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Functional models of the Lie algebra of a system
of linear operators {A;, Ay, A3}

VICTORIYA A. KUZNETSOVA

(Presented by M. M. Malamud)

Abstract. Functional models are constructed for a non-Abelian nilpo-
tent Lie algebra of linear operators acting in the Hilbert space H.
The algebra generators {A1, A, As} satisfy the relations [A1, As] = 0,
[AQ,A3] = O, [Al,AQ] = iAg, Where A1:E1 =+ Agl’g + A3I3 is not diSSi—
pative for all z = (x1,22,23) € R®, and the space of non-Hermiticity
G =span {(Ax — A})h, k=1,2,3, h € H} has dimension three.
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Introduction

Functional models of contracting (dissipative) operators first con-
structed by B. Sz.-Nagy and C. Foia§ [5] represent the operators of mul-
tiplication by an independent variable in the special spaces of functions.
Construction of these models is associated with the Fourier transforma-
tion. For the non-dissipative operators, the construction of similar models
is based on the study of the Branges transformation [1, p. 152] [8, p. 126].

The characteristic function is the main analytic object, in terms of
which the functional models are constructed. L. L. Vaksman [7]| showed
that if the structure constants of the Lie algebras of linear nonself-adjoint
operators are the same, and the corresponding characteristic functions
coincide, then these algebras are unitarily equivalent. Thus, the model
representations of a Lie algebra with assigned structure components built
by the characteristic function are unitarily isomorphic.

For the Lie algebra of linear operators {41, As2} [A1, A2] = 1A [6,
p. 10], the construction of functional models in the case where the oper-
ator Ay, for example, is dissipative is also based on the Fourier transfor-
mation.
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In [3, pp. 54-60], the functional models for an arbitrary commutative
system of linear operators {A;, A} were constructed, and the functional
models for an arbitrary Lie algebra of linear operators { A1, A2} were con-
structed in [4, pp. 176-185] without the assumption about the dissipative
property of the operators Aq, Ao. In this paper, we construct functional
models for the Lie algebra of linear operators { A1, Ay, A3} satisfying the
relations [A1, Ag] = 0, [Ag, A3] = 0, [A1, A2] = iAs in the case where
dimG = 3 |G = span{(A4; — A})h, k = 1,2,3, h € H}| without the
assumption that the system contains dissipative operators.

1. Preliminary information

I. Consider a linear bounded operator A acting in a Hilbert space H.
We recall that the family

A=(AH e E,J) (1.1)
is said to be the local colligation |2, p. 11], [8, p. 18] if the relation
A—A"=ip"Jp (1.2)

holds, where F is a Hilbert space, and ¢,J are operators such that
90:H — E, J:E— E;moreover, J = J*=J 1.
The function
S(A) =1 —ip(A—N)"te*J (1.3)

is said to be the characteristic function [8, p. 24| of a colligation A (1.1).
Consider the case where dim F = 3, and J is given by

1 0 0
J=10 -1 0 |; (1.4)
0 0 -1

moreover, the spectrum of the operator A is real. Then it is well known
[8, p. 66], |2, p. 71| that S(\) has the multiplicative representation

"\

s =50, S0 = [ exp{
0

iJdF, } | w5

)\—at

where ay is a real bounded function non-decreasing on [0,1], 0 < I <
00, and F} is a matrix-valued (3 x 3) non-decreasing function such that
trF, = x. Suppose that

dF, = a, dx, (1.6)
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where the matrix a, is such that a;, > 0, tra, =1,

ann(z) aa(z) ais(x)
ag = | an(x) axn(z) as(z) |, aj=a;, (1.7)
az1(z) as(x) ass(w)

and a;;(x), i,j = 1,3, are functions on [0, ].
Consider the following integral equation for the matrix-function
M, (2):

Ma(2) + z'z/Mt(z) dF.T =1, (1.8)
0

where z € [0,1], z € C. It is easy to see that M;(z) can be represented
by
M, (z) = JSi(z71)J. (1.9)

Define the row-vector L,(z) = [LL(z), L2(2), L3(z)] as a solution of
the integral equation

