Ukrainian Mathematical Bulletin 'y
Volume 5 (2008), Ne 4, 529 — 557

Classification of symmetry properties of a
system of chemotaxis equations

MyYKOLA I. SEROV, OLEKSANDR M. OMELYAN

(Presented by A. M. Samoilenko)

Abstract. The full group classification of the systems of chemotaxis
equations is performed.

2000 MSC. 35K57, 58D19.

Key words and phrases. Group classification, invariance algebra,
systems of chemotaxis equations.

1. Introduction

In modern biophysical researches, the processes of symmetric prop-
agation of bacterial population waves, when chemotaxis rings keep a
sharply outlined form and move with a constant speed depending on the
mobility of bacteria and their chemotaxis properties, are well described
by the mathematical models based on the Keller—Segel’s equations [14]

St = DSSxa: + klg(S)b,

1.1
bt = —V@I[bX(S)Sg;] + Dbb$z + kQQ(S)b, ( )
where S; = %7 x = %J)t = %; Spz = (3272'7 boe = g_;gvax = %7 and

S(t,x) is the concentration of a substrate-attractant which is consumed
by bacteria, b(, x) is the density of bacteria, g(.5) is the specific growth
rate of bacteria, x(S) is a function of the chemotaxis answer, Dg and
Dy, are diffusion coefficients of a substrate and bacteria, respectively; v,
ki, and ko are constants; and ¢ and x are the time and spatial vari-
ables, respectively. The Keller—Segel’s model and its some modifications
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describe the formation and propagation of Adler’s chemotaxis rings [1]
and different processes of structurization in bacterial colonies at their
interaction [13]. We rewrite system (1.1) in the designations usual in
mathematical researches, having generalized it as follows:

( " )0 = [( Fab? ) ( y )] " ( i

Here, g'(u',u?), g?(u',u?), f(u') are arbitrary smooth functions of their

arguments, and f # 0, A\; > 0, Ay > 0, u® = u%(xg, 1), a = 1,2, x¢ is the
time variable, x; is the spatial variable, and the subscripts denote the
differentiation with respect to the corresponding independent variable.
We note that system (1.2) is a special case of the system of nonlinear
equations of a diffusion reaction

(2) o[t (8) ot 0o

— =

Zzg ) . (1.2)

where

11 p12 1
F(UlaUQ) = < §21 §22 ) ) G(UlvUQ) = ( 32 ) )

[ = fab(ul u?), g* = g%(u',u?), a;b = 1;2. The symmetry properties
of the equation of a diffusion-convection reaction

up = 01 (f(w)ur) + g(w)ur + h(u) (1.4)

were considered in a number of works. For example, the symmetry prop-
erties of Eq. (1.4) at g(u) = h(u) = 0 and g(u) = 0 were classified,
respectively, in works [21] and [8]. The full description of symmetries at
arbitrary values of the functions f(u), g(u), and h(u) to within equiv-
alence transformations was done in works [5| and [7]. The symmetry
analysis of the second-order evolutionary equation of a general form

ug = F(xo, 21, u, u1,u11) (1.5)

was performed in works [15,16,25,26]. The Galilei invariance of system
(1.3) was investigated in works [2,3,10]. The Lie and conditional symme-
try of system (1.3) in the case of a diagonal matrix F' was investigated in
work [6].
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In the given work, we will pose the following problem: to investigate
the symmetry properties of system (1.2) depending on the values of the
functions f(ul), g*(ut,u?), g?(u',u?) and the constants A, A\a. We note
that, at f = 0, the symmetry properties of system (1.2) were investigated
in works [4,17,18]|; therefore, we consider further that f # 0.

2. Symmetry kernel and necessary conditions
for its extension

To study the symmetry properties of system (1.2), we will use the Lie
algorithm [9,11,19,22,23|.
By acting with the infinitesimal operator extension

X = 19, + 1" Oye, (2.1)

where ¢F = ¢-(xg, o1, ut, u?), n% = n¥(x, 1, ut,u?), u=0,1, a =1,2 on
system (1.2), transiting to a manifold, and splitting the obtained system
by the derivatives of the functions u®, we obtain a determining system to
find coordinates of the infinitesimal operator (2.1) and the functions f,
g', and ¢g2. The determining system consists of three subsystems:

51(5777):07 SQ(€7n7f) :07 53<§7777f791792):0-

The system S; = 0 is a system of differential equations only for the
functions &* and n*

5(1) = 511 = T]lez = nzbuc = 07 a,b,c: 1’27

(2.2)
§8 = 2&%? 2/\177%111 = _5(%

The system S3(&,m, f) = 0 connects the coordinates of the infinitesimal
operator &#, n® and the function f(u') with one another and looks like

nf+( nuz——Qn)er 5 (A — A2 =0,

U 771f + <u n1u1 + ?71>f + )\gnlul =0, (2.3)

mf + 22t = —&.

The system S3(&,7, f, g', g%) = 0 consists of two differential equations
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n'gh +n7gte = (nk — E)g' +nlag® +nd — Mnly,

(2.4)
g2+ 107g% = (22 — )9 + nPigt +ng — Aemiy — vt

which connect the functions ¢!, ¢ and the functions £*,7%, f with one
another.

Remark 2.1. Considering f, g', g%, A1, A2 as arbitrary in systems (2.2),
(2.3), (2.4), we obtain

50 = d07 gl = dla 771 = 772 = 0’ (25)

where dy,d; are arbitrary constants. In this case, operator (2.1) looks
like
X =dydy + d101. (2.6)

Operator (2.6) generates the algebra
Ao = (o, 01) (2.7)
named as the symmetry kernel of system (1.2).

Let us investigate, for which values of the functions f, g', and ¢2, the
symmetry of system (1.2) is wider than that of the algebra Ay. The nec-
essary conditions for the symmetry extension are given by the following
proposition.

Theorem 2.1. If system (1.2) admits the extension of the symmetry
kernel Ag, then the function f(u') takes one of the following representa-
tions:

L f=f(u'),
2. f=\

3. f=24,
4. f =250
5. f =%,

where p(ul) is an arbitrary smooth function, and X is an arbitrary con-
stant.
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Proof. To prove the theorem, we solve the system of determining equa-
tions which consists of the systems S; = 0 and S5 = 0.

The general solution of system S;(&,7n) is the functions

£° = 2A(),

el = A(J:O)xl + B(xzp),

771 = 21\ [1A(m0)x1 + B(.%‘()).%'l -+ C(a:o)]u + ,8 (1'0,513'1)
1

772 = 21(3:0,3:1)u1 + a22($0,$1)u2 + 52(.1‘0,.%1),

where A, B, C, a2, and % are arbitrary smooth functions of their argu-
ments.

