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Evolution of the hadronic system in heavy-ion collisions is studied with the reaction density. The three-dimensional

reaction zones and their projections for different types of hadronic reactions are calculated for AGS and SPS energies

within the microscopic transport model UrQMD. On the basis of performed calculations of reaction frequencies, the

characteristic points of the time dependence of fireball evolution are obtained. The hypersurfaces which are the

reaction zone boundaries are related to kinetic and chemical freeze-outs. The reaction density fireball representation

is compared to other possible representations.

PACS: 25.75.-q, 25.75.Ag, 24.10.Lx

1. INTRODUCTION

A strongly interacting hadronic system is formed in
heavy-ion collisions. A fireball is identified with a
space-time region, in which the hadronic reactions
occur. Hence, reaction zones must reflect the space-
time characteristics of a fireball, and its study gives
information about evolution of a fireball.

In the study of nucleus-nucleus collisions one can
distinguish different stages of fireball evolution. De-
pending on a model describing the system, we can
distinguish the regions of the formation of a fire-
ball, its isotropization and thermalization, the cre-
ation of particles, the regions of a chemical freeze-
out and a kinetic one, etc. As parameters for the
determination of the stages of evolution of a system
and the freeze-out process, one can take the particle
density n(t, r) [1], energy density ε(t, r) [2], temper-
ature T (t, r) [3, 4], mean free path, rate of collisions
of particles, etc. Depending on the chosen parame-
ter one can get different fireball representations. In
the present work, we use the hadron reaction density
(number of reactions in a unit volume per unit time)
in a given four-dimensional region of the space-time
as a parameter of the spatial evolution of the inter-
acting system. Such a quantitative estimate allows
one to define the reaction zone, whose study gives a
possibility to establish the space-time structure of a
fireball from the viewpoint of the interaction inten-
sity at every point of the space-time. The regions of
a fireball can be distinguished by the interaction in-
tensity which can be characterized by the number of
collisions in a unit volume of the space-time. We use
this quantity to determine the boundaries between
different reaction zones.

Another important question which can be clari-

fied by the study of the zone of reactions is how the
space-time boundary of a fireball is related to the
processes of kinetic and chemical freeze-outs. Since
the kinetic freeze-out is the process of establishment
of a final distribution of hadrons in the momentum
space, the sharp kinetic freeze-out hypersurface is an
imaginary hypersurface, outside of which there are
no collisions between radiated hadrons. In that sense
the space-time boundary of a reaction zone and the
sharp kinetic freeze-out hypersurface can be put in
correspondence.

2. REACTION ZONES

The number of reactions in the given space-time re-
gion can be determined, for instance, with the use
of the distribution function f(x, p). The probability
of a collision of two particles with momenta p1 and
p2 corresponding to the distribution functions f1 and
f2, respectively, in the approximation of two-particle
reactions 2 → 2 is determined at a space-time point
x as

P (x,p1,p2) =
∫

3

∫
4

W12→34 f(x,p1) f(x,p2) . (1)

The quantity W12→34 is the transition rate which in-
volves the reaction cross section and the conservation
laws,

∫
i ≡

∫
d3pi

Epi
, Epi =

√
m2 + p2

i .
By integrating over the momenta of particles, we

obtain the rate or the 4-density of reactions at the
point x:

Γ(x) =
∫

1

∫
2

∫
3

∫
4

W12→34 f(x,p1) f(x,p2) . (2)

Then, the number of reactions in the given space-time
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region Ω is

Ncoll(Ω) =
∫

Ω

d4xΓ(x) . (3)

It is seen that the number of reactions in the given
space-time region depends on the 4-density of re-
actions Γ(x) which can be determined in a certain
model approximation, e.g., like that in [5, 6]. In par-
ticular, Γ(x) can be determined with the use of trans-
port models.

