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HEMISPHERICAL AND ASPHERIC WGM DIELECTRIC RESONATORS
WITH CONDUCTING ENDPLATES: RADIATION AND CONDUCTIVITY LOSSES DEPENDING
ON SHAPE OF THE RESONATORS SURFACE

The measurement technique based on whispering gallery mode (WGM) dielectric resonators for surface microwave impedance
characterization of high-7, superconducting films is very accurate. However its sensitivity is limited by the radiation loss of these open
electrodynamic systems and depends on effectiveness of interaction of microwave fields and the film (coefficient 4,). The aim of the work is
to study the radiation and conductivity losses in WGM resonators of different shape of the body of rotation. In this work, electromagnetic
properties of a number of WGM resonators with conducting endplates are studied. Losses are studied in Ka-band for two kinds of dielectric
material, namely, isotropic (Teflon) and anisotropic (single-crystal sapphire). For the Teflon hemispherical resonator, the analytical approach
is used and its results are compared with the results of experimental measurements. The resonators of other shapes are studied experimental-
ly. Experiments show that aspheric sapphire resonator has maximum coefficient 4,. however the radiation Q-factor is larger in the hybrid
sapphire resonator (aspherict+cylindrical disk). Thus, the hybrid resonator with A, 25 % greater than 4, of the hemispherical resonator with
approximately the same radiation loss is a better option for the (super)conductor measurement purpose in microwave range. Fig. 8. Tab. 2.
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For quite a long time, approaches for
measuring the surface impedance Zg= Rg+ iXg
(where Ry and Xg are the surface resistance and
reactance, respectively) high-temperature super-
conducting (HTS) films were developed based on
whispering  gallery mode (WGM) dielectric
resonators in a form of cylindrical disk with
conducting endplates (CEP) [1, 2]. Such resonators
are in fact quasi-optical dielectric ones because
several wavelengths are confined along at least one
of the coordinate axes. Whispering gallery mode
resonator is body of rotation. WGMSs propagate along
a curved surface. Thus, these waves have a character
of surface waves pressed to this surface. As a rule the
resonators are made of single crystal sapphire as
dielectric material of very small loss tangent. Both
factors, namely, WGM excited in the resonator and
sapphire material allow achieving high Q-factor in
millimeter wavelength range, which provides high
accuracy and sensitivity of measuring Zg.

Recently WGM dielectric resonators in the
forms of truncated cone [3] and hemisphere [4] have
been proposed. It should be noted, that the
electromagnetic properties of isotropic hemispherical
resonator were considered analytically earlier,
however only for the case of perfect conductor plate [5].
A comparison of three types of the resonators,
cylindrical disk, truncated cone and hemisphere, was
performed and niche was defined for each of them as
the sensors of surface impedance for HTS films [6].
From the viewpoint of maximum sensitivity the
hemispherical resonator is the most appropriate
because of the lowest radiation loss. Now this kind of
resonator is used for physical and applied studies of
cuprate HTS films [7, 8]. However, the interaction of
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WGM microwave fields with CEP, i.e. with HTS
film, is weaker compared with the case of the
truncated cone. Thus the question arises concerning
strengthening interaction while maintaining the same
radiation loss using transformation of the
hemispherical surface in the surface of another shape.
The answer to this question will allow in principle
the possibility of further increasing the sensitivity of
impedance measurements.

With this purpose in the present work a
number of WGM resonators made of Teflon and
single crystal sapphire with the transformation of the
hemispherical surface as well as cylindrical surface
in aspheric surface are considered. As electro-
magnetic problems concerning the proposed
resonators have not been solved, the authors propose
the following. At first, the analytical solution [4] of
electromagnetic problem concerning an isotropic
Teflon hemisphere on the conducting plane is used.
In this case the characteristic equation allows finding
the frequency spectrum and Q-factor, including the
radiation O-factor. Then the radiation Q-factor values
obtained experimentally as a function of frequency
(or azimuthal index) are compared with the
calculated ones. A number of sapphire resonators
with evolution of the resonator lateral surface are
studied by means of simulation and experimental
measurements. Analysis of radiation losses in the
studied resonators depending on the surface
evolution is performed.

