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Abstract. We present sharp bilateral bounds of the norm L, of a solu-
tion to the Neumann problem of doubly degenerate parabolic equations
in unbounded domains narrowing at infinity.
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1. Introduction

In this paper, we consider the Neumann problem

uy — div(u™ [ Du[* 1 Du) = 0, in Qr =Q x (0,7), (1.1)
m—1 A-1 0u

u" | Dult T == =0, on 082 x (0,7), (1.2)
on

u(z,0) = up(z), x €, (1.3)

where Q € RY, N > 2, is an unbounded domain, mesy Q = |Q|y = oo,
with a noncompact and sufficiently smooth boundary 9Q of Q, and 7
means the outward normal to 9Q x (0,7), T > 0. Throughout of the
paper, we assume that m+A—2 < 0, A > 0, m+A—1 > max{0, 1—%};
up(z) > 0 for a.e. € Q u ug € Ly o(2). It is known [10] that the
assumption m + A — 2 < 0 corresponds to the equations which describe
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16 ESTIMATES OF THE MAXIMUM...

the processes with a fast diffusion. Next, we specify the classes of domains
under consideration.
Define the function

l(v,p) =inf{|0Q NQy|N-1:Q CQp,|Q|Nn = v,0Q — Lipschitz},

for any p > 0 and 0 < v < |Q,|n/2, where Q, = {z € Q: |z] < p}. We
assume that €, is a nonempty set.
Let the volume V' (p) = |Q, |~ satisfy the conditions: for any ¢ > 0,

W@V (p) <V(op) <m@V(p),  forall p>max(1,5),  (14)

where 1y,v are two given nondecreasing positive functions satisfying
v1(0) < 1 for § < 1. We assume also that

l(v,p) > comin (v%, @) :=g(v, p) (1.5)

for any p > 1, 0 < v < V(p)/2, and with a suitable ¢g > 0. Here, it is
supposed that

pt=r
V(p)

p is nondecreasing for any p > 1, (1.6)

2—m—\

where § > =5

Definition 1.1. We say that an unbounded domain Q@ C RN, N > 2,
belongs to the class No(g), if O is Lipschitz continuous, and (1.4)—(1.6)
hold true.

Note that (1.5) for v < 1 characterizes the smoothness of 912, while
the second component of this inequality has a meaning of the surface
size 2 N 0N, for p large enough. Note also that (1.4) yields |Q|ny =
0o. The class Ng(g) describes domains “narrowing at infinity”, that is,
lim, . V(p)/p =0 [5]. For such a class of domains, lim, (v, p) = 0.
Classes No(g) have been introduced in [1,2] (see also [5,8,12].)

The typical example of Ng(g) is (see [2])

Q= {z = (2, 2n) eRY : 2| < 2, oy > d} CRY,d >0,

for 0 < e < ﬁ Here, V(p) = cp!~* V=D p = znx > 2d. Evidently,

12|y = oo and, for all v > 0, I(v,00) = 0. Other examples can be found
in [1] and [2].

Out purpose is the investigation of the temporal behavior of the so-
lution of problem (1.1)—(1.3) in Q~ in dependence on the geometry of
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Q). We will obtain sharp bilateral bounds of the supremum norm of the
solution.

The qualitative behavior of solutions of the Neumann problem for
linear uniformly parabolic equations with measurable coefficients in do-
mains with non-compact boundaries was first studied in [6,7]. It was es-
tablished in those papers for expanding domains which satisfy the global
isoperimetric property that the bilateral estimate

[u(®)llwe ~ luollz, oV (VE) (1.7)
is valid for all ¢ > 1. Here and hereafter, ||[u(t)|/p,o = ||u(z,t)|| L, 0. Note
that this result was proven, by assuming the initial datum from L;(Q)
only. To have similar estimates for domains narrowing at infinity, the
authors of [5,12] have assumed an extra assumption on the initial data
at infinity: namely ug|z| € Li(Q). That is, the moment of the initial
datum must be finite. Concerning the further results for linear parabolic
equations in domains with noncompact boundaries, we quote works [17]
(the third boundary value problem) and [13] (the Dirichlet problem).
In [15] similar to (1.7), the estimates for a solution of (1.1)—(1.3) with
m =1 and A > 1 in domains expanding at infinity were obtained. These
estimates have form

lu() L2 ~ lluollz, @V (R(D) ™", (1.8)

where R(t) is the inverse function to s**1V(s)*~1. In [1-3], such a sort of
results was extended for solutions of (1.1)—(1.3) with m+ A —2 > 0 (i.e.,
in the slow diffusion case) in both expanding and narrowing domains.

