0 LerN
By (x)

_1
m—1

- |5

+ 92(y)] dy}
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g 1 m m—ld
1 m—1 _r:
Ly iy /{Twm / hi (y)dy} ~=0, (1.7)
0

B (x)

which guarantee the validity of the local Harnack inequality and conti-
nuity of the solutions to equation (1.1) [19]. It is straightforward to see
that for m = 2 the above requirement coincides with the well known Kato
class condition.

Solutions to equation (1.1) (and to all the equations treated in this
paper) are understood in the weak sense. Namely, we say that u €
VV;;”(RN) is a weak solution to (1.1) if for any p € WI™(RN) with

compact support, the following integral equality holds

/ A(z,u,Vu) - Vo + ap(z,u, Vu)p + g(z,u)p dr = 0. (1.8)
RN

Remark 1.1. Condition (1.7) in the context of the equation related to
the p-Laplacian was studied in [3], where amongst other things it was
shown that for p = 2 condition (1.7) coincides with the well known Kato
class. In the theory of linear equations the Kato class is known to be
the optimal class for a number of qualitative properties of elliptic and
parabolic equations, such as standard estimates of fundamental solutions,
continuity of weak solutions, the Harnack inequality [6, 18]. Recently
in [19] the continuity of solutions and the Harnack inequality was proved
for the general quasilinear equation (1.1) under the assumption (1.7) thus
extending classical results of Serrin [17]. Namely, if v > 0 is a solution
to (1.1) in the ball Bs,.(z¢) then there exists a constant Cy depending
only on N, vy, m such that

inf w(x) >Cgx sup u(x), (1.9)
x€Br(z0) x€Br(x0)

for zo € RN, r < 1.

In order to study the global behaviour of solutions to (1.1) we need
to control the global behaviour of the functions hi, ho, h3, g1, g2. This is
the reason we introduce the following quantity. Let 0 < g € L} (RY).
Set

oo

1 ™ dt
K(g) = i@!(ﬂv—‘m / g(y)dy> e (1.10)

Bi(x)

o0

5 1 " gt
K(g) = Iilﬁ%%J(w—_m / g(y)dy> > (1.11)

Bt (:L')
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where K(g), K(g) need not be finite. For m = 2 the finiteness of K(g) is
equivalent to the condition that g is Green bounded, as one can readily
verify.

We start the construction a global entire solution to (1.1) with the
following auxiliary boundary value problem

—div A(z, Vv) + ag(z,v,Vv) + g(z,v) =0, = € Bp, (1.12)
v(z) =1, x€0Bgr. (1.13)

The solutions to (1.12) will provide approximations of the global solution
which will be obtained passing R — oo.
First, we prove lower and upper bounds on the approximate solutions.

Theorem 1.1. Let conditions (a), (b) be satisfied. Then there exists
7 > 0 such that the conditions

K(gi+h3 +h3) <7, K(g) <oo, K(hi"™")< oo

imply that for any R > 1 there exists a positive solution v to the problem
(1.12), (1.13) satisfying the inequality

m

v(z) > exp (— Mi{K(g2) + K(h3" + h3) + K(h{" ")} (1.14)
with some positive My depending on N, vy, v1, m only.

Theorem 1.2. Let conditions (a), (b) be satisfied. Then there exists
T > 0 such that the condition

m

K(gi +h3 4+ h3) + K(h"™") < 7 (1.15)

implies that there exists Ma > 0 depending N, vy, v1, m, T such that the
solution v to the problem (1.12), (1.13) satisfies the estimate

v(x) < My, x € Bp. (1.16)

The proofs of Theorems 1.1, 1.2 are given in the main body of the
paper. They are based on a modification of the Kilpeldnen—Maly method
of obtaining upper bounds [10, 15].

An immediate consequence of Theorems 1.1, 1.2 is the following fun-
damental result, which is one of the main results of this paper.
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Theorem 1.3. Let conditions (a), (b) be satisfied. Let K(g2) < oo,

K(g1) < 7, K(h5 + h3) + K(h{"™ ") < 7 with T defined in Theorem 1.2.
Then there exist constants My, My > 0 and a solution u to equation (1.1)
in RN such that

exp (= Mi{K(g3) + K + hs) + K(h1)}) < u(z) < My, € RV,
(1.17)

Remark 1.2. The above result extends to the quasilinear case the
respective results from [8,9,11,12]. It is not difficult to construct
an example showing the sharpness os the conditions of Theorem 1.3.
For instance, one can look at positive radial solutions of the equation
—Anu 4+ Vum™t = 0 with the potential V' behaving at infinity like
|~ (log []) (™).

Next, we study behavior of nonnegative solutions to the equation with
the right hand side

—div A(z,u, Vu) + ao(x, Vu,u) + g(x,u) = f(z), =€ Bf, (1.18)
where B = RY \ B;. We assume that

o 1

1 ™ tdr
li — — =o. 1.1
lim zselleI?V/{T’N_m / \f(y)\dy} - =0 (1.19)
Br(x)

0

It is known by now (see [19]) that under conditions (a), (b), (1.19)
solutions to (1.18) are continuous and satisfy the weak Harnack inequality

. 1 !
xegl}igRu(x)ZHg<ﬁ / uqdac>, (1.20)

AR2R

where 0 < g < N]E,”Z;Zl) and the constant Hy depends on ¢ and the struc-

tural constants only.

In order to formulate the result on the behaviour of super-solutions
to equation (1.18) we introduce the following two quantities:

R/4 1

1 =L g
cw= sw [ (5m [(@ebis) T
YEAR2R 5 r r

Br(y)
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R/4

1
+ sup / (% / hy dx) dr. (1.21)
yE€AR2R r r
0 Br(y)
1
1 m—1
F(r)= <TN—m / fx) d:n) . (1.22)
Asr 7
44

We make the following assumption that controls the global behaviour of
the coefficients of (1.1)

(g) there exists a constant v3 > 0 such that

Y G(2) <ws and K(hy) <7, (1.23)

j=1

where 7 is defined in Theorem 1.1. Set

- . J(R) ‘ F(p)
H™ (R, Ry) = ROIE}ER{ ]_%H F(2) + Gl } (1.24)
HY(R,R*) = mi { j(pil F(27) + M} (1.25)
)= R = Glp) S '

and j(R) is fixed by the condition 1 < 277 R < 2,

Theorem 1.4. Let conditions (a), (b), (g) be satisfied. Assume that
0< felLl (RV). Letu be a nonnegative super-solution to (1.18) in

loc

A1 r+. Then there exist Ry, M3 > 0 such that the estimate

inf w(z) > Msmin{H (R, Ro), H (R, R*)} (1.26)

ZEGARVQR
holds for 2Ry < R < 3R*.