T

Lo(2) + iz/Lt(z) dF,T = (1,1,0) = Lu(0), (1.10)
0

where z € C. It is obvious that

L(2) = (1,1,0)M,(2) = (1,1,0)JS%(z71)J. (1.11)
Consider the Hilbert space L§7 (Fy) [8, pp. 66-67]

l
L3 (Fy) = {f:p € E%; /ft dF, ff < oo} (1.12)
0

assuming that the proper factorization by the metric kernel is already
carried out.
Define the kernel

— L(2)JLi(®). (1.13)

K, (z,0) = ——— (LA (=) LE(w) — L2(=) E2(w) — L3(=) T (w)). (1.14)

m(z —w)

The following theorem [8, pp. 118-119] takes place.
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Theorem 1.1. The row-vector L,(z) = [LL(z), L2(2), L3(2)], which is
a non-trivial solution (Ly(z) # (1,1,0)) of the integral equation (1.10),
is such that

1) L(z) € L3 ,(Fy) for alla € [0,1] and z € C;

2) for all z € C and z € [0, ]

>0, Imz>0
|Li(2)] = |L2(2)| — |L3(z)| =X =0, Imz=0 (1.15)
<0, Imz<0

18 true.

I1. Consider the following basis {ex}$ in Ej :

€1 = (17170)7
€2 = (1707 1)7 (116)
€3 = (5,47 3).

Similarly to (1.10), we define the vector-functions N,(z) = [N}(z),
NZ(z),N2(2)] and Ry (z) = [Ri(z), R2(2), R2(2)] as solutions of the in-
tegral equations

Na(2) + iz/Nt(z) dFJ = (1,0,1) = N, (0), (1.17)

Ru() + iz/Rt(z) dF,J = (5.4,3) = Ry (0) (1.18)

when z € C and x € [0,!]. For N,(z) and R,(z), the relations

Na(2) = (1,0,1)My(2) = (1,0,1)J S5 (z71) J, (1.19)

Ry(z) = (5,4,3)M,(2) = (5,4,3)JS: (z71) J (1.20)

hold, as well as (1.11).
For the functions N,(z) and R.(2), the analog of Theorem 1.1 is true.
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Definition 1.1. Denote, by B(L(z)), the linear space of the entire func-
tions F(z), z € C, such that

A)
1 l
F(z)=Brfi=— /ft dF, L3(2), (1.21)
0
where By, is the Branges transform [8, p. 125] of the function f; €
Lg,z(Ff;);
B) and let

1E @ ey = 1fllis (1.22)

Theorem 1.2 ([1, p. 152], [8, pp. 126-127]). Consider the family
of Hilbert spaces B(Lq(2)), where Ly(z) is the vector-function which is
a solution of the integral equation (1.10) on the interval [0,1] for some
matriz-valued measure Fy. Match every function hy=(h'(t), h3(t), h3(t))
from L%yl(Ft) with the function given by

F(z) = %/ht dF, L} (%), (1.23)

0

where a is the inner point of the interval [0,1], 0 < a < l. Then F(z) €
B (La(2)) .

Definition 1.2. The transform F(z) (1.21) of the function hy € Lg’l(Ft)
1s said to be the Branges transform of the function hy by the measure Fy.

Remark 1.1. Similarly, the Hilbert spaces B(N(z)) and B(R(z)) are
defined. The Branges transformation of the function i, € L2 (F;) in the
space B(N(z)) is given by

l

1
1(2) = Byhy = ;/ht dF, N? (3) (1.24)
0

and the Branges transformation of the function h; € L2 ,(F}) in the space
B(R(z)), correspondingly, is

l
1
@2(2) == BRht = ;/ht dFt RZ(E), (125)
0

where z € C.
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ITI. Consider the matrix T}

1 -1
=10
0

_ = O

1
0
Apply T; from the right to Eq. (1.10),

T

LTy +iz / Li(2) dF; JTy = Ly (0)Ty.
0

Since L4 (0)T1 = N.(0), this relation can be rewritten as

x

Lo (2)Th + iz / Li(2)TyT; H dF, JT) = N, (0).