1. Theoretical description of isotropic
hemispherical WGM resonator with conducting
endplate and simulation of the anisotropic ones.
Analytical solution of the isotropic dielectric
hemisphere placed on the conducting plate obtained
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in [4] allows determining eigen frequencies and
radiation Q-factor, Q,,. For the purpose of
describing the microwave fields and calculating the
frequency spectrum and quality factor of the
resonator, the special program product was
developed. The advantage of the product is the
sufficiently increased performance.

The results obtained by using this program
product are presented in section 4 together with the
experimental data.

Electromagnetic problem of hemispherical
anisotropic dielectric WGM resonator has not been
analytically solved yet. Therefore we are forced to
use Microwave Studio CST 2008 product for
simulation of these and the other resonators studied
in this work. The results of simulation and
experimental measurements of anisotropic resonators
are given in section 4.

Only modes with both zero radial
components of electric field, i. e. HE (in cylindrical
disk) and H (in hemisphere) modes, and one radial
variation of field are considered.

2. Experimental details. A number of
WGM resonators were fabricated of Teflon because
this material is easy to process mechanically. Their
shapes changed from the hemispherical of a radius R
to the aspheric of a spherical part radius » and an
eccentricity 2a (Fig. 1) and from cylindrical disk of a
radius R and a height # (Fig. 2) to the same aspheric
resonator.

c)

Fig. 1. Hemispherical and aspheric resonators with CEP:
schematic drawing (a) and photo of Teflon (b) and sapphire (c)
WGM resonators
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Fig. 2. Aspherictcylindrical disk (a) and aspheric resonator (b)
with CEP

In this case the resonator forms are varied in
such a way that the same resonator of a radius
R =78 mm and a height # =7 mm was obtained as a
result of both evolutions. It is clear that »o =/ in the
resonator. Here 7, is a maximum meaning of radius at
evolution from cylindrical disk and minimum
meaning at evolution from hemisphere. A list of
studied Teflon resonators is presented in Tab. 1.

Table 1
Dimensions and forms of the studied
teflon resonators
N | r,mm | 2a, mm h, mm Shape
1 0 78 7 cylindrical disk
aspheric+
2 35 7 7 +cylindrical disk
3 7 64 7 aspheric disk
r=ro=nh
4 39 0 39 hemisphere
20 38 20 aspheric disk
6 30 18 30 aspheric disk

More practical importance belongs to WGM
resonators made of single crystal sapphire. Therefore,
the sapphire resonators were numerically simulated
using the Microwave Studio CST 2008 package
(transient and eigen solvers). The resonance
frequencies and field distribution of the excited
modes were calculated. An optical c-axis was
directed along a geometric axis of rotation.
Additionally, manufacturing high-Q  sapphire
resonators is a rather complicated and labor-
consuming technique. Therefore, number of sapphire
resonators with the surface evolution is some less in
comparison with Teflon resonator case (see Tab. 2).
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Table 2
Dimensions and forms of the studied
sapphire resonators

N | r,mm | 2a, mm h, mm Shape

1 0 14.5 2.5 cylindrical disk
aspheric+

2| 1 12 25 Licylindrical disk

3 25 95 25 aspheric disk
r=ro=h

4 7.25 0 7.25  |hemisphere

Experimental study of WGM resonators
made of both dielectrics was performed in Ka-band
using network analyzer PNA-L N5230A.

3. Results and considerations. Experimental
frequency spectra of Teflon hemispherical (a) and
aspheric (b) WGM resonators are displayed in Fig. 3.
The spectra of sapphire hemispherical (a), aspheric (b),
aspherict+cylindrical disk (c) and cylindrical disk
WGM are shown in Fig. 4.