The next theorem establishes an important feature of the behaviour
of super-solutions to (1.1) at infinity. This and subsequent results will
require an additional structural condition on the functions A, the impli-
cation of which is that m > 2.

(A(a:,u,f)—A(a:,u,n)) (5_77) > \5—77|m7 UGR, &WGRN- (127)
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Theorem 1.5. Let conditions (a), (b), (g), (1.27) be satisfied. Suppose
that K(g2) < oo and K(g1) < 7 with 7 defined in Theorem 1.2. Let
R, < oo and u be a nonnegative super-solution to (1.1) in B]C%*' Then

liminf u(z) < oo. (1.28)

|z|—o0

Now we are able to formulate a non-existence result for nonnegative
super-solutions to the equation

—div A(z,u, Vu) + ag(x,u, Vu) = f(x)uP, z RN\ Bg.. (1.29)

We assume the following condition (f3) to be fulfilled

o Fogy . F()
ZF(QJ)_OO, jlggo(mj)_oo, (1.30)
J=J*
where
m—1
F(29) =427 inf f(z)t™ ",
()= {2" i f()] )

A(j) = {z e RY; 27 < |z| < 271},

Theorem 1.6. Let 0 < f € L} (RN \ By). Let conditions (a), (g),
(1.27), (1.30) be fulfilled. Suppose that K(g2) < oo and K(g1) < T with T
defined in Theorem 1.2. Let 0 < p < m—1. Then there are no non-trivial

nonnegative super-solutions to (1.29) in By  for any R. < oo.

As an example, let us consider the following model equation

—Apu+ &fn)\u\mdu = Liz\u]pflu. (1.32)
|| ]

The next result is a direct consequence of Theorem 1.6.

Theorem 1.7. Let V : RV — R!, f:RY — R! be measurable functions.
Assume that there exist V. : RY — R, f : R' — R! positive non-
increasing functions such that

and

Let 0 < p<m—1, R, < oo. Then there are no nonnegative nontrvial
super-solution to (1.32) in B .
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Before passing to the proofs we will remind the reader of two known
results, which will be used later on.

Proposition 1.1. Let g > 0 be a measurable function such that K(g) <
00. Then there exists a unique nonnegative h € W(}m(BR) such that

—Aph =g, x¢€ Bp, (1.33)
and the constant K > 0 such that
h(z) < KK(9), =z € Bg. (1.34)
For the proof see [10,15].

Proposition 1.2. Let g > 0 be a measurable function such that K(g) <
00. Then for any € > 0 there exists Ty > 0 such that the inequality

IC(g) <7 (1.35)
implies the inequality
[s@le@imiz << [ 19p@ do (136)
RN RN

for any o € WE™(RN) with compact support.

Proof. Tt suffices to prove (1.36) for ¢ € C§°(RY). Let supp ¢ C Bgr. By
the definition of weak solutions to (1.33) we have

[aletmae= [ 19nmEn- Vi s < [ Vel ds
Br 2m
Bgr Br

e g 1-m m m
™ m - 1) (5) /\vm lo|™ da. (1.37)
Br

Testing (1.33) by h|e|™ we derive
[ 1wnrep da
Br

= [ IVHP 2RV Bl - b9 Lel") do
Br

m m—1 m|, _|m
S e R
Br Br
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+mM1/hm|<p\mdx. (1.38)
Bgr

Inequalities (1.37), (1.38),(1.34) imply the estimate

1= KKl m - (5)7] [ gl do

Br
1—
< {5+ m-1m 1 (5) VKK / V™ da.
Br
Now (1.36) follows from (1.35) with an appropriate choice of 7. O

Remark 1.3. In the proof of Proposition 1.2 we followed M. Biroli [4].

2. Existence of bounded entire solutions to equation (1.1)

Lemma 2.1. Let the conditions of Theorem 1.1 be satisfied. Then for
any R > 1 there ezists a positive solution to the problem (1.12), (1.13).

Proof. We let A : Wy"™(Bg) — (W™ (Bg))* denote the operator de-
fined by
(Ao = [ (A@VOTe+alev+ D) e (2)

Br

for p,1 € Wol’m(BR). By (1.5), (1.7) we obtain that for any € > 0 there
exists C(e) such that

[t vt s>~ +) [ g@li@)ds

Br Br

+—Ci(e) / (61(2) + g2(x)) d — Co(R).
Br

This together with condition (a) implies that

(A, 0) > (1 6) / Vu|™ dx — C(R), (2.2)
Br

for some 6 € (0,1), C(R) > 0, which yields the coerciveness of the
operator A. It follows also from the conditions of the lemma that the
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operator A is continuous and satisfies the so-called (S )-conditions (see
[20, Chapter 1]). Then the solvability of the problem

Ay =0 in Bpg, =0 on 0Bgr

follows (see e.g. [20]). Therefore v = 1 + 9 solves the problem (1.12),
(1.13). In order to verify that v > 0 we test equation (1.1) with ¢ =
v_ := v A 0. Using the structural conditions (a) we obtain

/ |Vo_|"dx < c/[gl (x) + hy' () + hs(z)](v=)" dz.
Br Br

Now Proposition 1.2 implies that v > 0. U

Proof of Theorem 1.1. By the Harnack inequality (see (1.9)) the solution
v is positive.

Lemma 2.2. Let the conditions of Theorem 1.1 be fulfilled. Let v be a
nonnegative solution to (1.12)—(1.13). Let y € Br, 0 < r < R/2. Define
the cut-off function n: RY — R by

1, z € B, (y),
n(z) =< 22 0 e By (y)\ B(y),
0, x & Bor(y).

Set w(x) := —logv(x) for x € Bg. Then

2%/(1 + wT_l)_a_1|Vw\mnm dx
L

al—m w — [\ (a+1)(m—1)
[
L

1
+ g1 /(92 + hy' 4+ hs)n™ dx
L
1 M1, m
L

where
L= {w > l} ﬂBRmBQT(y).

Testing the equality

/ (A(z,v,Vv)Vo + ap(z,v, Vo) + g(x,v)p) de =0 (2.4)
Br
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with ¢, where

w(x)

o() = o) ([P )™,
Di(2)=(1-(1+2)7%,, 2>0

(2.5)

and [, §, a are some positive numbers, using condition (a) we obtain

/vm<I)1 (wé— l) |Vol™n™ dx
L

w —1

Y i G R
L

< E /,Ul—mvv|m—177m—l dr + E /hlnm_l dax
T r
L L

—1
+ C/vl_m|vv|m_l@1 (wT)hwm dx + C/(92 + h3)n™ dx.