Due to the joint solution of the first and third equations of system
(2.3), the conditions a3! = a3? = 37 = 0 are obtained. Then the system
Sy = 0 takes the form

(a'tu' + 61 f = —allf,
(aflu! + 81 f = 2)\af?, (2.8)
( 21 1 +62)f: ()\1 _)\2)&21

The solution of system (2.8) leads to the appearance of 5 nonequivalent
representations of the function f which are given in the formulation of
the theorem.

Let us consider each of these cases separately. We will show that, at
the specified values of the function f(u'), the extension of the symmetry
of system (1.2) as compared with that of A is possible.

1. Let f = f(u!) be an arbitrary smooth function. System (2.8)
yields

& =af =B =0. (2.9)

In view of (2.9), we obtain

€Y = 2¢120 + do, &= ciay +dy,
2252

o), (2.10)

=0, =a
where a??(zq) is an arbitrary smooth function, ¢;, dy, and d; are arbitrary
constants. By comparing formulas (2.5) and (2.10), it is easy to see the
possibility to extend symmetry (2.7).
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In cases 2-5, the possibility to extend symmetry (2.7) is similarly
proved. Not repeating these reasonings, we present the final form of co-
ordinates of the infinitesimal operator for each of the indicated functions
flul).

2. For f = A, the coordinates of the infinitesimal operator (2.1) look
like

€0 = 2c1w + do, ¢ =cimy +dy,

(2.11)
nt =0 (z), 0= a®(xo)u?,
where (31(zg) is an arbitrary smooth function.
3. For f = % (X is an arbitrary constant), system (2.8) yields
& =2cmo+do, & =cim +di,
1 1 1 2 22 2 (2.12)
n=a(zo)u, 07 =a(zo)u,
where al(zg) is an arbitrary smooth function.
4. For f = %, we obtain
& =2ciz0+do,  &'=crz+di,
1 1 1 2 21 1 22 2 (2.13)
nt=a (zo)u, n° =a” (zo)u + o (xo)u”,
where o?!(zg) is an arbitrary smooth function.
5. For f = %1, we have
¢ =2A(x0), &' = Alzo)a1 + B(xo), -
11 1 2 922 2 (2.14)
n=a (zo)u, 77 =a"(zo)u,

where o!(zq) = —ﬁ[%A(xo)x% + B(zo)x1 + C(x0)], A(xo), B(zg), and
C(zp) are arbitrary smooth functions. The theorem is proved. O

Lemma 2.1. System (1.2) has a group of continuous transformations of
equivalence which are set by the following formulas for the coordinates of
the equivalence operator E:

€0 = 2¢179 + e, ¢t =c1my + e, (2.15)
771 = 04u1 + cs, 772 = cﬁul + C7u2. .
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Here, c1,co,c3,c4,c5,c6, and cy are arbitrary constants which depend on
the form of the function f and take the following values:

1) at f = f(ul), cg =0;
2) at f=X ca=c6=0;

3) at f =2y, 5 =c6=0;

4) at f =222 5 =0;

u

5) atf:%l, cs =cg = 0.
Proof. To proof the lemma, we will apply the algorithm of search for the
equivalence transformations (see, e.g., [12,16,22]).

The form of the equivalence operator E depends on the form of the
function f.

1. If f = f(u') is an arbitrary smooth function, then we will search
the operator F in the form

E =&"0, + 1“0y + (05 + 7%04a. (2.16)

Acting by the operator E on system (1.2) and on the additional condi-
tions
of _of _9g"

ok ou  oxh

(2.17)

we obtain a system of determining equations for the coordinates of op-
erator (2.16) &, n% ¢, and 7"

é?:é.[% = 5‘1 :771112 :anuc :775:7731 =Y, CL,b,Czl;Q, (2 18)
€0 = 2¢], un?, —n? =0, '
C=nuf. T =0mL-8&)9d", TP=m-&)d (2.19)

The general solution of system (2.18) looks like (2.15). Equalities (2.19)
under conditions (2.15) can be written as follows:

C = C4f7 7—1 = (C4 - 201)917 7—2 = (06 - 201)92'
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2. If f(u!) is not arbitrary and is set by one of the formulas for f
in cases 2)-5) in the lemma statement, we will search the infinitesimal
operator of equivalence E in the form

E = §“8M + naaua + Taaga. (220)

Acting with the extension of the operator E on system (1.2) and on the
additional conditions
dg*
oxh

(2.21)

and applying the algorithm [16], we find a system of determining equa-

tions for the coordinates of the operator (2.20) &#, 7%, and 7%

& =& = Elia = Moz = Mpye = M = My = 0,
a,be=1,2, pu=0,1 (2.22)

€9 = 2¢}, u’n?, —n? =0,

=0 -, TP=nhgt + (0% - &)d%,

. (2.23)
N e =0, @ik —n)f = o = M)nda.
The general solution of Eqs. (2.22) are the functions
{O = 2c129 + C2, 51 =121 + C3, (2.24)
n' = cqu' + 5, n? = cgul + cru’. ’
By substituting (2.24) in (2.23), we obtain
™t = (4 — 2¢1)g?, % = ceg" + (c7 — 2¢1)g?, (2.25)
(cou' +e5)f +eaf =0, cglulf— A+ A2) = 0. (2.26)

Solving Eq. (2.26), we come to cases 2)-5) of the lemma. The lemma is
proved. O

Remark 2.2. Besides the equivalence transformations which are ob-
tained in Lemma (2.1), the other equivalence transformations we name
additional take place for more exactly specified functions f and g. Addi-
tional equivalence transformations will be presented in what follows for
the function f of a specific form.
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3. Classification of the symmetry properties
of system (1.2) in the case of
an arbitrary function f(u')

We now consider the system

(i), = Carttey e ) (o) S+ (aloi) ) 60

and will classify its symmetry properties depending on the form of the
functions ¢%(u';u?) at any function f(u').

Remark 3.1. It follows from Lemma 2.1 that the basic group of equiv-
alence transformations of system (3.1) looks like

zo = te*” + 6y, z1 = ze? + 04,

u' = w'e? + 0, u® = we

Besides the basic group of equivalence, system (3.1) for specific g admits
some additional equivalence transformations, for example

xg = at, r1 = bz, U =w, u = we,
where a, b, and m are arbitrary constants.
In view of Remark 3.1, we will formulate theorems on the maximal
algebra of invariance of system (3.1) to within the indicated equivalence
transformations.