Definition 1.2. We say that u(x,t) is a solution of (1.1)—(1.3) in
Qr, if u(x,t) > 0 and u(z,t) € C(0,T; Latoc(Q)) N Loo10e(Q x (0,T)),
u™Dur € Ly oo (Q x (0,7)); and u satisfies (1.1)~(1.3) in the inte-
gral sense

T

// (—ué&; +u™ Y |Dult Du D€) dx dt = —/ uo(x) &(x,0)dz,

0 Q Q

for all € € C1(RN x [0,T]) such that £ =0 out of {|z| < K < oo}, for a
suitable K > 0, and &{(x,T) = 0.

In what follows, we use the notation

w(t) :/ u(x,t) VD dx.

Q

The main result of the paper is
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Theorem 1.1. Let Q € No(g), up > 0, ug € L1(Q), p(0) < oco. Then
problem (1.1)~(1.3) has a solution global in time, and the following esti-
mates hold true:

_N A1)/ K
()l < ymax {75 Jluo 0"

t—l/(2/\+m—1)u(0)(>\+1)/(2)\+m—1) 7

- B _ P(T) (A+1)/(2A+m—1)
4~ 1/(2x+m=1) (A+1)/(2A+m—1) 1.
HUOHLQ [V(P(T))] } ( 9)
for allt > 0 where K = N(m + X\ —2) + A+ 1. Here, P(1) > 1 with
T=t Hu0||717f;{)‘_2 is defined as a maximum solution of the equation
p(p/v(p))f(m+)\72)/(2>\+m71) — max {Tl/(2)\+m71)7 1}. (1.10)

Moreover, fort large enough,

M lluolly o /V(P(T)) <lu®)llwo <72 luollyo/V(P(T)).  (1.11)

In the proof of Theorem 1.1, we combine ideas of [1,2,4].
Throughout the paper, we use the symbols ~, ~; for positive constants
depending on data of the problem only.

Remark 1.1. Notice that, for ¢ large enough, the third term on the
right-hand side of (1.9) dominates; thus, relation (1.10) yields

A+1
t_mHuOH% P(r) 2=t Jluolie ’
B V(P(n) V(P(7))

while the first term is the largest one for ¢ small enough. The latter means
that the estimate has a local structure and, for small times, coincides with
the corresponding estimate of solutions of the Cauchy problem.

Remark 1.2. The results of Theorem 1.1 are still valid in the case
m + A — 2 = 0 and therefore in the linear case m = A = 1 with minor
changes in the proof. In the latter case, our results follows from [5,12].

The structure of the paper is as follows. In Section 2, we formulate
auxiliary results. In Section 3, we prove the local maximum estimates of
solutions. Section 4 is devoted to the local estimate of the mass of the
solution. The global bounds of the moment of the solution is given in
Section 5. Finally in Section 6, we prove our main result.
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2. Auxiliary results

Set

@ S p) >0.p>1
=ymax (1,278 ——), 2>0,p>1.
Vp)

Y0 = )

We need the following parabolic multiplicative inequality.

Lemma 2.1 ([2]). Let Q € No(g), p > 1, and v € Loo((0,T); Lr(Q,)),

Duv € (Ly(Q,x(0,T)))N, withp > 1, r > 1. Assume that, for 0y € (0,

sup [ supp v (-, )|y < 6oV (p). (2.

(0,1)

Then

T
// lw[PT~ da dt
09,
<~ sup |w(|suppv(:,t)|n,p) / |v(x,t) \Tda:
0<t<T

)
1),
1)

x// | Dv|P dx dt,
09,

where v = ~y(p,r, N).