One can see complication of the spectrum in
the sapphire resonators in comparison with the
Teflon resonators, which is obviously due to the
presence of anisotropy in the former.
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Fig. 3. Experimental spectra of Teflon hemispherical (a) and
aspheric (b) WGM resonators; numbers at resonances are
azimuthal indexes at one variation along radius of resonators.
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Fig. 4. Experimental spectra of sapphire cylindrical disk (a), aspherict+cylindrical disk (b), aspheric (c¢) and hemispherical (d) WGM
resonators; numbers at resonances are azimuthal indexes at one field variation along radius
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An important peculiarity is found here,
namely a spectrum of aspherict+cylindrical disk
resonator is the most rarefied, which is seen
especially well in Fig. 4 for sapphire resonators. One
can see change in the resonance frequency of the
studied cavities in Fig. 5, physical nature of which is
obvious.
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Fig. 5. Resonance frequency as function of radius » in Teflon
WGM resonators (see Fig. 1 and Tab. 1) at azimuthal index
n =35 (a) and sapphire WGM resonators (see Fig. 1 and Tab. 2) at
azimuthal index n = 14 (b)

The measurements results shown in Fig. 5
are connected by straight lines only to facilitate
visual perception of the obtained dependencies. The
radiation loss was found using the experimental data
and the known relationship (see, e. g. [1]).

Oy =ktan5+ ASFPREFP 1 0L

M

where k and A, are coefficients describing interaction
of fields with dielectric and conducting endplate, and
tand is dielectric loss tangent. Using the known £, A
and the measured value of Q,, the Q44 can be found
accordingly (1).

A coefficient k£ is very close to 1 and
ktano << A R,, therefore we can leave k=1 for all

resonators. However A, is unknown for aspheric
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resonators. It can be found using two equations (1)
and two measured Q, values for two conductors with
the known surface resistance. We used copper with
R;=0.050hm and steel with R;=0.12 Ohm pre-
measured by means of cylindrical disk WGM
resonator [1]. Such an approach enables us to
determine A, and O,y for all resonators presented in
Tab. 1 and 2. It is worth noting that coefficient 4 can
be calculated analytically for cylindrical disk
resonators (isotropic and anisotropic) with two
conducting endplates and isotropic hemispheric
resonator with CEP.

In Fig. 6 it is shown that Q,,4 values in
Teflon  hemispherical  resonator  determined
experimentally are lower than the ones calculated
analytically. On the other hand, Fig. 6 displays

experimental data concerning Q44 in hemispherical,
aspheric, aspherict+cylindrical and cylindrical disks.
One can see that despite expectation a radiation loss
is the largest for aspheric resonator. Of course this
question is cleared easier for the resonators of higher
QO-factor. In addition, the losses in Teflon cylindrical
disk and aspherictcylindrical disks are almost the
same within the measurement error.
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Fig. 6. Experimental and calculated data on radiation Q-factor for
a number of Teflon WGM resonators. 1-4 are numbers in Tab. 1

Fig. 7 presents a coefficient 4; as a function
of azimuthal number n for hemispherical, aspheric,
aspherict+cylindrical and cylindrical disks. The data
demonstrate that the interaction of microwave fields
with conductor endplate is the strongest in the
aspherictcylindrical disk. This result was rather
unexpected and demanded a further studying using a
number of sapphire resonators. The authors carried
out a thorough study of O-factor and coefficient A
for the mentioned number of sapphire resonators
(Tab. 2) and compared them with that of Teflon
resonators (Tab. 1) in Fig. 8.

In a Fig. 8 it is shown that the sapphire
resonator  with  aspheric, not hybrid (i.e.
aspherictcylindrica disk), lateral surface has the
maximum coefficient 4,, However the radiation
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quality, vice versa, is larger in the hybrid resonator.
Thus, the hybrid, namely, aspherict+cylindrical disk
sapphire resonator with 4; 25 % greater than 4; of the
hemispherical resonator with approximately the same
radiation loss is a better option for the microwave
measurement purpose. It is useful for developing
sensors of the surface impedance of superconductors
or other types of conductors, such as graphene, where
high sensitivity of contactless measurement of
complex conductivity is especially important [10].
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Fig. 7. Coefficient 4; for a number of resonators depending on
azimuthal index. 1-4 are numbers in Tab. 1
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Fig. 8. Data on radiation Q-factor and coefficient 4, for Teflon
WGM resonators 14 (Tab. 1) (a) and for sapphire resonators 14
(Tab. 2) (b)