L L

By the Young inequality we have

;/vl—m’vv’m—lnm—l dx
L

com—1 w — 1\ (a+1)(m—1)
(e,
L

Similarly,

~
~

This yields the assertion. O
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Set r; = 27971R, n;(z) = n(z) for r = r;. Define recursively the
sequence (1) by: lp =0,

i (a+1)(m—1) m
Liyi=10;+ T_N /(w — lj) dx , (2.6)

I
L.i

where we used the notation
Lj :{w>lj}ﬂBRﬂBgrj(y), L; :LjﬂBrj(y),
and s > 0 is to be chosen later. Denote 6; = ;11 — [;.

Lemma 2.3. Under the above assumptions there exist positive constants
», K1 such that for every j =1,2,... one has

1

1 1 m—1
0; < §5j71 + K3 (7"N—_m /(92 + hy" + h3)n;" d:r)

L;
1
1 _m_ m
r.

i,

Proof. We suppose that
1
0 = 561 (2.8)

since otherwise inequality (2.7) is obvious. In (2.3) set § = d;, n = n;,
l=1;, r=rj, L =1L;. Then we have

1 1 w — l;_1\ (a+1)(m—1)

= . < — <7J) d

7";-\7 meas L; < ij/ 5 x
J

oN w— ;i 1\ (et1)(m—1) oN
< — - = —. (2.
[

— N .
rjfl (53_1
L
j—1

Analogously using (2.8) we obtain

1 [ w—ly (a+)m—1)
v / ( 5; ) da

L;

N+(a+1)(m—1) — 1y (et 1)(m=1)
<2 - / (w ! 1) iz < 99 210
! dj—1
j—1 ; J
L,



V. LiskgevICH, I. I. SKRYPNIK, I. V. SKRYPNIK 67
Set ®2(2) = ([5 (1 — als)Jr and m* = % Using the Sobolev
1nequa11ty to estlmate the left hand side of (2.3) we have
1 o l m* m*
(5 [ (25 2)0] " o)
7 i,
05 w — lj —a—1
< m,.m
= pN-mgm / (1 * d; ) V™™ dx
J L;
C6 1% m a—1
r](V / dz. (2.11)
ToL
Let v € (0,1). Set Li(y) = Lj N {w > l; + vd;}. Then we have
1 -1 m*
o [ [o:(5 )]
i,
C7 () —[;\ (m—a-1)"2
> .
> =y /( 7 ) dz. (2.12)
L ()
Choose a = N’f—;ﬁrl so that
m*
(a+1)(m—1):(m—a—1)m. (2.13)
Then by (2.6) and (2.9) we have
11 w—j\ (e+)(m=1) ] w — 1\ (a+1)(m=1)
Z_W/(aj) +$/(5j)
Li() LINL ()
1 w— I\ (et (m=1) 2N
< — J = qlat)m=1) (2,14
- T;-V / ( 5j ) * 4 v ( )
Li()

Now choosing 7 such that y(@+D(m=1) — o=N=1 from (2.3), (2.9)-(2.12),

(2.14) we deduce that

m* 1

wm < Cy %_1+W/(92+h2 + hs)nj" dx

N
i
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1 _m
r om
J J Lj

Now we fix s by choosing »'~m* = 2Cg. Then (2.15) yields (2.7).
Summing up inequalities (2.7) over j = 1,2,...,J we obtain

1

J m—1
1 1
ZJ+1 —ll < §ZJ+K1 (W /(g2+h5n+h3)n;ndiﬂ>

J J L;
J 1
1 S m "
+Klz <—7°N_m/h1 lnj dx) ,
j=1 \'J L
which implies that
N 1
1 2N 3¢ . !
Jlr+1 = <R—N /[w ]qd$>
Br
R .
1 —d
+09/<W—_m / (92+h§”+h3)d:c> 7’"
0 Br(y)ﬁBR
R 1
1 _m_ " dr
—_— hi" ™t d — (2.1
0 Br(y)mBR

with ¢ = (a4 1)(m — 1). It follows that the sequence (l;) is bounded
above, and therefore due to the continuity of w we have

w(y) = lim [;.
j—00

From (2.16) we conclude that there exists a constant C' > 0 such that

1 4 . o_m_
w(y) < Cio (ﬁ /[w+]qd:ﬂ> +ClC(gz+h§”+h3)+CIC(h{"*1). (2.17)
Br

It remains to estimate the first term in the right hand side of (2.17).
Claim. For every € > 0 and s € (1, m*) there exists Ks(e, s¢1) such
that

1

1 1
<—N /[wﬂ"l d:v) <emax wt(z) + Ka(e, 1) K(g2 + B + h3).
R rEBR

Br

(2.18)
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Indeed, let £1 > 0, and 3 € (0,1). Taking ¢ = v! ™™ ([wt +&1)7 — 5?) as
a test function in (2.4) and using conditions (a) and (b) we obtain

[wseP wuds < 0) [ (g + b+ ha)lw+ ) da
Bf, Bf,
B} = BrN{w >0}. (2.19)

By the Sobolev inequality we have

1 L Ll
Ty T——

/(w )PVl de. (2.20)

+
BR

_m_
m*

<C RN-m

Combining this with (2.19) and passing to the limit ey — 0 we obtain

< CO) e [lo2 4 15+ ha)lut P o (220

+
BR

The right hand side of the last inequality is estimated using the Young
inequality and the definition of K(g) as follows

1 S
RN-m /(92 + hy' + hg)[w+]6 dx
By
1

1 —1
< e max wt () + C(e. B) (N— [+ b 1) dx>
rEBR R m
Br

<e max wt(z) + C(e, B) K(g2 + h5' + h3). (2.22)
z€BRr
Hence (2.18) follows. This completes the proof of the claim.
To complete the proof of Theorem 1.1 we choose the point y € Bg
so that w(y) = maxzep, w(x). Then (2.17),(2.18) with ¢ = ﬁ and
1 = q yield
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m

w(x) < CK(g2 + h5' + hs) + K(h"), (2.23)
which is (1.14). O
Next, we prove Theorem 1.2. We start with the following lemma.