Without loss of generality, we may assume

)
—— =1, for p=1.
V(p)
Define the function
1, 0<p<l1
ﬂMZ{JL o1
vy P

and the function

|z

1
x):mo/ f(s)ds, x € Q.
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Lemma 2.2. The following holds: F(x) =1 in Q1, and, for v € (0,1),

] |z|
V) =T SRy et
1 1
DRSS vy e

The proof of the lemma is based on (1.4) and (1.6).

3. The local estimate of the maximum of the solution

For simplicity, we suppose that the solution of (1.1)—(1.3) is smooth
enough.

Proposition 3.1. Let u be the bounded solution of (1.1)~(1.3) in Qa, X
(0,t). Then, for any 6 > 0, we have

_N At
lullso 0, 1/2) < Ymas(t % Gk, p(1 + ) o
_ 1 A+1 A+l t D S
T T 1Y Hy 2—m—x
£ Go(t, p(1 + o)) e[—v(p)} ,[—pw] JRNERY

where
Gy(t,p) = sup / u(a;,r)e dx, t>0, p>1,

o<r<t
P

0<o<l Kg=Nm+A—-2)+0A+1), Ho=m+A—2+0(A+1).

Proof. Set Qoo = ,x(t/2,t). We estimate the norm ||u||«,q., . Consider
the sequences

_ t o
pn=p(1+027")  tn=_(1- )
2 2n
Let

Qn = Qpn X (tnat)7
and

1
kn:k<1_ﬁ>7 n:(),l,...,

where k£ > 0 will be chosen later on.
Let (x,7) — (u(z,7) for any n = 0,1,... be a nonnegative smooth
cutoff function in Q,, i.e.,

1 n+1s
CH(I‘, t) — 9 on Q +1
0, out of @y,
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n—+2 n+1
and such that 0 < (;; < 2 y | D¢n| < 2(,,, .

Multiplying (1.1) by (u ky)? ¢! and integrating by parts over @,
we obtain

sup / (U —k )Q+1 <A+1 dx

th <7<t
Qpn(
m+q+>\ 1
/ |D(u—kn), M Ml dzdr
<fy<// q+1 Cpr dx dT
+ [[ @kt pu ¢ 106 ds dT>. (3.2)
We have
/ (u— k:n)'_frl ALy
Qﬂn

> / (u— k)2 O da

Qo {u>kn41}
> (bt = a7 [ (= BT G e
Qpn

Qp

n

Thus, using the last estimate, we get

(k/zn)Qfmf)\ sup / (u - kn)i+m+/\—1 T)L\Jrl dr
tn <7<t
Qpn(T)

m+q+>\ 1
/ ID((u—ka). > )| dadr

<7<_|| ul| 255 // u— k) dr dr

2n()\+1)
oo // (u— k)™ g dr (3.3)
(o
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Next, we assume that

¢ +A-2
R

<1, (3.4)

2—m—2X\
otherwise nothing is to prove. Denote M = %. Then (3.3) implies

(/22> sup [ )£ G
n<T<
Qpn (T)

m+g+A—1
+// |D((u = kpg1)y M cn)P“dxdT
Qn

< gn ) / / (u — k)T o . (3.5)

Qn
m+qg+A—1
Denote v = (u — knt1)L *™"  (n. Applying the Holder inequality, we
have
Iy = // (u— an)(fer)‘*l dxdr < // v da dr
Qn+1 Qn

Atl
_ a 1-24L
< [// 'qu.%'dT] |An+1‘N+1q ) (36)
Qn

where A, 11 = {(2,7) € Qn : u(z,7) > kpny1} € RNTL
Set = (A+1)(1+ 2. Let p=7 = A+1 in Lemma 2.1. For all
n >0, 7 >t, and 6y, as in (2.1), we have

[supp(u — kns1)+Ga(7)] < V(2p) < 60V (Cp),

provided C' = C(6y) > 0 is chosen large enough. Thus, (2.1) is satisfied
in this context by substituting the spatial domain €1 4), with a larger
domain Q¢,, in which we apply the embedding inequality (note that v
vanishes outside of {(1,),). Then, from (3.6), we obtain

tn <7<t

W(‘An+1(7)|NaCP)AH< / v(%t)”ldm> ]