The reaction zone is defined as the space-time re-
gion where a certain fraction of all reactions of certain
type took place. This space-time region is chosen in
a way that it was the most intense with respect to
the reaction rate, that is, it has the smallest possible
volume. Reaction zone can be associated with the
flame from a candle (Fig. 1). It is the region which
is the most intense with respect to exothermic reac-
tions and is basically a reaction zone. The reaction
zones for the given reaction type can be calculated
by using the 4-density of reactions (2). Detailed de-
scription of the procedure one can find in Ref. [7].
Reaction zone can be calculated for different types
of reactions. Reactions can be classified by type and
number of hadrons taking part in these reactions (see
the table).

Reaction classification by number of participants
1 1 → 2′ + m, m ≥ 0 decay
2 2 → 1′ fusion
3 2 → 2 elastic scattering
4 2 → 2′ + m, m ≥ 0 inelastic reaction

Fig. 1. Left: a candle, with a flame corresponding
to the region where reactions take place. Right: the
three-dimensional reaction zone, which determines
the space-time region where 90% of all hadronic
reactions for SPS conditions (Ekin = 158A GeV)
take place

To carry out calculations, we use the transport
model UrQMD v2.3 [8, 9] which allows one to calcu-
late the four-density of hadronic reactions at every
point of the space-time region and to select reactions
of a given type and for the given species of parti-
cles. We take the number of reactions Ncoll[Ω(t, r)]
in a pixel Ω(t, r) as a result of the averaging over
1000 events. In the calculations, we took a four-cube
of reactions CR with the size of edges Li = 200 fm,

where i = t, x, y, z. In Fig. 1 we show calculation re-
sults for conditions at the CERN Super Proton Syn-
chrotron (SPS), Pb+Pb at 158A GeV in the case of
central collisions. The figure depicts space-time re-
gion where 90% of all hadronic reactions take place.
For this calculations we use coordinates (t, r, z) where
r = ±√

x2 + y2. Also, different projections of the
three-dimensional reaction zone are shown at coordi-
nate planes: z-t (yellow), r-t (blue) and z-r (orange).
We note that the reaction density (2) does not depend
on the azimuthal angle ϕ because of the symmetry of
central collisions. Then, we deal with the reaction
zone which is related to inelastic (2 → 2′+m, m ≥ 0)
hadronic reactions. By applying the same proce-
dure the three-dimensional reaction zones for inelas-
tic processes is obtained. Fig. 2 depicts calculation
results for conditions at the BNL Alternating Gradi-
ent Synchrotron (AGS), Au+Au, and at the CERN
Super Proton Synchrotron (SPS), Pb+Pb. By com-
paring the calculation results for all reactions (Fig. 1)
and for inelastic reactions (Fig. 2) one can see that
the reaction zone which contains 90% of all reactions
roughly coincides with the reaction zone containing
99% of all inelastic reactions. We name this zone as
region of hot fireball.

Henceforth, we will deal with the projection of the
reaction zone on the z-t plane. To design this pro-
jection we sum first all collisions along the transverse
direction at the fixed coordinates (t, z). Then, the
reaction density in z-t plane takes following form:

Γ̃(t, z) =
∫

dx dy Γ(t, x, y, z) . (4)

Then, the number of reactions in the given pixel
Ω̃(t, z) on z-t plane is

Ñcoll[Ω̃(t, z)] =
∫
�Ω(t,z)

dt dz Γ̃(t, z) . (5)

Then, the reaction zone projection can be con-
structed with the use of above-mentioned algorithm
from Ref. [7].

In Fig. 3 we show the results of calculations for
conditions at the BNL-AGS, Au+Au, and at the
CERN-SPS, Pb+Pb, in the case of central collisions.
In accordance with our algorithm, the four-volume
which contains 99% of all hadronic inelastic reac-
tions, 2 → 2′ + m, m ≥ 0 is determined [depicted
as the medium-grey (red) area]. As previously men-
tioned, this zone is named as a region of hot fireball.
We determine also a four-volume that contains 99%
of all possible hadronic reactions which include, of
course, the previous zone. We name the region of
99% of all hadronic reactions excluding the zone of
the hot fireball as a cold fireball [dark-grey (blue)
area]. The additional region [light-grey (cyan) area]
is a fireball halo and it contains additional 0.9% of
all hadronic reactions. This zone is formed mostly by
decays of resonances. That is, the three space-time
regions (hot, cold, halo) cover 99.9% of the total num-
ber Ntot of all hadronic reactions.
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Fig. 2. The three-dimensional reaction zones, which determine the space-time region where 99% of all
inelastic hadronic reactions for AGS conditions (Ekin = 10.8A GeV) and SPS conditions