Lemma 2.4. Let the conditions of Theorem 1.2 be fulfilled. Let v be the
solution to (1.12), (1.13). Then there exist positive constants To, K4 such
that the inequality

K(g1 + h5' + h3) < 7 (2.24)
implies that
1 -
=N /v(w) dx < Ky. (2.25)
Br

Proof. Take ¢ = v—1 as a test function in (2.4). Using conditions (a),(b)
we obtain in a standard way

/|Vv|mdm§0< / (g1 + B + ha) [o — 1™ da
Br

BRﬂ{U>1}
- /(91 +h3)d:c>. (2.26)
Br

Using Proposition 1.2 in the first term of the right hand side of (2.26)
and the definition of K(g1 + h5* + h3) in the second term and choosing
T appropriately we obtain, for some C > 0,

R™N / |Vo|™ dx < C.
Br
Now the assertion follows from the Sobolev inequality. O

Proof of Theorem 1.2. In the proof we follow Kilpelanen—Maly method
[10] with modifications from [13]. Testing (1.8) by

o(x) = v(x) By (z)n™(x), Dy(x) = [ / (1 45 g l)*lfa ds] ;

with 1 as in Lemma 2.2 and a sufficiently small A > 0. Using conditions
(a) and the Young inequality we have
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I = /UA1@2|VU‘m7]m dx
L

_l —o
—i—/v”ﬁl (1+ i 5 ) Vo™ n™ dx

L

< cr—m(sm/vz\—(ﬁ—l)(m—l)<1 n
L

B — [\ (4a)(m—1)
v ) dzx

4]

—}—c/vm_H‘AquHmm dx
L

+c/vm1+)\+ﬂ(1 4
L

where Hy = g1 + h§* + hs, L = {v® > 1} N BN Ba,(y).
Set

B —1

—1l-a _m_
) WP Ty dz, (2.27)

_1ta

(
A=(B=1)(m—1) s —1 oy
[/s i (1+ - ) dsL. (2.28)

Using conditions (a) and direct calculations we obtain

/ VU |™n™ dx

L

8 _ 14+a)(m—1
< cr_m/v)‘_(ﬁ_l)(m_l)(le v 5 l>( Fe )dx

L

m—14+X
i / Hyn™ da
L

_ m=14X48 %
+ed ™Ml hi"~'n™ dx.
L

In order to separate the term | ;, Hin™dx we introduced w as the solution
to —Apw = Hy, w € Wol’m(BR), substituted —A,w in place of Hj,
integrated by parts and applied the Young inequality. For the details of
this routine calculation we refer the reader to [13].

Define the sequence (I;) inductively by setting lp = 0 and

%:T'N/ (U—B)A—(ﬁ—g(m—l)( e — )(1+a)(m,1) "
! Lj+1 Liv1—1; '

L;
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Much in the same way as in Lemma 2.3 , for d; = l;41 — [, we obtain

_1 1

1 m—1 m m

(5j < 553'_1 —I-’)/lj (T?_N/Hl dl’) + ”)/lj (TT_N/h{n_l dx) .
B

B
(2.29)
Now in the same way as in the proof of Claim in Theorem 1.1 we arrive
at

1 q
< — q . .
mmax v(y) < C<RN /v dar) (2.30)
Br

Now the assertion follows from Lemma 2.4. O

Proof of Theorem 1.3. Let R; = 2/, j=1,2,... Let v; be the solution
to (1.12), (1.13) with R = R;. Extend v; to the whole of RY by set-
ting v;j(z) = 1 for |x| > R;. Then inequality (1.15) yields estimates
(2.25), (2.26) for each j. Therefore the sequence (v;) is bounded in
WLm(BR) for each R > 1. Passing to a subsequence we can assume
that the sequence (v;) converges weakly in Wli’:l(RN )tou e I/Vlicm(RN ),
and hence strongly in L;ZC(RN ) and poitwise almost every where. By
Theorems 1.1, 1.2, this implies that the limit u enjoys estimate (1.17).
Using monotone operator arguments one can readily verify that u solves

equation (1.1). O

3. Lower bound for positive solutions to (1.18)

Let u be a weak solution to equation (1.18). By definition

[ (A0, V)V + ao(a, Vg + gl u)p) do
By

:/&@M@Ma (3.1)
B

Further on we assume that conditions (a), (b), (f) are fulfilled. Conse-
quently v > 0 in Bf. For R > 2 set

m(R) = inf wu(z), (3.2)

T€AR/2,4R
and define the function ¢ : RN — [0,1] by

w(x):Pmin{[Q%—l}+, [5—2%r,1}, zeRY.  (3.3)
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Theorem 3.1. Let u be a nonnegative non-trivial solution to (1.18) in
Agrjoar - Then for any v > 0 there exist B(vy), M(y) > 0 such that the
inequality

verpon W@) — m(R) + k(Rym(R)

1 dx g
< M) (W / [u(x)—m(RHm(R)k(R)P) 34

holds with
k(R) = BGa(R), B > B(y) > 1, (3.5)

and Go defined in (1.21).
Proof. Test (3.1) with

w:=@1(¢ﬁgw>v%kawm‘%fﬂ

where
1

o) = L SR £ R

and ®4, n,[,§ are the same as in the proof of Theorem 1.1, o defined by
(2.13). Using conditions (a), (b), (f) we obtain from (3.1)

(3.6)

1 v — [\ —a—-1 T
5/(1+ - ) V| da
L

v—1
+/(I>1(¢ 5 )v_1|Vv|mwm_1nmda:

c U_l -1 - m— m— m—1,_m
g/(“ (VU Ry ™ V™ ™ da

L
+C/<I>1 V(| V™ b [Vl ™ da
L
+C/<I>1 VP2 (V™ 4 hyu™ ) [Vl g™ da
L
+C/<I>1 V2 (ho| Vul ™ + gou™ ! 4 hgu™ )Yy d,

(3.7)
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where L = {¢)v > [} N AR sz N By, (y). Next, using the Young inequality
2

2

we have
7
1 o — [y —a-1
_ mpm < ; .
g [ (25 V@t ar <0y n ()
7 =1
where
1 1/”)—5 —a—l m m, m
n o= 5—m/(1+ - ) V™ da,
L
1 m—1 m, m
IQ = gm—1 v |v’¢| n dSU,
L
v — [\ (a+1)(m—1)
I = /<1+¢5 ) V™ dz,
L
1 +,.2m—2_m—1_/m_m
Lh = o3 [ g2v w0y dz,
L
1 m, m—1_,m_m
Is = gm—1 h2’U Y™ dx,
L
1 l—1 2m, m, m, _m
[6:5—m hi* = v u™ "™ d,
L
1 % 2m—1, m_;m__m
[7:Whlv uP" " dz.
L

Notice that ¥v > 0 on L. We have, for x € L, 0 < pp < m,
1 (YU # AN INeY
ot — (2 < M 1
G =Y (5) —C[( 5 ) +(5> M’
P — [\ K AV I
< - ko3
o[+ 5=5) +(5) Jo 69
By means of the Young inequality this implies, for ©1 > a + 1, that

e

L

v I\@)m-1)
Ll U d

4]

()G ) e o
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where 71 = m_gnm;l)(m ). Analogously we obtain
¢ Yo — [\ p2 I\H27 1
e - H2q,m H2 m, m
12_5mu21/[(1+ — )"+ (5)" e V™™ dae
L
— [\ (a+1)(m—1)
< C’/ (1+ yv ) bR V| da
)
L
#2 m—1—po
—= —H2 m, m
+/[< <5) }w V™™ dw, (3.11)
L

(a+1)(m—1) (

WhereO<u2<m—1,vgzmmflf,ug).