Qpn (T)

N it
x// Do da dr At ST, (3.7)
Qn

Inhy1 < ’y( sup
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where A,11(7) = {z € Q,, : u(z,7) > kyt1} C RN, To estimate
|Apn+1|N+1, |Ant1(7)| N we proceed as follows:

I, = // (u — k)T g dr
Qn

> / / (bnsr — o)™ i

Qnm{u>kn+1}
k jgtm+i-1
= [W] | Ant1| N1
Hence,
|An+1|N+1 < 2(n+1)(q+m+)\—1)k—(q—&-m-{—)\—l)ln’ (38)
[Ant1(7) v

< 9(nFD)(g+mAA=1) p—(g+m+A-1) / (u— kn)(fmﬂqu

QPn
on(g+m+A-1) .—(g¢+m+A-1)

<7z

< e L. (3.9)

By (1.6), we get

(ghmir1) L~ (g+m+r-1)
(D) Cp) < 20V ). (30

We estimate integrals on the right-hand side of (3.7) by (3.5) and (3.8)—
(3.10). We have

(A+1)N
[ klatmiaD) NIXT o —ar)Od) 142l
In+1 < ’yb w Wlo,p M N+X+1 In

Y

(3.11)
where b = 2! > 1, [ is a constant depending on data.
By Lemma 5.6, [11, Ch. 2|, we get
I, = // (u— kn)i+m+)‘_1 dxdr —— 0,
n—oo
Qn

i.e.,

[ulloc,@o < K (3.12)
if

(A+1)N

Atl k~(gtm+A-1) NTXFT  —(q+DO+D) N4l
-[07 P MFE

N+AFL NFAF1 A+1
v1y w e b <1,
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the more if

i - QO+DHN
05 N+A+1 —(g+D)A+1) N4+l
’YHUH9N+A+1 [w<t /\+1H )} ME™ N2+ h a1 <1,

where 0§ = g+ m + A — 1. Choose k from the relation
AT gl et
— 1)(A+1
G ot thane)| s

tor |
(3.13)

From (3.12) and (3.13) with regard for (1.6), we get

N
1 0 [ e
Il < lull M o 5 502l g,00) | - 1)

Recalling the definition of M, we can rewrite (3.14) as follows:

Julz? v
00,Q 00 6
(T2 e )|

(3.15)

lulls s, M

+1 0 Q@

Iul2th < vl o, | pre—] ™
Consider the sequences

i1 =ri+op2” D g = p, tiv1 =t; —at2” D o =¢/2,

Qi:Qri X (tlat)a QOZQooa QOOZQ07 Qz CQH_la 2:0717

Denote Y; = [Jul|o, gi- Then inequality (3.15) applied to a pair of cylin-
ders Q' C Q! takes the form

0 ComeN(NEAED o Naail
Y <vlullgo, Yi OHDGHD =T ¢ B @D

i+1
A 7

Applying the Young inequality with exponents (2721\1“}1\))((?\;;1; )T
A A . .
(,\H)(qu,jzzl),(fntl))\)(NH\H) = { HI)((;H) to the right-hand side of (3.16),
we get
_i(N+>\+1)(A+1) _ N4A+1 0A+1)
Y; <6Yip1 +7(0)o Ky t Ko
v N(A+1)
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i (NEAD O

Denoting v(d)o Ko = b, b > 1, we write (3.17) as

N(A+1)

; _N+)\+1 90‘“) YO*Q 0 9)
Vo € Y R July 0 w( i) T

We now iterate (3.18) to get

- i ) NAA+1 9(?‘1) Y0_9 P %;rl)
N _NtA+1
Yo < 8o + ) (08) 9t R ully o [‘”< g le, )] )
k=0
1=0,1,2... Choosing now § = % and letting ¢ — oo, we get
O+1)
N+>\+l 9(**‘1) y.f NK—Q
Yo <ot Folullg gf [w( =l )]
Thus,
Ot1)
v COED T ]| R
- 7Qoo o
il <365 uly gt (5= ulfu0) | - 319
Finally, the desired estimate (3.1) follows from (3.19) and the defini-
tion of w. |