0
Obviously, T ! exists and is equal
1 1 -1
T,7'=(01 -1
00 1
It is easy to see that B
JTh =1T1J,
where
R 1 1 0
Ti=(011],
0 0 1
therefore
2)Th —I—ZZ/ 2)IhTy Loy TyJ dt = N, (0).
0
Suppose

(ItTl = Tlat.

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

Then relation (1.30) implies that L,(z)T) satisfies Eq. (1.17), and this

signifies in view of the uniqueness of the solution of (1.17) that

L, (2)Ty = Nz(2),

for all z € [0,1], z € C.
Consider ®1(z) = By f;.

(1.32)
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Bth /ftat dtN /fta,tdtTl L*( )

1 ~ -
- / fiTayde I; () = B (f77)
0

by virtue of (1.31).
Thus,

By f: = BL(fT}). (1.33)

Denote, by ¢1(t), the function
pi(t) = £y = (1), F2(1), £2 (1)) T (1.34)
It is obvious that ¢1(t) belongs to the space L%,l (Fy), if fi € L?,)J(Ft). So,
®1(2) = By fi = BL(fiT) = Broa (t). (1.35)

Therefore, there exists the transformation ¢; : B(L(z)) — B(N(z2)),
given by the formula

(11 G)(2) = G1(2). (1.36)
Here, G(z) € B(L(z)), and Gi1(z) € ( (2)), i.e. G(z) = BLf:, where
fr e L%yl(Ft) and ¥1G(z) = 1B fi = Gi(z). Since Gi(z) € B(N(z)),

we have G1(z) = By fi, where f; € L;l(Ft), 1 Brfy = By fi. Thus, by
virtue of (1.33),

1B fi = BLTY fi, (1.37)

ie., 1By = BLT} and
Y1 =B TB; " (1.38)

Definition 1.3. The transformation le is said to be inverse to the
Branges transformation By, for the function f; € L%}l(Ft).

Consider 1, : B(N(2)) — B(L(2)) and ;' = B, T; ' B; !, ie.,

(7' @1) (2) = ¢ "By fi = ¢ 'BLTY fi
=BTy 'B'B. T} f = Brfi = Fi(2)

takes place for all functions ®;(z2) € B(N(2)), where Fi(z) € B(L(2)).
Thus, there exists hy from Lg,l(Ft) such that
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l
N 1 ~ .
A= / by dF, L (7). (1.39)
0
Fi(2) = Bphy. (1.40)

IV. Similar considerations can be carried out for the space B(R(2)).
Namely, there exists the matrix T5 given by

2 30
=31 3]. (1.41)
00 1

By applying 75 to Eq. (1.10) from the right, we get
x

Lo(2)Ty + iz / Li(2)ToTy ' dF,J Ty = R,(0). (1.42)
0

Obviously, the matrix 75, ! exists. Tt is easy to see that

JTy =Ty, (1.43)
where
) 2 -3 0
h=| -3 1 3 ]. (1.44)
0 0 1
Therefore, supposing that
a;Ty = Thay, (1.45)

we obtain that L, (z)7T% satisfies Eq. (1.18). This signifies in view of the
uniqueness of the solution of (1.18) that

L, (2)Ty = Py(2), (1.46)

for all z € [0,1], z € C.
In exactly the same way, let us consider the function ¢y(t) given by

pa(t) = fiTy. (1.47)

Similarly,

l
(I>2(z) = Bth = %/ftat dt R:(E)
0
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/ftat dt T2 L* /ftTQ Qg dt TlL ( )

®y(2) = BL(fiT3), (1.48)

by virtue of (1.45). ) )

That iS, Bth = BLftTQ or Bth = BL(ftT;) = BL(pQ(t). Car—
rying out similar considerations, we obtain that there exists the map
o : B(R(z)) — B(L(2)) given by the formula