The following proposition is true.

Theorem 3.1. If system (3.1) admits an extension of the symmetry
kernel Ay, the functions g* and g> are set by one of the formulas

gt =p'h), ¢ =u[p*(u!) + Az lnu?; (3.2)

gt = @) (u),  g*= W) (), (3:3)

where \3 and m are arbitrary constants, and o' (u') and ©*(u') are ar-
bitrary smooth functions.
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Proof. Taking formulas (2.10) into account, system (2.4) can be written
as follows:

a®(zo)ulgls = —2c19", (3.4)
(6%

22 ($0)U2giz = (oz22 (zo) — 201)92 + &% (xo)u2.

At arbitrary g and ¢?, system (3.4) implies that a??(xg) = ¢; = 0. With
regard for formulas (2.10), we obtain that, in this case, the maximal
algebra of invariance of system (3.1) is the algebra Aj.

Let us determine now the functions g! and g2, for which system (3.1)
admits an extension of the symmetry kernel Ay. For this purpose, it is
necessary, as follows from (3.4), that the functions g* and g2 be solutions
of the structural system (see [11])

eu’gy, =mg',
2 2 2 2 (3-5)
eu‘gs, = (m+a)g” + Azu”,

where @& = {0;1}; m and A3 are arbitrary constants. System (3.5) at
g = 1 is connected with system (3.4) by the conditions

ma®?(zo) = —2c1, Aza?? = a2, (3.6)

The solution of system (3.5) at e = 1 depends on the constant m. Two
essentially different cases are possible.

1. m = 0. The general solution of system (3.5) looks like (3.2), where
A3 # 0, o' and (2 are arbitrary smooth functions.

2. m # 0. It follows from the differential consequences of conditions
(3.6) that ¢*2 = A3 = 0. Then the general solution of system (3.5)
looks like (3.3).

At & = 0, we get from system (3.5) that the extension of a symmetry
kernel Ap occurs only at g = ¢> = 0, which is a particular case of
formulas (3.2), (3.3). The theorem is proved. O

Remark 3.2. Since formulas (3.2), (3.3) coincide at A3 = m = 0, we
set A3 # 0 in formulas (3.2) in order to avoid their coincidence, while
studying the symmetry properties of system (3.1).
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The conditions of Theorem 3.1 are only necessary conditions for the
extension of the symmetry kernel Ag of system (3.1), but not sufficient.
The classification of the symmetry properties of system (3.1) is presented
by the following theorem.

Theorem 3.2. If system (3.1) admits the extension of the symmetry

kernel Ay, its maximal algebras of invariance depending on the functions
g' and g* are given in Table 1.

Table 1. Classification of the symmetry properties of system (3.1)

N Kind Operators of maximal
n/n | of functions g*, g algebra of invariance
g = (),
1. 2 2 2 1 2 80,81, Q1 = ek3z0u28u2
¢ =gt ) + Ay Inu?)
g' = W) (), 2
2. 9 2\l 80,31,D:m(232080+x181) —2u 8u2
g = (W)™ (uh)
3 g1 =0, 80,817D=2I080+$1617
g =0 I =18,

In Table 1, o' (u!) and ¢?(u') are arbitrary smooth functions, and A3 # 0,
A4, m are arbitrary constants.

Proof. In Theorem 3.1, it is shown that the extension of the symmetry
kernel Ay of system (3.1) is possible only in the case where the functions
g are set by formulas (3.2) or (3.3). We will consider each of these
formulas separately.

A. We set that the functions g!, g? look like (3.2). Substituting (3.2)
in system (2.4), we obtain

a=0, & —X\a?=0,
22 — (™70 where ¢y is an arbitrary constant.
From formulas (2.10), we obtain the algebra presented in the first
point of Table 1.

B. If the functions g® are set by formulas (3.3), system (2.4) yields

whence «

(moz22 + 201)@1 =0,

3.7
(ma22 + 201)g02 = d22(u2)*m. (3:7)
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In the case where !, ¢? are arbitrary smooth functions, system (3.7)
yields
a2 =0, ma?? + 2¢; = 0,

that is

a?? = —2¢,, c1 = mco, (3.8)

where ¢y is an arbitrary constant. From formulas (2.10) and (3.8), we
obtain the algebra which is presented in the second point of Table 1. The
symmetry extensions of the second point of Table 1 is possible only at

In this case,
a?? = 2 4c120 + Co, (3.9)

where A4 and cy are arbitrary constants. By applying the equivalence
transformations presented in Remark 3.1, we obtain the third point of
Table 1 from formulas (2.10) and (3.9). The theorem is proved. O

4. Symmetry properties of system (1.2) at f =\

We mow consider the system

1 1 1(,1 ,2
U A1 0 u g (u u ) >
=9 + ’ 4.1

< ’LL2 >0 1 |:( )\U2 )\2 ) < ’LL2 >1:| < gQ(Ul,’U,2) ( )
and will perform the classification of its symmetry properties depending
on the form of the functions ¢%(u!;u?).
Remark 4.1. It follows from Lemma 2.1 that the basic group of equiv-
alence transformations of system (4.1) looks like

zo = te??? + 6y, z1 = ze” + 64,

1

4.2
u' = w' + 63, u? = w?et. (4.2)

Besides the basic group of equivalence, system (4.1) admits additional
equivalence transformations at specific g. For example,

o =at, x =br, u' =w'+kt, u®=uwem™, (4.3)
where a, b, k, m are arbitrary constants.

In view of Remark 4.1, we will formulate the theorems on the maxi-
mal invariance algebras of system (4.1) to within the transformations of
equivalence (4.2) and (4.3).
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The necessary condition for the extension of the symmetry kernel Ag
of system (4.1) is given by the following proposition.

Theorem 4.1. If system (4.1) admits the extension of the symmetry
kernel Ao, the functions g', g are set by formulas (3.2), (3.3) or one of
the formulas

g' =9t W)+ asul, g = PP (W) + Aaul); (4.4)

where w = ku' +Inu?, m, k, A3, \s are arbitrary constants, and ¢*(w),
©%(w) are arbitrary smooth functions.

Proof. Substituting formulas (2.11) in system (2.4), we obtain

B (o) gar + P (wo)u’gls = —2c19" + B (20), 46
1 2 22 29 _ /929 —2e)d? 4 622 2 (4.6)
B (x0)g,1 + o (xo)u g2 = (o™ (x0) c1)g” + a**(xo)u”.