Further we assume that
1 =m — 0, pp=m-—1—-60—-1 (3.12)

with some 6 € (0, 1) to be determined later. jFrom the definition of the
function v it follows that

2|z| P-1 2P P-1 R
el < 22 ()" = Zip@) ' for ol < R,
2P 2lz|\P-1 2P -1 SR
Vol < = (5- ) = @) for 2Rlal < -
Set P = 7. Then
2m\m 2m\m
—H1 m — —H2 m _
PV < <9R) , TRV < <¢9R) : (3.13)

It follows from (3.6) that

u(z) = u(z) — m(R) + m(R) < v(z)™' +k(R) v(z) . (3.14)

I < [M}m‘l /(92 + hy) (o)™ Iy da, (3.15)
L

1650 m/ R (o) ™™ da. (3.16)
L

Ir < ca[%]m / R (o)™ ™ . (3.17)
L
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Set w = tv. Then using (3.10), (3.11), (3.13), (3.15), (3.16), (3.17) we
obtain from (3.8)

S%Q/(1+E%%Ayﬂ |walmdx<——i/ 14 —l>a+UWLDdx
L

RQ/ ()G ()+(l)m”()}’"df

C
h m—1 m d hm 1 md
+ Gy | 0w e s [0 ’
L L
C % m—1,_m 1 m, m—1_m
+ sk (R)™ hi" w™ ™ dx + sm=1 hy'w™  n™dx  (3.18)
L L

where

(a—&—l)(m—l)e (a+1)(m—1)

=/ 7. 1

Let (I;), (rj), (y;j(x)), (6;), (Lj), (L)) denote the same sequences as
in the proof of Theorem 1.1.

Claim. There exist positive constants A(6), K5(0) depending only on
known parameters and 6 such that

o= o= () (=)

1 1
1 / - ( ) d X
v xr XL
RmypN—m
Lj

"=

+K5(9){

! /7<>r
— [ v (x +
Nf
Rmrj mL_ J
J

Tj 1 9
<1 T E) Rm—1-0,N—m+1+0 /” (2) dfc]
L;

+

_1

1 m—1
_ / (g2 + ha)w™ g d:c]

(k(R)m1ri™"

1

1 ~ el

R
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1

W/h{”mlwm_ln;”dx] _ } (3.20)
J

Lt;

Proof of the Claim. We can assume that
(1 2—779179)1.(”) o (3.21)
J R ’ :

RS

1
0j 2 70j-1, 0=

since otherwise inequality (3.20) is evident.
In (3.18) set 6 = d;, [ =1;, r =r;, n =mn;, L = L;. Then similarly

to the proof of (2.15) we obtain

m 1
o mF < 03_22(9){%1 =+ ppeey /(92 =+ hg)w 1777.” dx
k(R ) J
J
1 / _m_ _
Rt ™ M dg
rN T k(R) ) !

+
J
+ 1 h% m—1 m
7,,]_\/'7TrL517171 1 w n;- ar
J J L.
J

e [+ ()
J

(@) @G e} o

0j
The second and the third inequalities in (3.20) imply that

= (B @) )

RmypN—m
J L,

Ci323(6) /(3)"77;%. (3.23)

- Rm—l—@rj'\/—m-ﬁ-l-ﬁ-@ 5j

Ly

Fix s by the equality
%17W = 203.22.

Then (3.22) and (3.23) yield (3.20), which proves the claim.
Fix v € (0,1) and choose 6 such that

{E,m_—l_l}:%uﬁ. (3.24)
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By the Holder inequality we obtain, for k =1, 2,

1 1 7 p\m-N
- Tk < i Y J v
RmrN_m/v d:z:_C’(RN/v dx) (R>

I L; L;

Now we have

2 o . ) 3
Z P m/v”’“ dx + —Rm—f)r].\’_mw/v dz
J

k=1

J L; Lj
1 Ty
< C(RN / V7 da:) (—]) (3.25)
AR 5R
o
Summing inequalities (3.20) over j = 1,2,...,J and taking into account

(3.25) we obtain

It follows that
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1
1 2N% (et 1) (el (a+1)(m—1)
§ZJ+1 < (R—N / [w ]+ gy

AR
2

=

5R
72

§.57
R/2 1
1 1 mo " dr
T R®R) / (er A dm) B
0 Br(y)
R/2 -
+ ! / ! h%wm_l dx dr
()7 S\ S r
0 Br(y)

Br(y)
R/2 1
+/ : /( hem ) T @
PR e
0 Br(y)

Analogously to the proof of Theorem 1.1 we obtain from (3.27)

1 ) . m
w(y) < Cs.28(7) RN / [wH) D=1 gy

AR sR
22
1
1 Y
+ (R_N / U’Y d.’L’)
AR sR
272
R/2 1
1 me
+/ ( N / h’znwm_ldl) dr
T T
0 Br(y)
R/2 1
1 1 _m_ ™ dr
hm71 m -
+k(R>/<rN—m/ o d) r
0 Br(y)
R/2 mi1
+ ! / ! /h%wm_ldx dr
Ry S A\ S r
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R/2 .
1 1 1 " dr
+ D) / (TN—_m / (92 + h3)w dx) .
0 B (y)

By the Young inequality we have

1 +1(a+1)(m—1) m
Cons| v [ W)V ds

<
= AR sR
272
Now the choice of k(R) (cf. (3.5)) implies that
R/2 L
1 1 " dr
hg)w™ ' d —
k(R) / <er / (92 + h3)w fE) ,
0 Br(y)
R/2 1
1 1 —m_ " dr
hm—l m d -
+k(R) / (T‘N_m / v 3:) r
0 Br(y)
R/2 L
1 1 —m_ d
+ o / N / h tw™  da &
[k(R)]mfl T r
0 Br(y)
< 1 sup  w(x)
o B xEAE 5R
22
Taking into account that
R/2 L
1 " d
/ (ﬂ / htp™ dm) il <7 sup w(x)
r r IEEAE 5R
0 Br(y) 202

and choosing B = B(7y) = 4C3 23 we obtain from (3.28)—(3.30)