Remark 3.1. The proposition is still valid if we replace €2, by 4, =
Qgp \ Qp and Qp(1+g) by Ap = Q4p \ Qp/g

4. Local estimate of the norm L; of a solution

Proposition 4.1. Let ug > 0, ug € L1 5c(2). Then, for anyt >0, p >
1, the following estimate holds true:

t 2-m—\
< . .
oiligtﬂ/ u(x,ﬂd:ﬁfy([p/\ﬂ} QQp’N"‘/ uodw> (4.1)
P

Qa,)

Proof. Let ((x) be a nonnegative smooth cutoff function of 23,, which is
equal to one in Q, and such that |[D¢| < yp~!. Denote Q, = Q, x (0,1).
Multiplying (1.1) by ¢(2)*"! and integrating over Q2,, we obtain

sup / u(z, T) dacg/ uo dz +yp // |Du* u™ ™t Mdadr. (4.2)
0<r<t
P Q2ﬂ QQ/J
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Applying the Holder estimate, we estimate the second integral on the
right-hand side of (4.2):

/ |Du* w™ 1t (N dr

,,<</

Q2p

A

XH
|Du[M ™ (¢ - 7')AL+1 (u+e)™? Mldr d7‘>

<// (t—1) —x (u+e)9Ad:UdT>Al+l. (4.3)

To estimate the second integral on the right-hand side of (4.3), we multi-

ply Eq. (1.1) by ¢(z,7) = (t — T)%H(u +e)170¢ M1 where ¢ = ((z) and
#: 1 < 6 < 2 will be chosen later on, and integrate by parts over (2,.
Then, performing simple calculations, we get

/ |Du|>‘+1 u™ b (- T)A%l (u+ e)_e At da dr
Q2p

t _ —A
S’y(l—f—m) // (U+6)2 G(t—T) T da dr. (44)
Q2p

Taking (4.4) into account, we have

/ |Du* u™ 1t (N dr

Q2p
A
" - o pus]
<7 (1+W>//(U+E) (t—T) T dxdr
Q2p
1
N A+1
[// (t— 7)™ (u+e)™ 0 gy dT] . (4.5)
Q2p

Set 0 = /\ . Then relation (4.5) yields

// |Du* u™ ™t (N dr

Q2p
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)\Jrl . 22 +m—1
<'y(1+p>\Jr1€2 — )\ // (t—1) X+ (u+e€) >+t " dx dr. (4.6)
Q2p
Denote

n .
Pn = pZQ*Z, Qn =Q,, x (0,1), M, = sup / u(z, ) dx.

i—0 O<T<tQ

Pn

Next, by (4.6) from (4.2), we get

t R —

—1 pes]

MnS/UOdZL‘—F’yp (1+W>
Q2

x// (t— )R (ut o) N dedr. (47)

Qn+1

Then (4.7) implies

t

-1 21

MnS/ uodx—i—’yp (14‘@)
Q2

1 22 +m—1
+ 131 sup / u ML dx|. (4.8)
0<r<t
Qanrl

Thus, relation (4.8) yields

M, < / uo dx

Q2
A

_ t N+t 2A+m—1
s (1 ) 12”(6 A S

1 22 4+m—1
+ 131 sup / u ML dx|. (4.9)
o<r<t
Qanrl

Applying the Holder inequality with exponents 2)\1';1171 and 5 3‘;17 5 to

the last integral on the right-hand side of (4.9), we obtain
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_ t peas
M”S/ wode+92" ! (14 s )
Qap

22 tm—1 1 1 2A+m—1 2=—m=2
x (6 )\inl tm’QPn+1|N _|_th”+>‘1+1 ‘Qpn+1’N>\+l )7 (410)

2—m—M\

or

_ t 2 22+m—1 1
M”S/ wodr 52" (14 s ) N 0,

Qs
) t AL-H 1 2,\j\-m—1 2—/\m—A
n _ _— Bl 1 1
+72%p OJFW) EFTM, A Q[T (410)
Next, we apply the Young inequality with exponents 5 )\ij:nlfl and 5 j\;i X
to the last term in (4.11):