(Ekin = 158A GeV) take place

Fig. 3. Projection of the reaction zone on the z-t plane under the AGS (Au+Au at 10.8A GeV) and SPS
(Pb+Pb at 158A GeV) conditions. The medium-grey (red) region contains 99% of all inelastic reactions,
2 → 2′ + m, m ≥ 0. The medium-grey (red) and the dark-grey (blue) regions together contain 99% of all

hadronic reactions. The light-grey (cyan) region contains 0.9% of all hadron reactions only

It is seen that the interacting system has a com-
paratively long lifetime: A hot fireball decays com-
pletely only in the time intervals of the order of
15... 20 fm/c for AGS and 20... 35 fm/c for SPS.
A cold fireball lives for 30... 33 fm/c for AGS and
80... 100 fm/c for SPS.

The zones of hot and cold fireballs together con-
tain 99% of all reactions by definition. We can
compare this reaction zone with the zone which is
wrapped by freeze-out hypersurface. Note, following
the “classical” definition of the sharp kinetic freeze-
out hypersurface it is some boundary that separates
the interacting system from the space-time domain
where particles do not interact and almost all parti-
cles are evaporated (freezed out) from the thin space-
time layer determined by this hypersurface. Then, it
seems evident that the sharp kinetic freeze-out hyper-
surface should be inside reaction zone and not outside
of it. And, in addition, the sharp chemical freeze-out
hypersurface should be inside the hypersurface which
separates the region of a hot fireball which contains
99 % of all inelastic reactions.

3. REACTION FREQUENCY

Hadronic reactions can be classified by type and num-
ber of participants in these reactions (see the table)
and the contributions of different types of reactions

into the system evolution can be explored. For this
purpose we analyze the time dependence of reaction
frequency for different types, i, of reactions:

νi(t) =
∫

CR

dxdydz Γi(t, r). (6)

The results of evaluations of the time dependence
of the reaction frequency (6) for AGS and SPS ener-
gies are depicted in Fig. 4. The thick solid line indi-
cates all reaction rates in the fireball, the thin solid
line indicates only the elastic scattering of hadrons
(2 → 2), the dash-dotted line shows all inelastic re-
actions (2 → 2′ + m, where m ≥ 0), the dotted line
stands for fusion reactions (2 → 1′), and the dashed
line distinguishes decays (1 → 2′ + m, m ≥ 0).

The main feature of the reaction frequency (thick
solid lines in Fig. 4) is its increase up to t �
5... 8 fm/c for AGS energies and t � 1... 2 fm/c for
SPS energies where it has it’s first maximum tm1.
This can be explained by the increase of the number
of nucleons as participants of the reactions, when one
nucleus penetrates into another one. The maximum
overlap of two nuclei happens when their centers co-
incide. This time can be estimated as

tc =
R0

γ

1
v

. (7)
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Fig. 4. Hadron reaction frequency for AGS (Au+Au at 10.8A GeV) and SPS (Pb+Pb at 158A GeV)
conditions. Different curves correspond to different types of reactions

Here R0 is the nucleus radius, v =
p0z/

√
M2

N + p2
0z, γ = 1/

√
1 − v2, p0z is the initial

nucleon momentum in the c.m. system of two nuclei,
and MN is the nucleon mass. We name tc as the fire-
ball formation time. The values of tc are very close
to the time moments which correspond to the first
maximum of the reaction frequency (thick solid lines
in Fig. 4). Slight difference of tc and the time point
of the real maximum can be explained by some de-
crease of a nucleon velocity which is due to inelastic
and elastic reactions (stopping) of nucleons. Inelas-
tic and elastic hadron collisions dominate at the first
stage, t < tc , of nucleus-nucleus collision. At later
times, the elastic, decay and fusion reactions become
more significant. We note that decay processes be-
come the dominant ones after t ∼ 10 fm/c. After the
full overlap of the nuclei, the created system begins
to expand in space, which results in the decrease of
the reaction rates. At the same time, the number of
secondary particles still increases, resulting in an in-
crease of the total reaction integral rate. Hence, the
rate of expansion of the system and its ratio to the
creation rate of secondary particles will determine
the result of the competition of these two tendencies.