(12G)(2) = Ga(2), (1.49)
where Ga(z) € B(R(2)), Ga2(2) = Brfi, fi € L;Q;’l(Ft) and
UoBLfi = BLT5 fi, (1.50)

i.e., wQBL = BLTQ* n _
o = BT3B (1.51)

Consider 15 : B(R(2)) — B(L(z)) and vy ' = BTy "B, ie.,

(3 '®2) (2) = 3 'Brfi =3 'BLT5 i
=BTy ()B'BLTs fi = Brfi = Fa(2),

where Fy(z) € B(L(z)) takes place for every function ®(z) € B(R(z)).
Thus,

>1|~

l
/ dF, L} (z (1.52)
0

Fl(z) = BLht, (153)
where hy € Lil(Fl).
Definition 1.4. The function hy = (ﬁl(t),ﬁz(t),ﬁ:g(t)) € L%Z(Ft) con-
structed by this rule is said to be the dual function to the function hy =

(W (1), h2(t), b3 (1)) € L3, (Fy).

Remark 1.2.

takes place.
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2. Triangular models of an operator system

V. Consider the commutative system of linear bounded operators
{41, Ay} acting in a Hilbert space H, i.e., the relation

[A1, Ag] = A1 Ay — Ay A1 = 0. (2.1)
holds.
As is well known [2, pp. 11-15], the family
A:(A17A27Ha(paE’o-lvo-2ary’:7)a (22)

where F is some Hilbert space, ¢,01,09,7,7 are operators such that
pw:H—FE o,:F—F oo: F—-FE~y:FE—>FE v:FE—FE,
and o, = o}, k=1,2, v =% 7 = 7%, is said to be the commutative
colligation if the relations
1. Ay —Aj =ip op, k=1,2
2. vp =019A; — 020 AT (Vo = 019 As — 020 A1) (2.3)
3. v = =i(o1ppor — o200 1)
hold.
Definition 2.1. The matriz-function S(\1) given by

S(A) =T —ip(Ar—MI)" oy, (2.4)

is said to be the characteristic function of colligation (2.2) corresponding
to the operator Ay. If dim E = 3, and the spectrum of the operator A;
is real, then, for S(A\1) [2, p. 71], the multiplicative representation (1.5)
takes place.

Let 01 = J, where J (1.4) and o2 = 0. Then the intertwining condition
[9, p. 117]
(O’)q + ’y)JS()\l) = S()q)(d)q + :}//)J (2.5)

takes place for function (2.4).

Suppose that dF} = aydt, where the matrix a; is given by (1.7) and
is such that a; > 0 and tra; = 1. Then the following theorem takes
place [9, p. 118|.

Theorem 2.1. In order that the intertwining condition
(U)\'F’YI)JSz(/\) = Sx()\)(O')\—i-ﬁ)J, (26)

for the matriz-function S,(X) hold, it is necessary and sufficient that

) et =ilJar,0Tho =7, (27)
2) [Jag, (cag +v2)J] = 0. (2.8)



V. A. KUZNETSOVA 509

VI. Consider now the system of linear bounded operators {A;, A,
Az} in H such that

[A1, A3] =0,
[Ag, A3] =0, (2.9)
(A1, As] = 0.

The triangular model realization of the Lie algebra (2.9) in the space
L3,(F) (1.12) is given by

[
Avfo = o (on + ago) +i / facdt o,
!
Asfy = fod (Yoo + azo2) + i/ftat dt o9, (2.10)

l
A3fac :Oémfx+i/ftatdta3'

In this case, we suppose that

o3 = J,
010

om=(101], (2.11)
010
0 b 0

g1 = b 0 b N
0 b 0

Bu(z) Bz(x) Pis(z)

Vo1 = | Pra(x) Boo(x) Pos(z) |, (2.12)

Bis(x) Pas(w) PBss(x)

where b € R, §;;(x) are some functions, and o1 = 1. In addition,

dn(x) du(a:) d13(1')
Yz,2 = dlg(l‘) dQQ(SU) dgg(ZC) y (213)
diz(x) dos(z) dss(z)

where d;;(z) are some functions, and 7o 2 = 2. Moreover, the relation

Y2 — 2 = i03 (2.14)
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holds for ~s.

