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The spatially nonuniform gaussian random field which describes fluctuations of electrical polarization in dielectric

medium is built. It is done for the case when the space temperature distribution exists. This filed is the source of

the thermal electromagnetic field by which the thermal radiation conduction is realized.

PACS: 05.40.+j

1. INTRODUCTION

Theoretical description of thermal radiation conduc-
tion in solid media is built traditionally on the ba-
sis of phenomenological reasons connected with geo-
metrical optics (the radiation transfer theory). Mi-
croscopic theory of this phenomenon is absent up to
now. Such a situation with the thermal radiation con-
duction in solid media is essentially differed from the
qualitative point of view from the analogous phenom-
ena in gases and generally speaking from that is oc-
cured in liquids. The availability of strong bonds be-
tween molecules (ions) in solid medium leads to such
a mechanism of heat transfer which influences the
temperature distribution in it. In frames of micro-
scopic consideration, the heat transfer in solids is re-
alized by transformations of thermal electromagnetic
photons into thermal phonons and otherwise. In the
same time the terms corresponding directly to such
transformations are absent in the microscopic hamil-
tonian describing the interaction between molecules
(ions) of the medium solid shell and the electromag-
netic field. Transitions pointed out should appear
in the “effective hamiltonian” of the system of solid
shell excitations due to strong connection between
molecules (ions). In the absence of microscopic the-
ory, in the case when there are visible deviations in
frameworks of the traditional approach on the basis
of geometrical optics and we must built up a more
detailed theory, it is necessary to introduce explicitly
the electromagnetic field in the theory of thermal ra-
diation conductance. It is generated by fluctuations
of electromagnetic thermodynamic characteristics.

The foundations of theoretical study of thermal
radiation conductance in solids on the basis of the
thermodynamic fluctuation theory have been done
in the work [1] (see also [2]). The representa-
tion of the fluctuation thermal electromagnetic ra-

diation was introduced in it. In addition, the semi-
phenomenological approach to the description of this
radiation on the basis the fluctuation-dissipation the-
orem in frameworks of non-equilibrium thermody-
namics was developed.

At once, this theory was formulated with the over-
large generality in the cited work. It was not possi-
ble to calculate explicitly the divergence of the en-
ergy flux density corresponding to thermal electro-
magnetic field for concrete types of solid media when
it is averaged on thermal fluctuations and it was a
functional on the temperature distribution. Just it is
the value which is present in the evolution equation
describing the heat transfer in medium.

It appeared that the consecutive application of
representations proposed in works [1,2], with the ne-
cessity demands more detailed information about its
physical nature. The idea of building of such a theory
in that particular case when the medium is dielectric
(or it is high-resistive semiconductor with covalent
chemical bonds) have been done by authors in [3]
(see also [4]). The essential element of this theory is
the stochastic model of the field of spatially distrib-
uted thermal fluctuations of electrical polarization in
medium. A strict mathematical construction of such
a field is fulfilled in the present work.

2. STOCHASTIC MODEL OF THE HEAT
RADIATION CONDUCTIVITY

The main idea of the building of the heat radiation
conductance fluctuation theory consists in the intro-
duction of thermal electromagnetic field, governed
by Maxwell equations, connected with the medium
under consideration. At this situation the field is
generated by sources which have the thermal origin
and, therefore, it should be connected with random
fluctuations of electrodynamic characteristics of the
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medium. Due to this reason, equations of the field
motion are stochastic. It leads to the necessity of in-
troduction of an effective damping according to the
fluctuation-dissipation theorem [2]. It compensates
the antidamping of field values by fluctuations and,
due to this, it is connected rigorously with the statis-
tical dispersion of fluctuations.

We consider the fluctuation of electromagnetic
field in media of the type pointed out in the intro-
duction. Any visible fluctuations of electrical charge
(and electrical current) are absent in not very small
volumes of such media where thermodynamic descrip-
tion is applicable. Besides, the availability of cova-
lent chemical bonds guarantee the absence of visible
fluctuations of magnetization in volumes pointed out.
Thus, thermal fluctuations of electrical polarization
are main source of thermal electromagnetic radiation
in medium of the type under consideration. There-
fore, the thermal electromagnetic field E(r, t), H(r, t)
should obey the Maxwell equation system:

1
c

∂B
∂t

= −[∇,E] ,
1
c

∂D
∂t

= [∇,H] , (1)

(∇,B) = 0 , (∇,D) = 0 (2)

in all space points with radius vectors r. Here,
B = μH with the constant magnetic permeability
μ and D = E + 4πP. We suppose that the medium
under consideration is isotropic and it is such that it
is possible to disregard the time-dispersion of mag-
netic part in electromagnetic radiation for waves in
red and infra-red spectrum regions which are con-
nected with the heat transfer. The stochastic source
in the equation system (1),(2) and the term con-
nected with the damping, existing according to the
fluctuation-dissipation theorem, are included in the
electrical polarization P. This vector consists of two
parts:

P(r, ω) = χ(ω)E(r, ω) + P̃(r, ω), (3)

according to our model where χ(ω) is the ordinary
high-frequency electrical susceptibility of the medium
(the spatial dispersion of thermal radiation is negli-
gibly small),

P(r, ω) =
1
2π

∞∫
−∞

e−iωtP(r, t)dt ,

E(r, ω) is the corresponding temporal Fourier image
of electrical field and P̃(r, ω) is the stochastic source
describing fluctuations of the electrical polarization.
At this time, the damping of thermal electromagnetic
field is connected with the negativity of imaginary
part of the susceptibility χ(ω).