It is obvious that, at arbitrary functions g', g2, system (4.6) does not
admit the extension of the symmetry kernel Ag.

It follows from (4.6) that the functions ¢g* should satisfy the structural
system

g, — ku’g,s =mg' + X3, (4.7)
wgo — ku’gla = (m — k)g® + \u?, ‘
where & = {0;1}, k,m, A3, \y are arbitrary constants. If & = 0, sys-
tem (4.7) will coincide with system (3.5), which has been analyzed in
Theorem 3.1, according to which the functions g* are set by formulas
(3.2) and (3.3).
If &2 = 1, then system (4.7) is connected with system (4.6) by the
conditions

24k =0, mp'=—2c, MB =08 MaP =462 (4.8)

The solution of system (4.7) at & = 1 depends on the constant m. Two
essentially different cases are possible.
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1. m = 0. In this case, the general solution of system (4.7) is set by
functions (4.4).

2. m # 0. From the differential consequences of the first and second
conditions (4.8), we get

Under conditions (4.9), the general solution of system (4.7) is functions

6= =

(4.5). The theorem is proved.

Remark 4.2. As formulas (4.4) and (4.5) at A3 = Ay = m = 0 coincide,
then, in order to avoid their coincidence, we will consider |Az|4|A4| # 0 in
formulas (4.4), while studying the symmetry properties of system (4.1).

We will classify now the symmetry properties of system (4.1), using

the results of Theorem 4.1.

Theorem 4.2. If system (4.1) admits the extension of the symmetry
kernel Ag, its maximal algebras of invariance depending on a kind of the

0, A3 =X =0.

functions g*, g> are presented in Tables 1 and 2.

Tabaungs 2. Classification of symmetry properties of system (4.1)

Ne | Kind Operators of maximal
n/n | of functions g', ¢ algebra of invariance
1 gl =M (pl(w), 80, 81, D = m(2x080 + mlﬁl)
. gg _ u2€mu1(p2(w) +2(_8u1 + ku28uz)
T T
= w) + Asu,
o | 9 79 )N 00,01, Q = 70D, — hu®0,2)
g =u (¢ (w) — kXsu )
T
3 gl = Ase” s 80,81,Q:u23u2,
’ 92 = )\66“1u2 D =2x000 + 101 — 20,1
80,01,Q = nd,1 —mu’0,z,
gl = )\5(u2)nemu1 — mAg, 0 ! Q ! :
4. D= ’I'L(2.I,'080 + 113181)
2 =u?(A ‘(uz)"em“1 + nlg)
g9 = 6 9 + 2nXow0Q — 2u28u2
gl = \su’ —&—)\5lnuz—&—)\77 0o, 01,

5. | ¢ =uP(au' + Aslnu® + Ag), | Q1 =™ 0501 + (m1 — A3)u’d,2),
D >0 Q2= emzzo((mg — X6)0,1 + )\4u2au2)
gl = )\371,1 + As1n u’ + A7, 0o, 01,Q1 = e’ [xo(2>\58u1

6. | ¢ =u*(Oau' + AeInu® + Xg), + (X6 — A3)u’dy2) + u’d,2],
D=0, ||+ As|+Xe| #0 | Q2=e*[2X50,1 + (A6 — A3)u’0,2]

(4.9)
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L L ) 8o, 01, Q1 = €*"°[2X5 cos Bxo0,,1
g = Asu + Aslnu” + A7, : 2
5 9 1 5 + (A6 — A3) cos Bzo — 28 sin Bzo)u”0,2],
7. | ¢ =u"(Mu + XsInu” + Ag), o .
D<0 Q2 = e™°[2X5 sin BxoO,1
<
+ (2B cos Bzo + (A6 — Az) sin o) u’d,2]
T
g =0,
8. 2 12 90, 01,Q1 = 01 +20Q2, Q2 =u’d,2
g =uu
9 g =0, 90,01,Q1 = 0,1, Q2 =102,
’ g2 =0 D = 22000 + 101

In Table 2, m,n,\;,i = 1;9 are arbitrary constants, w = Inu? + ku',
o' (w), ¢*(w) are arbitrary smooth functions; D = (A3 — \g)? + 4M\y )5 is

a discriminant, and mq, ms are roots of the characteristic equation m? —

(A3 +A6)m + Ashe — Ads = 0, o = 22328 3 = L /[(A3 — X6)2 + 4MsAs].

5. Symmetry properties of system (1.2)
at f = %

In this subsection, we consider the system

< Z; >0:al K U%A;? A(; ) < Z; >1] + ( %132 > (5.1)

where A is an arbitrary constant, and we will perform the classification of
its symmetry properties depending on a kind of the functions g%(u';u?).

Remark 5.1. It follows from Lemma 2.1 that the basic group of equiv-
alence transformations of system (5.1) looks like

zo = te??? + 0y, z1 = 2’ + 64,

ul = w1603, u? = w?eb,

(5.2)

In addition to the basic group of equivalence, system (5.1) at specific g
admits additional equivalence transformations, for example,

ro=at, x =br, u'=w'e" u?=w?", (5.3)
where a, b, k, m are arbitrary constants. Therefore, we will formulate the

theorems on the maximal algebra of invariance of system (5.1) to within
the transformations of equivalence (5.2) and (5.3).

The necessary condition for the extension of the symmetry kernel Ag
of system (5.1) is given by the following proposition.



544 CLASSIFICATION OF SYMMETRY PROPERTIES...

Theorem 5.1. If system (5.1) admits the extension of the symmetry
kernel Ag, then the functions g',g? are set by formulas (3.2), (3.3) or
one of the following formulas:

g =l )+ dslnu), @ = (@Pw) + Mlnud);  (5.4)
g' = (W)™ w), ¢ =P ()" (W), (5.5)
where w = “—2k; ot (w), ¢*(w) are arbitrary smooth functions, m, k, A3,

(u?)

Ay are arbitrary constants.

Proof. Substituting formulas (2.12) which set the coordinates of the in-
finitesimal operator (2.1) for system (5.1) in system (2.4), we obtain
ot (zo)u' gy + a® (zo)u’g,e = (' (20) — 2e1)g' + é' (z0)u',

ot (zo)ul g% + a2 (z0)ug2: = (@®*(w0) — 2¢1)g* + & (z0)u’.

(5.6)
It is obvious that, at arbitrary functions g', g2, system (5.6) does not
admits the extension of the symmetry kernel Ag.