My, < 6Mpir + / o d
Q2

A
n -1 t R
+~2"%p 1+W € M1 X+ |Qpn+1’N

n -1 t %Jrl 1 23\;17)\
+(){ 2" 1+W Tl Q|- (412)

Iterating inequality (4.12) and proceeding as in Proposition 3.1, we ob-
tain

o<r<t
A
< 11+ ! M R
—_— € M +
S|P PHLZ—m=A
A
A+ t 2—m—\ 1
tpome <1+W> t“ﬂ]lﬂzplN

—i—/ uodw>. (4.13)

Qa2

My = sup /u(m,T)d:U

Let us choose
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Then (4.13) leads to

22+m—1

o ]
ox7| |pP a1
p)\—i-l

1
t 2—m—A
+ [F] ]|92p!N+/uodx>. (4.14)

Qap

Therefore, from (4.14), we get

1
t 2—m—A\
My S’Y([W] 1Qap| N + / uode)-

2p

O
5. Bound of the moment
Proposition 5.1. The following estimate holds true:
su / u(z,t) 2] dr < yu(0) + <;) T (5.1)
02rt V(e S T S

QP
Proof. Choose the cutoff function as

1, in Q\ Qy,,
()= {1 A
0, in Q,,

and |D¢| < v/p. Let n = (M1F(x), where F is as that in Lemma 2.2.
For any fixed p > 1, we obtain

A1 |z|
,t dx < 0
g, [ O ) g i< )
0\Q,
t

—i—’y/ / u™ | Dul? ¢t |DC| F(z) dedr

0 Q2P\QP

¢
+’y/ / u™ | Du)r (MY DF(x)| da dr
0 o\,
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t
. 1
0 Q\Q,

To estimate (5.2), we proceed as in Proposition 4.1:

t
1
u™ | Du —— Mdadr
[ ] o v

0 avQ,
! X
+
< </ / (t—T)%H u™ L DM MLl d$d7‘>

0 2\,

¢ 1 A+1 \ pea
X / / u™ ! [V(|$|J u (t — 1) "X drdr . (5.3)
0 o\,

To estimate the first integral on the right-hand side of (5.3), we multiply
1
(1.1) by (t — 7)>Tu!=0¢ 1 and integrate. We have

¢
/ / (t—T))%H u™ L [DuM M w Tl dadr

0 O\Q,
t
-7 .20
<7 (t—7) ™1 u drdr

0 0\Q,

t
t P, —9
+’Y/ / W(t—T) 1 w2 da dr.
0 o,

We may assume

and therefore
t
1
/ (t — 7)x1 o™ | DM O T dadr
0

1
< AtX+T sup / A W 4.
0<r<t
0\Q,
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Choose 0: 2—0 =m—1+4+0), ie., 0 = %\‘TT Then, taking the last
estimate from (5.3) into account, we get

t
1
u™ | Dul —— Mdadr
| [ ioa V(i)

0 o\Q,

/ oAtm_1 1 A+1d p AT
X | sup u A [ ] xdr
0<r<t V(|$D

A 1
= 'yt%ﬂ sup (J{MTJST). (5.4)
o<r<t
We now estimate J;, i = 1, 2.

2A+m—1 2A+m—1

|z } A [ |z| ]_ A
J = / [ ) dx
! V(Jz]) V(|z))
O\,
2)\;‘me1
|| i
< — — cudx
_< / V(|x])
O,
|1‘| - 22A—+n71n —_)\1 %
</ [wun] o) 69
AN\,
We have
| ’ _2)\+m—xl
x 2—m—
dx
/ [V(\fvb]
O\,
oo 22)\+mf)\1 d
T —m—
-/ [vv)] ar’ (DT
p
< OOF—% Cvirydr (56
</ V() dr, (56)
P

where F' is the function defined in Lemma 2.2. Integrating by parts and
applying (1.6) from (5.6), we get
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MZO Gl o 1V2r> (mar
of [ e