Conclusion. In this work radiation and
conductivity losses, which determined by coefficient
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A,, in a number of WGM dielectric resonators of
various shapes (of rotation body surface) made of
isotropic (Teflon) and anisotropic (single crystal
sapphire) dielectrics placed on conducting endplates
are studied. For the hemispherical Teflon resonator
the results of analytical calculation and experimental
measurements of radiation losses are correlated,
although the experimental losses are higher.
Comparative analysis of sapphire WGM resonators
shows that, on the one hand, resonator in shape of
aspherictcylindrical disk has higher radiation
QO-factor and higher coefficient 4, compare to disk
resonator. On the other hand, aspheric disk shows the
highest coefficient A, but its radiation loses
approximately equal to radiation loses in disk
resonator. However, last ones much inferior in
radiation Q-factor to the hemisphere. In this way,
aspheric resonators are promising for surface
impedance and complex conductivity
characterization of superconductors and other types
of conductors.

The authors thank S. I. Tarapov and his
colleagues for the opportunity and assistance in
making measurements using a network analyzer
PNA-L N5230A.
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A. A. bapannuk, H. T. Yepnak,
M. C. Xapuenko, C. A. Burycesnu

[OJIYCOEPUYECKHA U ACOEPUYECKMIA
JUOJIEKTPMYECKUE PE3OHATOPBI
C BOJIHAMM LIEITYYIEN I'AJIEPEU
CITPOBOAIIMMU TOPLEBBIMU CTEHKAMMU:
PAJJMAIITMOHHBIE ITOTEPU U ITOTEPU
B [TPOBOIHUKE

Meton m3mepeHMi, OCHOBaHHBIH Ha HCIIOJIb30BAHUU
JIMBJIEKTPUYECKUX PE30HATOPOB € BOJIHAMHU 1uernuyiiei rasepeu (LI,
JUISL HAXOXKIGHUsS MOBEPXHOCTHOTO MHKPOBOJHOBOTO HMIIEAAHCA
IUICHOK BBICOKOTEMIICPATYPHBIX CBEPXIPOBOJHHUKOB, SBISIETCS
JOCTaTOYHO TOYHBIM. OJIHAaKO YyBCTBHTEIHHOCTb €I0 OIPAHUYHBA-
ercs paJHalllOHHBIMU IOTEPSMHU B 3THX OTKPBITBIX 3JIEKTPOAHHA-
MHYECKHX CHCTEMaxX U 3aBUCHUT OT 3 (HeKTUBHOCTH B3aHMOICHCTBHS
MHUKPOBOJIHOBBIX T0JIeli ¥ IieHKH (kod¢pduument A). Ilensio
PaOOTEI SIBISACTCS UCCIE0OBAHNE PaUALIMOHHBIX TOTEPh U NOTEPb,
00yCIOBIEHHBIX IIPOBOJHMOCTBIO B PE30HATOPAX pa3IHIHOI
¢dopmsl Bpamenus ¢ BonrHamu 1IN, B pabote u3ydarorcs aIeKTpo-
MarHuTHbIE CBOMCTBA psija pe3oHaTtopoB ¢ BoiHamu LI ¢ Topue-
BBIMH IPOBOAAIIMMHU CTeHKaMu. Ilotepu m3ydatorces B K,-nnama-
30He VIS ABYX BHJOB IUAIEKTPHUECKOTO MaTepHana, a MMEHHO
H30TPOITHOTO (TEe(IIOH) U aHU30TPOITHOIO (MOHOKPHCTAIUTMIECKHIT
candup). s TehIOHOBOro mOIychepHIecKoro pe3oHaTopa
HCTIONB3YETCs aHATUTHYECKHI TOAXO0, U €r0 Pe3yIbTaThl CPaBHU-
BAIOTCS C pe3yJbTaTaMH OKCIICPHUMEHTAIBHBIX H3MEPEHUI.
Pe3ynbTaThl 11 APYrUX (OPM HCCICAYIOTCS SKCHEPHMEHTAIBHO.
DKCHEePUMEHTBI IOKa3bIBAIOT, YTO ac(hepudyecKuil canpupoBbli
pe30HaTOp UMeeT HauOOoNbIINH Kod(GUINEHT 4,, OXHAKO pajaua-
[IMOHHAsT JOOPOTHOCTh BbILIC I THOPUIHOTO CandupoBOro
pe3oHaropa (achepuueckuiitumnmuHApUYecKuit  auck). Takum
obpa3zoM, THOpUAHBII pe3oHaTOp ¢ A, Ha 25 % Ooyee BHICOKHM,
4eM A, NONyc(epruueckoro pe3oHaropa ¢ IPHMEPHO TEMH Ke
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paJMalHOHHBIMU [OTEPSMH, SBISCTCS Jy4IIUM BBIOOPOM ISt
U3MEpeHUH CBOUCTB (CBepX) IPOBOJHHUKOB B MHKPOBOIHOBOM
JIMara3oHe.