System (5.6) admits the widest class of functions g%, at which the
extension of the symmetry kernel Ag is possible, if they satisfy the struc-
tural system

aeulgil + kUleng = (m+ ae)g1 + k‘lul, (5.7)

au'gl + kulgls = (m+ k)g* + kau?, )
where & = {0;1}; k, m, k1, ko are arbitrary constants. The general solu-
tion of system (5.7) at &2 = 0 is set by formulas (3.2), (3.3). System (5.7)
at & = 1 is connected with system (5.6) by the conditions

o —ka' =0, ma'=—-2¢1, ka'=da', kea! =a*.

The solution of system (5.7) depends on the constant m.
If m = 0, the general solution of system (5.7) looks like (5.4). At
m # 0, it is set by formulas (5.5). The theorem is proved. O

Remark 5.2. If we set A3 = A4 = 0 in the representations of the func-
tions g® given by formulas (5.4) the obtained form of the functions g% will
be a special case of the representation of functions ¢g® given by formu-
las (5.5) under the condition m = 0. Hence, the classes of systems (5.1),
(5.4) and (5.1), (5.5) will have a nonempty crossing. To avoid the consid-
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eration of equivalent systems in the subsequent researches of symmetry
properties, we impose restrictions on the parameters of representations
of the functions ¢* in formulas (5.4): |A3] + [\4| # 0.

Let’s classify now the symmetry properties of system (5.1), by using
Theorem 5.1.

Theorem 5.2. If system (5.1) admits the extension of the symmetry

kernel Ag, its mazimal algebras of invariance depending on a kind of the
functions g*, g> are presented in Tables 1 and 3.

Tabauus 3. Classification of the symmetry properties of system (5.1)

Ne | Kind Operators of maximal
n/n | of functions g', g* algebra of invariance
T, 1,2 T
=u u’) 4+ Aslnu),
1. 92 (SD ( 2) 3 2) 80,81,Q — eksfoulaul
¢ = () + )
T
=u w)+ Azlnu),
2 g2 2((102( ) 2) 90,01, Q = €% (u' 9,1 + ku?d,2)
¢ = () + dalnw)
L | 9= @) w), 80,01, D = m(2z08 + 2101)
P =dP (W) (w) —2(u' 0,1 + ku’d,2)
. 8o, 01,Q = mu'd,1 — nu’d,e,
g' = u (s ()" (u®)™ +mAr),
4. 9 In, 2 D= m(ZmOBO +x101 + 2)\7IOQ)
g = u*(e(u)" (u*)™ — nAr) 2
— 20" 0,2
gl = )\5(u1)n+1, 00,01, D = 22009 + 101 — Eulaul,
5. 2 1\n, 2 n
g" = Xe(u)"u Q= u23u2
8o, 01,Q1 = ™0 (\su'd,
91:ul()\glnul-|-)x5lnu2-|-/\7)7 0,01, @ (s ! )
2 2 1 2 + (m1 — A3)u”0,2),
6. g =u"(Malnu + Aglnu” + Ag), S 1
QQ = e 2 0((m2 — AG)U Bul
D>0 9
+ Aau”0y2)
g =u' OsInu’ + XsInu’ + A7), | 90,1, Q1 = e**°[zo(Asu' D,
7. g’ = u2(A4 Inu' + Ag Inu’® + Ag), + (o — Ag)u28u2) + u28u2],
D =0, |)\3| + |)\5| + ‘)\6| ;é 0 QQ = %0 [)\511,16“1 + (Oé — )\3)u28u2]
3 g =X, 0,01, Q1 = 0,2,
. ¢> = MuPlnu' Q2 = u'd,1 + Aazou?,2
8o, 01, Q1 = e*™ A5 cos Brou'd,
g' =u'sInu' + AsInu® + A7), 0,01, Cn & ﬁ'o 12
) 5 L 9 + ((av — A3) cos Bxg — Bsin fro)u”0d,2],
9. g =u"(Mlnu + Aglnu” + Ag), - . 1
D <0 Q2 = O[5 sin Brou O,1
+ (B cos Bxo + (o — A3) sin fzo)u’d,2]
10 g =0, Do 01, Q1 = ' Dy1, Q2 = 00,0,
1 s =0 D=2x000 + 101 + 2x0(A7Q1 + AsQ2)
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In Table 3, m,n,);, i = 1;9 are arbitrary constants, w = ﬁ, ot (w),
¢*(w) are arbitrary smooth functions, D = (A3 — \g)? + 4\4 A5 is a dis-
criminant, and mq, ma are roots of the characteristic equation m? — (A3 +

Ae)m + sk — Mds = 0, a = 2Fd g — 1 /D],

6. Symmetry properties of system (1.2)
at f =22

We now consider the system

()0l £)(2)] () oo

and will perform the classification of its symmetry properties depending
on a kind of the functions g%(u'; u?).

Remark 6.1. It follows from Lemma 2.1 that the basic group of equiv-
alence transformations of system (6.1) looks like

To = te?02 4 0o, T = xe? + 01,

u' = w'e?, u? = w?e? + 5wt

(6.2)
Besides the basic group of equivalence transformations (6.2), system (6.1)
at specific ¢* admits additional transformations of equivalence of the form
(5.3). Therefore, we will formulate theorems on the maximal algebras of
invariance of system (6.1) to within the equivalence transformations (5.3)
and (6.2).

The necessary condition for the extension of the symmetry kernel Ag
of system (6.1) is given the following proposition.

Theorem 6.1. If the system (6.1) admits the extension of the symmetry
kernel Ay, then the functions g, g are set by formulas (3.2), (3.3), (5.4),
(5.5) or, to within the equivalence transformations (5.3) and (6.2) look
like

g =ul(p' W) +X), PP =ul’(@) Tl w),  (6.3)

where w = u', \3 is an arbitrary constant;

2 u

gt =ulenTotw), =l (w) Fudpl(w)],  (6.4)

»

where w = u';
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gt = (W)l w),  ¢° = ()" u? () + Ut (W), (6.5)
where w = Z—f +klnu', kK #0 and m are arbitrary constants;

gt = ul(cpl(w) + A3) + Agu?,

)2 (6.6)
¢ = ') + 2o () + a

where w = 71 —|— klnu', A3, A4,k are arbztmry constants, k # 0, || +
|A4| # 0, and, in formulas (6.3)(6.6), ¢ (w), ¢*(w) are arbitrary smooth
functions.