1
1 Yy
sup w(x) <C /U”’dm ,
2€EAR 5R () (RN
2072

AR 5R
12

B

which completes the proof of Theorem 3.1.
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Next, using Theorem 3.1 we prove a variant of the weak Harnack
inequality.
Theorem 3.2. Let the conditions of Theorem 3.1 be fulfilled. Then for

any q € (0, N]gf:nl)) there exist B(q), M(q) such that

inf [u(x) — m(R) + k(R)m(R)]

AR2R

zM@)(RiN [ () = m(®) + K(Rym(R) dw)q, (3.31)

AR2R
where k(R) = BG(R) with B > B(q).

Proof. Test (3.1) with ¢ = v'p®, ¢t > 0, s > m, where v and 7 are the
same as in the proof of Theorem 3.1. Using conditions (a), (b), (f) we
obtain

/ Ut+1f2m‘vvymns dx

B2T(y)
<Comltos)| [ oISl da
Bar(y)
+ / (92 + hg)um_lvtns dx + / hQUt_2m+2’v1)|m_17’]s dx
Ba.(y) Bar(y)
+ / hlvtum_lns_1|Vn|dx>. (3.32)

BZT (y)

By (3.14) and the Young inequality (3.32) implies that

/ Ut+1—2m‘vv|mns dx
Bar(y)

1
< C333(t,s) <—m / Ut—m+1ns_m e

r
B2'r (y)

/ hlmflvthrH*lns dx

B27‘ (y)

E(R)ym—1 / (g2 + hE" + ha)o' " Hp? dx). (3.33)
Bar(y)
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R
Forr < {5, y € A%%, we have

Ar ) ﬁd
G(R) > / (me / (92+h3)d$> -

2r By (y)

1

1 m m—1
> m—1 . .
>C <TN_m / hi dx) (3.34)
Bar(y)

Therefore it follows from the definition of k(R) that

1 / _m_ 1 _
h{" tdr + ——— / (g2 + h3)n™ dx < CrN—™,
[k(R)™ ' [k(R)]™—
B2r(y) BQr(y)

(3.35)

Now (3.33) with ¢t = m — 1 and s = m together with (3.35) imply that
/ |V logv|™dx < CrN =™ (3.36)

Bar(y)

forr<1—%, Yy € AR sr.
27 2
It follows from (3.36) and the John—Nirenberg inequality that there
exist v4,Cyx > 0 such that, for 0 < v < 74,

) 5 ) 3

AR sR AR sR
2 2

[S=]
G

Them the last inequality and Theorem 3.1, with v = ~,, imply that
1

ot u(e) = m(R) + k(R)m(R)] = C(RLN / v dx) " (3.39)
A

5R
2

(S
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with k(R) = BG(R) + R™Y, B > B(v.).

Now we need to prove inequality (3.31) for ¢ > ..

In the same way as in the proof of Proposition 1.2 one can verify that
for any € > 0 and any ¢ € Wol’m(A%%)

1

7 ol S — Mdx < e ™ d
[k(R)]mR[ hi" o™ dx+ [k(R)]m_lRZ(erh:a)\(P’ dz < R[‘Vgp’ d
(3.39)

with k(R) = BG(R) + R~! and B > B.(e).

From (3.33) with r = £ using (3.39) we obtain, for y € Apag,
4 Kl

1
/ VI Ty dae < C (L, 8) o / ! TImmpsTm gy (3.40)

Rm
Bpr Br
2
if € in (3.39) is fixed by the equality
t+1—m\m 1
—) C = —. 3.41
() Cam =5 (3.41)

From (3.40) by the Sobolev inequality we have

1 —-m, s m” " 1 —m, s—m
(R—N / [Ut—H n°l d:v) < C(t, S)R—N !SI g,
BRr(y) Br(y)
2 2
(3.42)
Define the finite sequences (¢;) and (s;) by
m*\Jj—1 m*
tj+1—m:(t1—|—1—m)( ) , ty+1—m=—q—,
m m

m m*\J—1
D <ti+l-—m< s, Sj—l—N:N< ) .
m m

The finite sequence (¢;), j = 1,2,...,J is defined according to equality
(3.41). As a result we obtain the following inequality

1

q 1 T
(% / v_qns"dx> SC’(q)(R—N / U_V*nmdx) (3.43)

Bg(y) Bg(y)

if B > B*(q) = max{Bx(e1),...,B«(es)}. Choosing a finite cover of the
annulus Agop by the balls Br(y1),...,Br(yr) we deduce from (3.43)
4 4
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1
q

(ﬁ / [u(z) — m(R) + k(R)m(R)]? da:)
AR 2R

SC(q)<R—1N / v(m)‘”*dm)w (3.44)

AR sR
v 2

Sy

if k(R) = BG(R) with B > B = B(v.) + B*(q). Now (3.38) and (3.44)
imply the assertion of the theorem. O

Lemma 3.1. Let the conditions of Theorem 3.1 be satisfied. Then there
exist constants B and K such that the inequality

AR2R

inf [u(x) — m(R) + k(R)m(R)] > K(RNl_m / f(x) dw) -
Asgp 1R
holds with k(R) = BG(R) if B > B.