3. GAUSSIAN FIELD OF THERMAL
FLUCTUATIONS

We take the following model of random field
P̃k(r, ω) = U(h̄ω/κT )ϕk(r, ω) where U(·) is the phe-
nomenological field amplitude having the informa-
tion about quantum origination of thermal electro-
magnetic radiation in it. It is submitted to only

one condition, namely, it decreases to zero by suf-
ficiently fast way in the region of large frequencies.
The second factor presents a “standard” short-acting
complex-valued vector of gaussian random field with
zero average. Its gaussian property is connected with
small values of fluctuations that it describes. The cor-
relation radius is equal by the order to the average
distance between medium molecules. In our theory,
this gaussian field is characterized by the correlation
function

〈ϕk(r, ω)ϕ∗
k′ (r′, ω′)〉 = (2π)−1δ(ω − ω′)gkk′ (r − r′)

(4)
where the δ-function points out that the field tem-
poral dependence represents “white noise”, the de-
pendence of the correlation function gkk′ (r − r′) on
the r difference is the reflection of the stochastic spa-
tial uniformity of the field ϕk(r, ω) and this function
should be taken in such a form that it ensures the
stochastic isotropy of the field ϕk(r, ω). The field
Pk(r, ω) is not spatially uniform since the amplitude
U depends on the temperature value T (r, t) at the
point r at time moment t. Thus, this field addition-
ally depends on the “slow” time t as on the parame-
ter. Due to the equation (∇,D) = 0 or, equivalently
to

ε(ω)(∇,E(r, ω))+4π∇kU(h̄ω/κT (r, t))ϕk(r, ω) = 0 ,

the field ϕk(r, ω) should satisfy the condition
∇kϕk(r, ω) = 0.

We notice that the question about the choice of
fluctuation field model with the divergence equal to
zero was not set in the Rytov theory [2]. It is con-
nected with the fact that though effective fluctuation
fluxes were introduced in that theory, it did not re-
quire their continuity.

Let us set the question about the existence of
the gaussian field ϕk(r, ω) which has zero diver-
gence strictly (not in average) ∇lϕl(r) = 0. Let
gl,l′(r − r′) = 〈ϕl(r)ϕ∗

l′ (r
′)〉 be the field correlation

function and

hl,l′(q) =
1

(2π)3

∫

R3

gl,l′(r)e−i(q,r)dr

its Fourier image. The matrix function gl,l′(r) should
be positively defined. It means that the value of cor-
responding matrix function hl,l′(q) is the positive ma-
trix in each point q, i.e. it takes place ξlξl′hl,l′(q) ≥ 0
for each vector ξm; m = 1, 2, 3. In order the gaussian
field ϕl(r) has zero divergence, it is necessary and
sufficient that qlql′hl,l′(q) = 0. It points out that
the matrix hl,l′(q) is degenerate in each point q.
Therefore, in particular, it is not proportional to the
Kronecker symbol and, consequently, the correlation
function gl,l′(r) has no correlations along the direc-
tion. Therefore, it is not proportional to δl,l′δ(r). Let
us describe the asymptotic structure of correlation
function assuming the existence of a small parameter
r∗ having the length dimensionality.
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The condition of stochastic isotropy of ran-
dom field ϕl(r) leads to the fact that the function
hl,l′(q) has the following general form hl,l′(q) =
q2a((r∗q)2)δl,l′ − qlql′b((r∗q)2) when some external
vectors are absent. Here, the functions a(·) and b(·)
are defined for a scalar physically dimensionless posi-
tive variable. The condition ∇lϕl(r) = 0 leads to a ≡
b. Then the negativity of the matrix hl,l′(q) demands
a(q) ≥ 0 since ξlξl′hl,l′(q) = a · (q2ξ2 − (ξlql)2) ≥ 0
only in this case.

We express now the correlation function gl,l′(r) in
terms of the function a(·),

gl,l′(r) =
∫

R3

ei(q,r)a((r∗q)2)
(
q2δl,l′ − qlql′

)
dq =

= Aδl,l′ + B
rlrl′

r2
,

where A and B are functions of scalar positive vari-
able which is the ratio r2/r2

∗ ≡ λ2. Let us find inte-
gral representations for them. Calculating the trace
in both sides of this formula, we find

3A + B =
4π

r5∗

∞∫

0

q4a(q2)

⎛
⎝

1∫

−1

eiqλθdθ

⎞
⎠ dq .

By the way, we find, by summing both sides of the
formula with the multiplier rlrl′ ,

A + B =
2π

r5∗

∞∫

0

q4a(q2)

⎛
⎝

1∫

−1

eiqλθ(1 − θ2)dθ

⎞
⎠ dq .

From the obtained equation system for the functions
A and B, calculating internal integrals and supposing
infinite differentiability of the function a(·), we obtain
A = −B(1 + O(λ−1)) far from the point r = 0 and,
besides, we set that both functions are fast vanishing
on r/r∗. At r = 0, their values are equal

A = −B(1 + O(λ−1)) =
8π

3r5∗
C , C =

∞∫

0

q4a(q2)dq .

Thus, due to smallness of the parameter r∗, we have

gl,l′(r) = const δ(r)
(
δl,l′ − rlrl′

r2

)
(1 + O(λ−1)) . (5)

4. CONCLUSION

We have shown in this work that the form of correla-
tion function of thermal source should be essentially
changed due to the account of the divergence absence
condition for the stochastic electrical induction in the
thermal electromagnetic radiation field. It points out
that the approach proposed in [1, 2] when the ther-
mal radiation conductivity theory is built should be
modified.
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