The contribution of the secondary particles be-
comes more significant at the later stage of colli-
sion, especially at SPS energies. The number of sec-
ondary particles (mainly π mesons) is approximately
〈nπ〉 � 0.6... 1.6 per nucleon for AGS conditions [10]
and 〈nπ〉 � 2... 6 for SPS conditions [11, 12]. Such
an increase of the number of secondary particles with
the collision energy leads to the sufficient change of
the reaction frequency’s time dependence. Namely,
for AGS conditions after tc, the frequency of all re-
actions goes down. For SPS conditions, one can see
the second local maximum of the reaction frequency
(see thick solid line in Fig. 4) which is a consequence
of a large number of reactions with secondary par-
ticles. At later times, the reaction frequency goes
down, which results in fireball division into two parts
at the time moment t = tfd and the further breakup.
The fireball division time is defined as the minimum
value of time on the space-like hypersurface, which
bounds the region of the cold fireball (blue area) from
above, i.e., tfd ≡ t(z)

∣∣
z=0

(see Fig. 3). We note that

the time moment tfd depends very weakly on the col-
lision energy.

It is seen that after the time moment tfd, the
rates of elastic and inelastic reactions vanish. That
is, since this moment, the system behavior is deter-
mined mainly by the individual properties of parti-
cles (basically resonances). That is why, in spite of
the sufficient difference of collision energies of the ex-
periments under consideration, the times tfd are ap-
proximately the same (see Fig. 3). If we compare the
longitudinal sizes of the fireballs 2Rz at the time mo-
ment t = tfd, we see that they are approximately the
same and equal to Rz = v tfd [v is defined in Eq. (7),
see Fig. 3]. This fact can explain the weak depen-
dence of the pion interferometric radius RL on the
beam energy, RL ∝ Rz [13]. It can be claimed that
the fireball achieves its maximum longitudinal size at
the time moment t = tfd, when it is divided into two
parts.

4. DISCUSSION AND CONCLUSIONS

Different parameters may be used to analyze the fire-
ball evolution. In Fig. 5 we show four representations
of the fireball which were obtained with making use
of the microscopic transport model UrQMD for SPS
conditions (Pb-Pb, Ekin = 158A GeV). First column
shows the particle positions of all hadrons at different
time moments. In second column the fireball is repre-
sented with the help of the energy density. Reaction
density at different time moments is shown in third
column. One can see that starting from the times
t ≈ 25 fm/c the fireball representation given by the
reaction density sufficiently differs from the one given
by the energy density. For example, it is seen that
there are no reactions in the central part of the sys-
tem at large enough times while energy density there
is still high. This situation may occur, e.g., when
particles move in the same direction with some collec-
tive velocity without collisions. In the fourth column
the coordinates of the last reactions of all particles
are shown. It is, in fact, a depiction of a continu-
ous kinetic freeze-out. One can see that the fireball
representations in the third and fourth columns are
qualitatively similar and they differ from one another
just in the early stage of a fireball evolution.
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Fig. 5. Different fireball representations for SPS
conditions, Ekin = 158A GeV

Our approach allows to investigate the spatial
and temporal structures of the hadron system cre-
ated in relativistic nucleus-nucleus collisions in terms
of all hadronic reactions which occur in the system.
In other words, the fireball is identified as the sys-
tem of interacting hadrons. The proposed algorithm
gives possibility to separate with a given accuracy the
space-time region where the most intensive hadron
reactions take place, i.e. we give the method to see
a reaction zone in 3D representation (see Figs. 1, 2)
and in different projections.