Proof. As was already mentioned at the beginning of the present article,
the solution of determining systems S1(&,n) = 0 and S2(&,n, f) = 0 at
f= /\1 22 are the coordinates of operator (2.1) given by formulas (2.13).
In Vlew of these formulas, the determining system S3(&, 7, f,g) = 0 can
be written as follows:

Oél(fﬂo)ulgil + (& (zo)u' + a22u2)gi
1

= (a'(z0) — 2¢1)g" + &'ul,
a'(zo)u'gin + (@ (zo)u' + a®u?)gl,
— (0422(130) o 201)9 +Oé2 (xo)g Jr0621u1 Jra ’LL2

(6.7)

It is obvious that, at arbitrary functions g', g2, system (6.7) does not
admits the extension of the symmetry kernel Ag.

The widest class of functions g such that they satisfy system (6.7)
and allow the symmetry kernel Ay to be extended is possible under the

conditions
o' =kio(zo), o =kop(zo), o = kap(xo),
&' = kap(zo), &% =ksp(wg), &% = kep(wo), (6.8)
—2¢1 = kap(wo),
where ¢(xg) are arbitrary smooth functions, kg, k1, ..., k¢ are arbitrary

constants. With regard for (6.8) and (6.7), we obtain the structural
system for the functions g*:

kiutgly + (kou' + kou?)gls = (k1 + k3)g' + kau',

6.9
klulgil + (k()ul + k:qu)gig = (kg + k3)92 + k‘()gl + k5u1 + /{36'LL2. ( )
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Let us analyze this system and its influence on solutions of system (6.7).
The solution of system (6.9) essentially depends on the ratios between the
constants ko, k1, k. If we set kg = 0 in the structural system (6.9), then
system (6.9) coincides with system (5.7). If kg # 0, and k; # kg, we can
use the equivalence transformations (6.2) at 05 = —]Iz—g and 0; = 0,7 = 0,4
and reduce system (6.9) to system (5.7) investigated in Theorem 5.1,
according to which the functions g% are set by formulas (5.5), (5.4) or
(3.2), (3.3).

If kg # 0 (without loss generality, it is possible to consider ky = 1)
and k1 = ko, then formulas (6.8) yield k4 = kg. Then system (6.9) takes
the form

kiu'gen + (u' + kiu?)gle = (k1 + ks)g' + kqu',

(6.10)
kiu'g? + (u' + k1u?®)g2s = (k1 + k3)g® + g' + kau® + ksu'.

The solution of system (6.10) depends on the parameters ki, k3. We
obtain 4 nonequivalent cases:

3) k1 #£0, ky=0,
4) ky £0, ks #0.

1) Let k; =0, k3 =0. If k; =0, Egs. (6.8) imply that k4 = 0. Then
system (6.10) takes the form

ulgl, =0,  ulg? =g' + ksu'. (6.11)

By solving Eq. (6.11), we obtain the representation of functions g% of
form (6.3), where A3 = —ks.

2) Consider the case where k1 = 0, ks # 0. Without loss of generality,
it is possible to consider that k3 = 1. It follows from Egs. (6.8) that
k4 = k5 = 0. Then system (6.10) takes the form

ulgl, =g',  ulgd=g*+g",

whose general solution is functions (6.4).
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3) If k1 # 0, ks = 0, system (6.10) takes the form

klulg}ﬂ + (ul + k1u2)gi2 = klgl + k4u1,

(6.12)
kiutgl + (ub + kiu?)g? = kig? + g + ksu® 4 kyu®.
The general solution of system (6.12) looks like (6.6), where k = —k—ll,
A3 = —ks, As = ku.

4) If ky # 0, ks # 0, it follows from (6.8) that k4 = k5 = 0. In this
case, system (6.10) becomes

klulgil + (u! + k1u2)gqlﬁ = (k1 + k3)g,

(6.13)
kiu'g? + (u' + kju?) g2 = (k1 + k3)g® + g

By solving system (6.13), we obtain the representation of the functions g*

which is set by formulas (6.5), where m = Z—f The theorem is proved. [J

Let us classify the symmetry properties of system (6.1), by using
Theorem 6.1.

Remark 6.2. In formulas (6.5) and (6.6), the restrictions are imposed
to avoid their crossing.

Theorem 6.2. If system (6.1) admits the extension of the symmetry
kernel Ag, its mazimal algebras of invariance depending on a kind of the
functions g*, g* are given in Tables 1, 3, and 4.

Ta6suis 4. Classification of the symmetry properties of system (6.1)

Ne | Kind Operators of maximal
n/n | of functions g*, ¢ algebra of invariance
T T, T, 1
g :U((p u)+/\3)7 Y
1. 00,01,Q1 = e~ 370
> =u'P* (W) + et (u) 0,01, Q1 Q
gl = ule%pl(ul)
2. , 2 - 5 1, 1 80781>Q
ur 1
g =er(ug(u)+uy (u))
T TNmFT 1
g =)™ e (w),
3. | 6= @)W W)+l (W), | %0 D=m2ed+:d)
u? ) — 21 4+ 2kQ
w=-—+klnu
T T, T p)

w0 | 00,01,Q = ¢RI — Q)
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gl = (ul)m+l> 607817Q7
5. g2 = ul((ul)" + Xs) + uz(ul)m7 D = m(2x000 + 101 — 2u18u1)
m#0, n#0 + 2n(Asz0Q — u°9,2)
T TN mFT
= As(u ,
92 51( m) 9 i 80,81, D = m(2x080 + 1‘181) — 21,
6. g :(u) ()\eu —|—’LL), 0 Q—i—()\ /\)u28
1= 6 — A5 2
|As| +[Xe| # O
T T,/ T\m
g =u ((u)"+Xe), )z
2 2./ 1\m 1 00,01, Q1 = A7) °Q,
7. g:u((u) +A7)+)\su, Q —)\Q-{—(A )\)28
m7é07A67é07A77{A6 P ! o Gz
g' =u (W)™ + ),
8. | ¢® =u((u")™ + A7) + Asu', 00,01, Q, Q1 = Asw0Q — u?0,2
m 75 0, A7 75 0
T TNm+T
g = (u ) )
0o, 01, Q
9. 2 _ 1\m A 1\m+1 + 2 , ’ 1)
g = @) Qelu) ) D=m(2x00 + £101) — 2(I + mu’0,2)
m#0
T T
g = Asu ) _
do, 01, — (A7=X5)z0 ,
10. gz _ (ul)n+1+)\7u2’ o, 01, Q1 2 Q
Q2 =1+ nu"0,2
n 7& 0, A7 7& )\5
g =ul,
11. 92 = ul((ul)n + )\8) + u27 80,817Q,Q1 =1+ nu28uz — ’n)\g.CUoQ
n#0
g' =0,
12. | g% = ("™ + deu' + Ar, 0o, 01,Q, D = 22000 + x101 + 2u?0,,2
n 75 1, )\7 75 0
T P T
g9 =Asu +A2“ ) ( . 00,00, 1,D = (M — \g)
2 1 u\2 | (M6 —As 2
13. g =u ()\4(u1> + 74()\4 — )\3)) X[(21’080 +$181) 2u 8u2}
+ >\6U2 _(>\6 - )\5)@ + 1’0(2A5()\4 — )\3)
’ —Xs(Xe — As))I
Pal + [Adl £ 0, A £ sy Do £ s 3% ~4s))
g =’
14. 2,2 80 81 I Ql = eixo(Iﬂ:Q)
2 1 u_ 2 ) s Ly
P ((E) ) e
1 nuL o 1\p+1l
g =e"u(u ,
15 2 uz’( 1) 2 1 %, 01, Qu=nl =pQ,
’ g =e¢u (u )p(u + Au )v D = TL(Q.Toao +w181) — 2Q
p#0, n#0
71,2
gt =[Ase™uT (uh)P + As]ut,
p
'nﬁ 0 78 ) =I-= )
16 g° =e"uT (u")P(Asu® + \gu') 0, 91, Q1 nQ
: 2
+ A5’ — B)\5u17 D = 22000 + 101 + 2As520Q1 — ;Q
n
n#0, |As| 4 |Aa] #0
T TNmF1
g = (u ) )
807617Q7
17. 2 _ M w4+ A 2, 1\m
g U(nu + 8)+U(U) ’ D=m(2x080+x181)—21—2w0Q
m#0
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T