—m—A\
Sv[;(pﬁ)r / PSR dr. (5.7)
p
Therefore,
| ’ _2)\+m—/\1 _ >\+1>\
xX 2—m— p 2—m—
dr < p [—] : 5.8
[ [t] V(o) %
0\Q,
Inequalities (5.5) and (5.8) imply
2)\1—771—1 1
| T emaf p 17
Ji <~ ~udx p AT [ ——| . (5.9)
(Q\Q V(ja]) V(o)
P
Analogously,
B A
|| " Af1—2=m=A P
Jo <y / ~udx P M| —— | . (5.10)
(Q\Q V(ja) V(o)
P

We now apply estimates (5.9) and (5.10) to (5.4) and obtain

t
1
m—1 A A
u Dul® ——— ("dxdr
0/ [ e

Q\Q,
22 +m—1

< i / ol ) <—2‘{1;*[ p ])
< sup - uax —
T e, V(jz]) P V(p)

0\Q,
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2—m—2X\ A )\Lﬁ’l
(5]
Vi(p)

2A+m—1
{xiT / ) B
= +1 sup -udx 1. .
7 0<T<t V(|$’) g

0\Q,

By Young’s inequality, (5.2), and (5.11), we get

A+1 |z| t Zmm=A
e #)dx < yu(0 — .
/ ¢ V{a] u(z,t) dr < ypu( )+7<p2A+m1>
Q\Q,

O

sup
o<r<t

Proof of Theorem 1.1

We approximate our problem by the sequence of problems

Upt — div(uzlfl\Dun\)‘leun) =0, in 2, x (0,00),

on (02, N Q) x (0,00),

un(x,t) =0,
m—1 A—10un
ur™ | Duy, | = = 0, on (09, NON) x (0,00),

un(x,0) = ugp, T € Q.

Here, u, > 0, n > 1; up, € Coo(2y), and ug, converges to ug in L1 ().

We may assume that

/ i uon (z) dz < yp(0).

<
||U0n”1,§2 _’YHUO”LQ’ V(|ZL‘|)

We define u,, on 2, setting u,, = 0 outside of £2,,.
The classical compactness arguments of [16] (see also [9] and [14])

yield the global solvability of the above-described problem.
Next, we need the following estimate of wuy:

l@)lho < lula >0 (6.1)
By Proposition 3.1 with § =1 and (6.1), we get
N A+l
e G I
Atl A+1 t 1
S — P 22+m—1 2—m—X
WA L
V) i
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Next, we use Remark 3.1. For p > yP(7), we have

N A+1
[w()]]o0,a, < ’YmaX<t’“||U0H1f§z :

_A1
1 2A+m—1
t_2k+m—1< sup / u(z > > (6.3)
o<r<t

AP
We have
|z
su u(z,t)dr <~y su u(x,t) dx. 6.4
G, [ v, [ e (©4)
A, 4,

From estimates (6.3), (6.4), and (6.2) with p = P(7), we arrive at

A+1
K
1,0

Y

[u(@)]lo00 < 'ymaX< K

A1

1 ’.’L‘| ( ) 2 +m—1
t 2Fm=1| sup / u(x,t) dr ,
o<r<t V(|x!)
O\,

A1
e i [ks] ).
V(P()

According to (5.1) with p = P(7), we get (1.9). The right-hand side
estimate of (1.11) follows from Remark 1.1. It remains to prove the lower
bound in (1.11). By the mass conservation law for any ¢ > 0, we have

/ o dr = / w(w, ) dz + / w(w, 1) da. (6.5)
Q

Qr NQr

In view of (5.1), relation (6.5) yields

V(R) |z]
/uodx < lu(t)]|ooV (R) + 7 / VD udx

Q ANQr

< a0V () + | (0) + (RA%) TR 60

We put R = CP(7) = CP(t||luo| 7’ ?) in (6.6). Then, by definition of
P(7) (see (1.10)), it follows that

()02

P(T)2>\+m_1 P(T) = HU’OHLQ'
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Finally, the lower bound in (1.11) for ¢ large enough follows from (6.6).
Theorem 1.1 is proved.
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