Proof. Test (3.1) with ¢ = 7™, where 7 is the same as in the proof of

Theorem 1.1. Let y € Asr 7r, 7 = %. From condition (a) by the Holder
4 4

inequality we obtain

/ fnmdx < % / (\Vu]m_l + hlum_l)nm_l dx
Bg(y) B;}(y)

+ /(g2+h3)um_1nmdm+0 / ho|Vu™In™ dx

Br(y) Br(y)
4 4

m—1 i
< %( / e A VAT dx) . ( / p~m=1) d:n)
B%(y) Br(y
c T o
hm m—1 pdm md —a(m—1) d
+ RE(R)™1 ( / 1 x) v T
Br(y) Br(y)

([ emmirera) ™

B Bp
B (v) (v)
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+ ( R dw)

Br(y)

m—1

i
1

X < / (g2 + ha)o~em=Dym da:) (3.46)

Br ()

where C, 1 some positive constants and « > 0 will be chosen later.
Inequalities (3.39),(3.40) imply that

1 a—m. m 1 T, a—m,m
W / (g2 + h3)v n d:U—I—ik(R)m / hi" v N dx
Br(y) Br(y)
4 4
< C(a) / va2m]Vv|mnmdx+% v M dx
Br(y) Br(y)
1 1
< % v dx,  (3.47)
B%(y)
! / (g2 + ha)v™ =Dy dg 4 / T G A
k(R)mfl
Br(y) Br(y)
4 4
< C(a)/ v’“(mfl)*mlvmmnmdx—l——C(g) / UL
B (y) £
4 Br(y)
4
< Cla) / v gz (3.48)
Rm
BZR(Q)

if B > B'(«) for some B’(«). Hence from (3.46)—(3.48) we obtain

/f"?md:BS%( / v_o‘(m_l)das>i-< / vo‘_md:r>

() B R () B R ()

m—1

Bp
4

(3.49)
Choose « as follows

_1<[N—m2}++ N )
*T2\UN N-—-m/’
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Since a(m — 1) < % and m — a < % we can apply (3.31) to

both integrals in the right hand side of (3.49). Therefore

fnmde < CRN™™ inf [u(z) — m(R) + k(R)m(R)]™ *. (3.50)

ARoRr
B% ()

Covering the annulus Asr 7r by the balls of radius R/4 we complete the
4 4
proof. O

Proof of Theorem 1.4. It follows from Lemma 3.1 and (1.20) that

inf [u(x) —m(R)+ k(R)m(R)] > KF(R). (3.51)
QL‘EARyzR
Recall that m(R), k(R) are defined by (3.3),(3.4) with a suitable choice
of B.
Fix Ry by the condition that k(R) < 3 for all R > Ry. Set u(R) =

inf  w(z). We distinguish the following cases:
IEGARVQR

R

ii(R) m(R) = u(R), w(R) < p(3 ),

ii(R) m(R) = p(2R), u(2R) < (5 ), u(2R) < p(R).

For the case ii(R) we immediately obtain that

KF(R)

p(R) > BG(R)’

(3.52)

and hence inequality (1.26) follows.

For the case i(R) we consider inequality (3.51) with % in place of R,
and the corresponding three cases: i(£), ii(£), iii(£). Now for the case
R

ii(%) we obtain the following two inequalities

R

u(B) — u() + kRu(3) = KF(R)

(3.53)
H(5)u(3) = K7(5),

which imply that
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F(
k

ol

(1-k(R))+KF(R) > KE (3)

wR) > K 2 m»

(3.54)

—

ol

)

(1.26) follows.
) we have

and hence inequalit

Y
For the case iii(Z£

w(5) > uir)

Then this inequality and the first inequality in (3.53) imply that

W(R) > KF(R) KF(R)

= WR) ~ BGR) (3.59)

and (1.26) follows.

For the case i(%) we proceed to the three cases arising for inequality
(3.51) with ZR in place of R. After repeating the above procedure two
options are possible. First is that the cases i(R),i(%),..., i(27/R) are
realized for some j such that 2-UtDR > Ry, and then one of the two
cases ii(2- WD R) or iii(2~U+Y R) is realized. The second option is that
the cases i(277R), j = 1,..., J(Rp) are realized for J(Ry) determined by
the condition 1 < 2=/(F) Ry < 2.

For the first option from (3.51), (3.52), (3.54), (3.55) we obtain
w2 'R) — (2 TIR) [1 -

R)]
—j K . (F(277R) F(2~ J+1)R) (3.56)
(277 R) > —— min { G(37R) G GFR) }

> KF(27'R),

for ¢ =0,1,...,7. This implies that

|
—

|
—_

w(R) > p27R) [ (1 k(2_iR))+Kz_: FT R[] (1 - k(@27'R)).
= l (3.57)

taking into account condition (g”) and the choice of k(R) we deduce that
there exists a constant C' > 0 such that

I
o
Il
o

7

J(Ro)

II -k 7R) =cC. (3.58)

1=0

Therefore we conclude that

2 0[5 r o[, HE )
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F(2_9R)
> F —. . .
CO<]r23nRo { Z (2_]R) } <3 59)
Clearly the same estimate holds if the cases i(2_jR) are realized for

j=1,...,J(Rp).

Inequality (3.59) implies estimate (1.26) for the case i(R). Consider-
ation of the case iii(R) is analogous. This completes the proof of Theo-
rem 1.4. O

4. Behaviour at infinity of super-solutions
to equation (1.1)

Proof of Theorem 1.5. For a contradiction, assume that (1.28) does not
hold. Let u be a nonnegative super-solution to (1.28) in Bf_such that

liminf u(z) = occ. (4.1)

|z|—o00
Let @ be an arbitrary positive number and choose R(Q) such that

u(z) > Q for |z| > @ > R.. (4.2)

Let v be the solution to the auxiliary problem
— divA(z,u, Vo) + ag(z,v, Vo) + ¢ (z,v) =0, =z € Bp«, (4.3)
v(x) = % for |z| = R", (4.4)
with

¢ (2, 4) = (@)™ 0. (4.5)
The existence of the solution to (4.3),(4.4) and the estimate

0<CiQ < U(.Z’) < (Cy2Q, x € Bpx, (4.6)

with some positive C, Cy, follow from Lemma 2.1 and Theorems 1.1,
1.2.
Define the function & : RV — [0, 1] by

£(z) = min { [%' - 1} ,1}. (4.7)

In equation (4.3) for v and inequality (1.1) for u (as u is the super-
solution) use

p(2) = [v(z) — u(@)] 7" (@)
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as a test function. Subtracting one from the other we obtain

Iy := / [A(z,v, Vv) — A(z,v, V)| V(v —u) " da

AR, R*
= / [A(z,v,Vu) — A(z,u, Vu)|V(v — u) T dx
AR, r*
- / [A(x,v, Vv) — A(z,u, Vu)](v — u)TVE™ do
Ap, p*
+ / [ao(z,u, Vu) — ag(z,v, Vo) (v — u) ¢ dx
AR, ,R*
4
+ / g/ (@, u) — ap(z,0)](v — w) " de =) L. (4.8)
Ao e i=1

First, for Is and I3 we have

I <~ / (Vo™ L + |[Vu™ L + hpo™ L) (v — w) T VE| da

AR*,R*
<7 / |Vol™E™ da + ~ / |Vu|"E™ dx
AR, R* AR, R*
by [ ATeendo sy [ (-0 I mde (49)
AR*,R*
AR*,R*