In order that the conditions of Theorem 2.1 hold for the commutative
operators {A;, Az} and {A, A3}, namely, in order that (2.7) and (2.8)
take place and condition (2.9) hold, the matrix a, must be given by

1—as(x)  iai(x) as(z)
ay = —iai(z) 1—2as(z) —iai(x) , (2.15)
as(z) ia1(x) 3ag(x) — 1

and 7,1 and 7,2 must satisfy the relation
Y, 1 = b’Yx,Z +c, (216)

where c is a constant matrix given by

—B—ib/2  —i)2 0
c= i/2  B+ib2  —ij2 |, (2.17)
0 i/2  B+ib/2

In this case, 1,72 are
—f ba —i/2 0

v=| ba+i/2 I6; bao —i/2 |,
0 ba+i/2 B

(2.18)
i/2 « 0
Yo = a —i/2 « ,
0 a  —i/2
where 8 € R, a =ik, k € R. The matrix 7, 2 is such that
d 2ia(x) 2(1 — az(x)) 0
o Je2 = —2(1 — ag(x)) diaq(x) 2(3ag(x) — 1)
0 —2(3az2(x) — 1) —2ia;(x)
(2.19)

3. Functional models of the Lie algebra of
operators {A;, Ay, A3}

VII. Consider the operator system {A;, Ay, A3} (2.10) acting in
L%yl(Ft) (1.12); moreover, {o1,02,03} (2.11), 71,72 (2.18) respectively,
Va1, Vo2 satisfy relation (2.16); moreover, relation (2.19) holds for v, 2.

Let us study how the action of each of the operators {Al,AQ,Ag}
changes after the Branges transformation (1.21)
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l l
TA3F(z) = / ( / fs dF, J) dF,L} (%)
0 t

y > *
[ an BO L0 _ -0,

=T
z z

That is,
F(z) - F(0)
z

A3F(2) = : (3.1)

A3F(2) € B(Li(2)). )
We now calculate mA; f; (mAzf; can be obtained similarly)

l
7TA1F /Alft dFt /ftdFt A*Lt( ))
0
l

xT

/f dF; <OétLt( )J01+Lt( )J’ytll/LS( )dF 0'1> .
0

0

By virtue of the integral equation (1.10), we obtain

7TA1F /ft dFt (M JO'l + Lt(Z)J’YtJ)

-1 / JudF, (Lu(2) (01 + 7112) — Lo(0)Jo1)"

Remark 3.1. It is easy to see that
Li(2)J (o1 + 'Yt,lz)|z:0 = L(0)Jo;. (3.2)

Remark 3.2. It is shown earlier that, for the pair of the operators
{41, A3} forming the commutative operator system, the conditions of
Theorem 2.1 are true, and, thus, the following intertwining property
takes place, namely:

(OIA + 72,1) ISz (A) = Sz (N) (o1 A +71)J, (3.3)

and setting A\ = % in this relation we obtain

(01 1S5 () = 55 (71) (o1 + M)
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In view of relations (1.11), (1.17), and (1.18), we obtain

Ly(2)J (01 + Vz,12)
=(1,1,0)M(2)J (01 + Vz,12)
= (1,1,0)J8% (z71) JJ (01 + p12)]
=(1,1,0)J (o1 +m2)JSE (2 71) J
= (1,1,0)J (01 + 712) Mx(2).

This relation can be represented in the form
3
(1,1,0)J (01 + m2)My(2) = Y G(2)e;Ma(2), (3.4)
j=1

where e; (j = 1,2,3) are given by (1.16), and (;(z), (j = 1,2,3) are
some functions from z, z € C. Taking relations (1.11), (1.19), and (1.20)
into account, we obtain

3
Y Gi2)eiMa(z) = Ci2)La(2) + G2(2)Na(2) + (3(2) Ra(2),
j=1

Lo(2)J (01 + 72,12) = C1(2) La(2) + CG(2)Nu(2) + G3(2) Re(2). (3.5)