= ul()\s Inu® + Az) + )\4uQ7

g
2 _ 1 2 1
18 g = ()\6u +)\5u )lnu . 80781,621 _ emlxo[)\4[+ (ml _ )\5)Q]7
+ Asu' 4+ A + Mg (1;1) o | Q2 =m0\l 4 (m2 — X5)Q)
As|+ [ X6] 0, A >0
gl = ul(/\5 lnul + Ag) =+ )\4u2,
2 _ 1 2 1
19 g *()\67./4 +)\5U )lnu . aO,alle:ealo[/\4j+(afk5)Q]7
+ st + A + Ay (1;1) , Q2 =€e""°Q + Q1
[As| +|As] + [Xe| 0, A=0
) T p)
92 =Uu ()\?lnu -2/\3)4;)\411/ s 80781,621 :eawo[)\4cosﬂmol
2 g7 = (Aeu' + Asu)Inu . + ((w = As5) cos Bz — Bsin fz0)Q),
+ Asul + Aru? + A (u 1) , Q2 = e[ Aasin Bzol
A<0 “ + ((av — As) sin Bxo + B cos B0) Q)
T T T
g =u (Aslnu + A3), e
21 2 _ o inat o+ o 1 80,01,Q1 = eXTTNITQ,
g =unu +u(Aslnu + A7), N
A3 # A7 = A Q2 =€ [(Aa + A5 = M)I + Q]
7—As
by | 9 =W Osnul £ a7 =), 80,01, Q1 = €°7°Q,
’ g2 =u'lnu' + u2()\5 Inu! + A7) Q2 = T 4 20Q1
93 g =0, 0o, 01, Q,
" ¢ =Inu D = 22080 + 2101 + 2u’8,2
gl — (ul)m+17 80,81,
24. 92 — u?(ul)rn + Agul, D = m(2x000 4+ £101) + 2Xs820Q — 21,
m # 0 Q,Q1 = Asz0Q — u°9,2
1 1 0o, 01
g —)\5u s ’ ’
n 2
25 g = ul((ul) + As) D = 22000 + 101 + 220Q2 — EI’
. + (n+ 1)Asu, Q1 = ™50,
n#0 Q2 = As(I +nu”d,2) + AsQ
g' =0, 0o, 01, Q,
n 2
26. 92 = ul((ul) + )\8), D =2x000 + 2101 — EI + 2Xgx0@,
n#0 Q1 = I +nu’d,2 — nAszoQ
91 u2, 80781, I: Ql = xOI‘i'Q,
27. 2 L[ U2 D = 22000 + 2161 + 2Xsxol
g =u ((E) + AS) T ANsz0Q — 213D,
28 9" =0, 90,01, D = 21000 + 2101 + 2u’9,2,
9> = dau' + s Q,Q1 =u'd,1 + MzoQ
20 gl :’LLI 1nu1, 80,81,@,@1 — 696017
| g =

Q2 = u28u2 — Asx0@
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s | 9 = A 80,01,Q,Q1 = I + 0@,
P =wtnut + Mu® | D= 22000 + 2101 + 2A720Q1 — MzeQ + 2u0,2
2 =0, d0,01, D = 25000 + 101 + 2u’0,2,
' g2:u11nu1 Q,Q1 =1+ zoQ
32 gl =0, 0o, 01,1,Q1 :€x0Q7Q2:u18u17
' g2 =2 D = 2x000 + 101 + 2m0u26u2
33 g' =0, 30,01, 1,0, D = 22000 + 101 — 20’01,
' 92 = Agul Q3 = Ulaul + )\sl‘oQ

In Table 4, m,n, \;, @ = 1;9 are arbitrary constants, w = Z—f + klnul,
o' (w), ¢*(w) are arbitrary smooth functions, I = u'd, + u?0,:,
Q = u'0u2, A = (A3 + X5 — A\7)% + 4\4 )6 is a discriminant, and my, mo
are roots of the characteristic equation

)\5—m )\4 -0
)\6 )\7—)\3—m o

o = 4A7+)‘25_)‘3, /8 = % |A|

7. Invariance under the Galilei algebra

In the present subsection, we will comprehensively study the symme-
try properties of system (1.2) for f(u') = %1
So, we consider the system

ul A1 0 ul gt (ut,u?)
=0 ’ (71
(i), o lCote ) G ) = (i ) o
Remark 7.1. It follows from Lemma 2.1 that the basic group of equiv-
alence transformations of system (7.1) looks like

T = te??? + 6y, z = ze”? + 04,

ul = w1693, u? = wet.

(7.2)

Besides the basic group of equivalence transformations (7.2), system (7.1)
admits the additional equivalence transformations of form (5.3) at spe-
cific g. Therefore, we will formulate the theorems on the maximal invari-
ance algebras of system (7.1) to within the specified equivalence trans-
formations (5.3), (7.2).