Iy < ~ / o Vo™ 4 ha| V™1 + hyo™ (v — w)t €™ d

AR, ,Rr*
<~ / |Vol™E™ da + / |Vu|"E™ dz
Ap, p* Ap, pr
+7 / RS [(v — u)T]™E™ da + v / hav™ (v — u)TE™ da.
AR*,R* AR*,R*

(4.10)

Note that Iy < 0.
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Now we distinguish two cases.
Case 1. m > 2. For I; by the Young inequality we have

I <vy / (V™ 4+ o™ + hpa™ )|V (v — u) T €™ da

AR*,R*
<5 [ We-wtrendsty [ vurens
AR, R* AR, R*
+ / hi”%vm_lﬁmdx. (4.11)
AR*,R*

From (4.8), (1.3), (2.1) and (1.2) by condition (a) we obtain that

/|V[v—u]+]m§mdx§'y / |Vo|"EM do + / |Vu|™E™ dz

AR*,R* AR*,R* AR*,R*
+7Qm( / hi ™t dx + / ho da + / hs d:g+RiV—m>
AR, r* AR, r* AR, r*

(4.12)

To estimate the first term in the right hand side of (2.2) we use (v —
Q/2)E™ as a test functions. It follows that

[ wererass [ g - Qe is

AR, R* AR, R*
< [ Qv+ el - /2 ver| as
AR*,R*
+ / (ho|Vu|™ 4 hav™ v — Q/2|6™ dx.  (4.13)
AR*,R*

Therefore by the Young inequality we deduce

/\Vv\mfmdng}/@[ / (A" + h3" + h3 + g2) dz + RY ™.

AR, R AR, R*

(4.14)
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[ 19— atiren ds

AR*,R*
m m pN—m
< 7( / |Vu|™ de + Q™R )

ARy ,2Rx

+ Q™ / (h{'Tl + h5 + hg + g2) dz.  (4.15)

AR, R*

Then the Hardy inequality yields

/ (o= uyren da

AR*,R*

< C’H'y< / |Vu|"dx + QmRiV_m>

ARy 2R

+ CyyQ™ / (A" + h3" + h3 + g2) do.  (4.16)

AR, R*

Using smallness of (k") and KC(h§' +h3 + g2) this together with (4.6)
implies that

1
QMRN"™ < Cyqr (ﬁ / u™ dx + / |Vu|™dz + QM RY —m>
AR2R AR, 2R

B ) (4.17)
for arbitrary R € [2R., %] Define R by RN=™ = 2C, 17RY~™. We can

assume that R* is large enough so that R* > 2R. From (4.17) we have

1 1 1
ARk ARy 2Rx

As R depends on the known parameters only, the right hand side of (4.18)
is a constant, while the left hand side is an arbitrary number, which is a
contradiction.

Case 2. 1 <m < 2. For I} we have

I <~ / V™V (0 — u) ™ de

ARy 2R
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<y / (IVu] + [Vo]) 2 71 (|Vau| + Vo)) 2|V (v — u)T|e™ do

+ / (IVu|™ + |Vo|™)EM dz. (4.19)

AR, 2R

Next,

/ (IVu] + Vo)™ 2| (0 — u) 2™ di < / Vul"e™ da

ARy 2Ry ARy 2R
+Q™ ( / (hy' 4+ hg + g2) dx + Riv_m> . (4.20)
ARy 2R.
By the Hardy inequality
1 +1mem
W[(U —u)T]"EM" dx
AR, 2R,

<y [ V-t ds £ aQrRY . (4)

ARy 2Ry

Furthermore,

/ V(0 — u)tHmem da

AR, 2R,
<y / V(0 — w)* (| Vul + Vo)™ e da
AR, 2R«
- / V(0 — u)* |Vl + [Vo)™2 (V] + Vo)™ 2™ da
AR, 2R«
<y / V(0 — w)* 2Vl + Vo)™ 2™ da
AR, 2R,

+ / (|Vu|™ + |Vo|™)EM dx.  (4.22)

ARy 2R,
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This together with (2.4) implies that

1
/ W[(U —u)*)EM de < / V| ™ da
ARy 2R, ARy 2R
+7Q™ / (h3' + hg + g2)€™ dz + RY ™|, (4.23)
ARy 2R«

This leads to a contradiction in the same way as in Case 1. O

5. Application to a non-existence result

Proof of Theorem 1.6. For a contradiction assume that there exists a
nontrivial nonnegative super-solution to equation (1.29) for some R, <
oo. By the weak Harnack inequality we conclude that for any R > R,

inf u(z) > 0.
AR..R

Let R > 2R*. Define a cut-off function ¢ : RV — [0, 1] such that
§=1forz € Agag, §=0forz & Ags4r: |VE < 4.

Testing inequality (1.29) (for super-solutions) by

p(a) = u' " (2)EM (x),

we obtain

/ (w™™|Vu|™ + f(x)up+1_m) &M dx

B

< C(RN_m + / (hy"™" + h5" + ha + ga)&™ da:> . (5.1)
BS,.
Analogous to (3.35) we obtain for the integral in the right hand side of
(5.1)
/ (h{"™" + B + hg + go)€™ dw < CRN™™. (5.2)
BS,.
The weak Harnack inequality (1.20) implies that
f(@)uPT=mem dz > CRY  min f(:c)( min  u(z)

)P-i—l—m
2€AR 2R T€EAR2R

. (5.3)

B«
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Therefore from (5.1)—(5.3) we obtain

min u(m)ZC5.4<Rm min f(:c))m_p_l. (5.4)

IEAR’QR l"EAR,QR

It follows that u is a super-solution to the equation

—div A(x, u, Vu) + ag(z, Vu,u) = f(z), =R\ Bg,, (5.5)

where f is defined on the annulus A(j) = Agj git1, 2/ > R,, by

. m—1y ———
f(z) = {CP 2P (R™ mi e 5.6
fa)={ct 2 (R min fx)" | (5.6)
By Theorem 1.4 we conclude that
inf w(z) > Cmin{H (j,jo), H"(5)} (5.7)
TEA())

with integer jo satisfying 2 max(Ry, R.) < 2% < max(Ro, R.). Here H~
and H* are defined by

H™(j,jo) = ,mi,nA{ Z F(2k)+g(2j')}7

Jo<i<g it (27)
() = min | ;:j {re+ g, 55)

and F(2%) was introduced in (1.31).
Note that condition (1.30) implies that

lim A (j,jo) =00, lim A*(j) = oo. (5.9)
Jj—00 j—00
Therefore (5.7) contradicts to (1.28), which completes the proof. O
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