In the case where o1 and ~; are given by formulas (2.11) and (2.18),
¢i(2), (4 =1,2,3) are given by

G(z) =pz—b; Q) =pz+b (3(2) = —idz —b; (3.6)

where p = =3 +1id, d = (2bk — 1)/2, k : o = ik, k € R. In addition,
¢i(2) ( =1,2,3) at the point z = 0 are equal to

G(0) = =b;  ((0) =b; (3(0) = —b. (3.7)

Thus,

l
TAF(G) = [ HAB GELE) - GOLI0) + GENE)
0

= GOIN(O) + G()R() - GO)RO)”
= H{GEF() — GOFO) +&(:):(2)
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— (2(0)®1(0) + (3(2)P2(2) — (3(0)P2(0)}.

Taking relations (1.54) and (1.55) into consideration, we obtain

R R

(w151)(2) - 0RO s (w2

(\IIQFQ) (0) - (\IIQFQ) (Z)

+b

+b +id(UaFh)(2). (3.8)

By carrying on similar considerations for the operator Ay, we get

l
7TA2F /Agft dFtLt /ftdFt A*Lt( ))
0

:/ftdFt <CttLt(Z)JO'2+Lt(Z)J"yt’2—i/LS(Z) dF50'2>.
0

0

In this case, the corresponding analogs of Remarks 3.1 and 3.2 are also
valid.
Consider L¢(z)J (02 + v,22):

Ly (2)J(02 + Vz22) = (1,1,0) My (2)J (02 + Vz,22)
= (1,1,0)J8:(z )T J (09 + Yu22)* T
= (1,1,0)J (09 + 72 — i032)JSE(z71)J.

Remark 3.3. (02 +7222)" = (02 +7; 2%) and, consequently, there is 73
in the relations. Since 2 and 7, satisfy relation (2.14), we have

(02 +732) = (02 + 12z — i03Z). (3.9)
Taking o3 from (2.11), we get (o2 +v32) = (02 + 72Z) — iJZ,
Ly (2)J(02 + Vz22) = (1,1,0)J (02 + v2z — iJ2) My (2). (3.10)

As before, we have

3

Lo(2) (02 + 1022) = 3 mi(2)e; Ma(2), (3.11)
j=1
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where e; (j = 1,2,3) are given by (1.16), and n;(z), (j = 1,2,3) are
some functions from z, z € C

Lo (2)J (02 + 72,22) = m(2) La(2) + 02(2) Na(2) + 13(2) Ra(2). (3.12)

In the case where o9 and o3 are defined by (2.11), n;(2) (j = 1,2, 3) are
given by

m(z) = —1—iz(k+1/2); ma(z) =1+iz(k—1/2); ns(z) = —1—ikz,
(3.13)
where k : a« = ik, k € R. Note that, when z = 0,

m=-L m=1 n=-L (3.14)
Thus, similarly to the aforesaid for the operator A;, we obtain

M +% (1+2k)F(z)

. (W1 1) (2) ; (U1 F1)(0) N % (1 — 2k) (W1 1) (=)

N (W2F3)(0) ; (T2F3)(2)

AyF(2) =

+ik (UaFh)(2). (3.15)
So, we obtain the following result.

Theorem 3.1. Let {Al,AQ,Ag} be a system of the model operators
(2.10) acting in the space Lg,l(Ft) (1.12) (dF; = a.dt, (1.31), (1.45) take
place for a;) satisfying the commutative relations (2.9); in addition, let
{o1,02,03} be given by (2.11) and v1, 2, correspondingly, by (2.18); V1
and vz 2 satisfy relation (2.16), and let relation (2.19) be true for vz 2.

If F(z) € B(L(2)) is the Branges transform of the function hy from
L§7Z(Ft), and if F1(2) and Fy(z) are the Branges transforms [by (1.36)
and (1.49), correspondingly] for the dual function hy (by Definition 1.4),
then the Branges transform (1.21) establishes the unitary equivalence be-
tween the triangular models {1211, As, 1213} (2.10) and the functional models
{A1, Ay, A3} (3.14), (3.15), (3.1).
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