The following proposition is valid.
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Theorem 7.1. If system (7.1) admits the extension of the symmetry
kernel Ay, the functions g', g are set by formulas (3.2), (3.3), (5.4), or
by the formulas

g =u (W)t w) + Asl, =W P W) F A, (73)

where w = %, m, A3, A, k are arbitrary constants, and ¢®(w) are ar-

bitrary smooth functions.

Proof. As has been shown in the proof of Theorem 2.1, the solution of
systems S1(£,17) = 0 and S2(&,n, f) =0 for f = %1 are the coordinates
of the infinitesimal operator X set by formulas (2.14).

In view of values of £°, ¢!, 7% in formulas (2.14), system (2.4) can be

written as

alulg +a®ug,, = (o —24)g" + (ag — Mag ',

_ (7.4)
atulg? + a®?ug? = (@®? — 2A4)g* + (af? — 2104, ).

It is obvious that, at arbitrary functions g', g2, system (7.4) does not

admits the extension of the symmetry kernel Ag.

Since the functions o', a??, A depend only on the variables xg, 1, and

the functions ¢® do on the variables u', u?, the widest class of the func-
tions ¢!, g? such that they satisfy system (7.4) and allow the symmetry
kernel Ag to be extended is a solution of the structural system

aeulgil + k‘uzgilﬂ = (m+ ae)g1 + k:lul, (7.5)

aeulgil + ku2gig = (m+ k)g? + kou?. .
Moreover, al = wi(wg,21), 0?2 = kip(wg, 1), —24 = mip(wo,z1),
ag—Mad; = ki(xo, 21), ad? —2Mad; = ko (o, 21), where & = {0,1};
k,m, k1, ko are arbitrary constants which we will call structural constants
for the functions g%, and ¥ (xp,x1) is an arbitrary smooth function.

1. If&e = 0, system (7.5) takes form (3.4), whose solutions are formulas
(3.2) and (3.3), as it has been shown in Theorem 3.1.

2. If & = 1, the general solution of system (7.5) is expressed through
the first integrals of the system of ordinary differential equations
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" . -
ul  ku2 (m+ gl 4+ kul (k4 m)g? + kou?’ ‘

2

(171)]“’ and two

One of the first integrals of system (7.6) is J; = w =
other ones, Jo, J3, depend on the constant m.

The following nonequivalent cases are possible:

2.1) m = 0. In this case,

1 2
Jo=L _kmut,  Js=L kIl

ul u?
By constructing the general solution of system (7.5) in the
standard way (see, for example, [24]), we obtain formulas
(5.4), where A3 = —ki, \y = —ko are arbitrary constants,

(uh)k”
2.2) m # 0. In this case, by calculating the first integrals of system
(7.6),

and ¢%(w) are arbitrary smooth functions, w =

Jo= @) ™E+ 2, =) G+ 2,

we obtain the general solution of system (7.5) which looks like
(7.3), where A3 = —k—WIL, A = —% are arbitrary constants, and

¢%(w) are arbitrary smooth functions, w = IR

So, by solving system S3(£,7, f,g) = 0 for ¢!, g? at f = %1, we have

obtained the nonequivalent forms (3.2), (3.3), (5.4), (7.3) of the functions
g%, g%, what proves the theorem. [

Conditions of Theorem 7.1, as well as those of Theorem 2.1, are only
necessary conditions for the extension of the symmetry kernel of system
(1.2). To obtain sufficient conditions, it is necessary to substitute each
representation of the functions g of forms (3.2), (3.3), (5.4), (7.3) in the
system S3 = 0 and to solve the obtained system for functions A(zg),
B(xzp), C(z0), a(xo) with regard for a kind of the functions ¢®(w) and
values of the constants m, k, A3, \y. The following statement is a result
of such researches.

Theorem 7.2. The mazimal invariance algebras of system (7.1) depend-
ing on values of the functions g*, g* are given in Tables 1, 3, and 5.
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Tabmuus 5. Classification of the symmetry properties of system (7.1)

Ne | Kind Operators of maximal
n/n | of functions g*, g algebra of invariance
g =ulp (u?),
1. 2 2 2, 9 80781,G=£C0—QIT11U18”1, 11=u18u1
g =up (u)
T T 2
g = deu Inu”, e
2. 2 2 2 a()aalva Ila Ql =e"8 0()\6[1 + )\3]2)
g = Asu"Inu
T T P
g = Xeu Inu”,
3. 2 2 80781>G7 [17>\6:E0[l +[2
g° = dou
L | g =t e) ) 00,01, G I, ,
’ g = )\5(u2)"+1 Dy = 22000 + 101 + 2 3x0l1 — EIQ
0o, 01, G, I,
. gl _ ul[)\G(UZ)Q + )\3}’ Dy = 2‘:080 + 2101 + 2A3x0l1 — I,
. 92 _ )\5(u2)3 11, =1$0602+ Tox101
T 3
2)\1 ( 2 2)\1)\31‘0 )\1I0)[1 xo[z
00,01, G, I, I2,
1 _ 1
6 - D3 :2$080+.'E1817§[1 7[2,
. 2
B 2 x%
Il2 = 2500 + wox101 — (5 + )\xo)h — zol2
© A
_ | =v e @) e ma), | 00,016 =€ *(o - ),
. 1
92 = u2¢2(u2) M= e)\32011
g =u'MsInu’ + XeInu’)
8. 92 = )\8’LL2 h’lu2, aOa 617 g7 M7 Q2 = eASTO (/\611 + ()\8 - )\3)12)
As # A3
T T T )
g =u (Aslnu 4+ Aglnu”), ”
9. 2 (23 2 ° ) 80781>g>M7 QS - e/\3 0()\6370]1 + 12)
g =X3u"lnu

In Table 5, A3, ..

., Ag are arbitrary constants, ¢ = p%(u?) are arbitrary

smooth functions, and Iy = u20,2.

Remark 7.2. Theorems 4.2, 5.2, 6.2 are proved similarly to Theo-
rem 3.2. The proof of Theorem 7.2 is given in work [20].

Conclusions

The nonrelativistic movement of any macroobject is satisfied with
transformations of shift and stretching and the Galilei law of the move-
ment relativity. Therefore, it is obvious that the models of movement
investigated in the given work, being invariant under the Galilei algebra
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and the algebras setting the transformation of shift and stretching, claim
for the reliability of the description of the movement of objects within
the Keller-Segel’s model. In addition, the maximal algebras of invariance
of systems established in the present work can considerably facilitate the
work on the establishment of trajectories of movement of the objects
whose movement is investigated within the mentioned model.

The authors are grateful to R. M. Cherniha for the problem statement
and the discussion of the results of studies.
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