In the present microscopic study, we separate a
fireball into the following regions, which characterize
its evolution (see Fig. 3): (1) a hot fireball region,
where 99% of all inelastic hadronic reactions have
occurred (medium-grey or red), (2) a cold fireball re-
gion (dark-grey or blue), which together with the hot
fireball contains 99% of all hadronic reactions Ntot,
and (3) a fireball halo, where 0.9% of all hadronic re-
actions, i.e., 0.009Ntot, have occurred (light-grey or
cyan). Two last regions together are a space-time
region containing the hadron-resonance gas, and the
reactions in this region are mainly presented by de-
cays of resonances.

The study of hadron reaction zones allows one to
analyze the freeze-out process in relativistic nucleus-
nucleus collisions. An important question that can
be clarified by the study of the reaction zones is how
the space-time boundary of a fireball is related to
the so-called sharp freeze-out hypersurface. In the
literature, the sharp freeze-out hypersurface is usu-
ally defined with the help of some parameter P (t, r)
which takes the critical value Pc on the hypersur-
face. That is, the equation of the hypersurface has
form P (t, r) = Pc. As such a parameter, one may
choose the energy density ε(t, r) [2], temperature
T (t, r) [3, 4], particle density n(t, r) [1], etc. And
the “classical” definition of the sharp kinetic freeze-
out assumes the Cooper-Frye picture [14]: a radi-
ation of free particles or a freeze-out process takes
place within a thin layer determined by the hyper-

surface. It means, the initial value problem for the
radiation corresponds to a space-like piece of the hy-
persurface whereas the boundary conditions for the
radiative system correspond to a time-like part of the
hypersurface. On the other hand, if we determine
the reaction zone as that one, which contains, for in-
stance, 99% of all reactions, then we can claim that
the sharp kinetic freeze-out hypersurface should be
definitely inside the boundary between the zone of a
cold fireball and the fireball halo (see Fig. 3).

Assuming that the chemical freeze-out occurs
when the inelastic reactions are completed [15], we
can also claim that the chemical freeze-out hypersur-
face should be inside the reaction zone, which con-
tains 99% of all inelastic reactions (red zone).

In the coordinates (t, z), the curve, which is the
upper space-like boundary of the “blue” zone, is a
hyperbola of the form t(z) = A

√
τ0

2 + z2, where
A = 0.65, τ0 = 46 fm/c for the AGS energy (Ekin =
10.8A GeV) and A = 0.95, τ0 = 38 fm/c for the SPS
energy (Ekin = 158A GeV). It is clear that the fire-
ball division time is related to the parameters of the
hyperbola in the following way tfd = Aτ0 and we ob-
tain tfd ≈ 30 fm/c for AGS (Ekin = 10.8A GeV) and
tfd ≈ 36 fm/c for SPS (Ekin = 158A GeV). The lower
time-like hypersurface bounding a cold fireball has
the form of a straight line t(z) = t0 + (z/v), where
t0 is close to zero, and v = 0.8 for AGS energies
and v = 0.98 for SPS energies. For AGS energies,
the time-like boundaries of the reaction zones dif-
fer significantly from one another and the light cone
(Fig. 3). However, at higher SPS energies, for exam-
ple, at Ekin = 158A GeV, the time-like hypersurfaces
bounding all three zones of a fireball practically coin-
cide with one another and are close to the light cone
(Fig. 3). Thus, we can predict that this behavior will
result in all time-like hypersurfaces merging on the
energies available at the BNL Relativistic Heavy Ion
Collider (RHIC) and coinciding with the light cone.

By studying the time dependence of the reaction
frequency for different reaction types, we conclude
that total reaction rate is dominated by elastic and
inelastic hadron collisions at the early stage, whereas
individual particles properties (basically resonances)
determine system behavior at later stages. We also
conclude that there are two specific time points in
the evolution of a hadron fireball: the fireball forma-
tion time tc defined as the time of the full overlap of
two nuclei [Eq. (7)] and the fireball division time tfd,
which corresponds to the separation of the fireball
into two individual parts and which depends weakly
on the collision energy. At SPS energies there is also
a second local maximum which is a consequence of a
large number of reactions involving secondary parti-
cles.
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