KiodeBble c/10Ba: [M3JIEKTPHYECKHE PE30OHATOPSI,
BOJIHBI LIEMYYLIEH rajeped, paJuanioHHas A0OpPOTHOCTb, KO-
(unmeHt 4;.

O. A. bapannuk, M. T. Uepnak,
M. C. Xapuenko, C. A. BityceBuu

HAIMIBCO®EPUYHUI TA ACOEPUYHUNA
JIEJIEKTPUYHI PE3OHATOPU 3 XBUJISIMU
LIEIIOYYYOI IAJIEPEI 3 [TIPOBIIHUMU
TOPLIEBUMU CTIHKAMU:
PAJIIALUMHI BTPATU TA BTPATU
V [IPOBIJIHHKY

Merox BUMIPIOBaHb, 10 IPYHTY€ETHCSI HA BUKOPHCTAHHI
JeNeKTPUIHHUX Pe30HaTOpPiB 3 XBIWIAMH Inenodydvoi ramepei (LLI),
JUIs BU3HAYCHHS IIOBEPXHEBOTO MIKPOXBHJIBOBOTO IMIEIAHCY
UIBOK BHCOKOTEMIIEPATYPHUX HAANPOBIAHHKIB, € JOCHTH TOY-
HuM. OJlHaK 9yTJIUBICTH HOro OOMeXyeThCs pajiallifHUMH BTpa-
TaMH B LUX BIIKPUTHX €JIEKTPOAMHAMIYHHX CHCTEMaX 1 3aJICKHTh
Bil e(EeKTUBHOCTI B3aeMOAii MIKPOXBMJIBOBUX IIOJIB 1 IUIIBKU
(koedimieHT A;). MeToro pobOTH € JIOCHIIKSHHS pajialiiHuX
BTpaT i BTpar, 3yMOBJICHHUX MpPOBIJHICTIO B Pe30HATOpax pi3HOL
¢dopmu obepranns 3 xBuismu LI, YV poGoTi HOCHiKYIOTBCS
€JIEKTPOMArHITHI BIACTUBOCTI psay pe3oHaTopis 3 xBmwrimu LT 3
TOPLEBUMH IIPOBIIHUMH CTiHKamH. Brpatn BuBuatotbcsi B K-
nianasoHi AJs JBOX BUJIB Ji€IEKTPUYHOTO Marepiaily, a came
i3oTponHOro (TedIoH) 1 aHI30TPOMHOro (MOHOKPHCTAIIYHMIT
candip). st TedroHOBOro HamiBCEpUIHOIO Pe30HATOpa BHKO-
PHCTOBYETBCSI QHAITHYHUA MMiIXiA, 1 HOro pe3ynbTaTé MOpPiBHIO-
I0TBCS 3  PE3yJbTATAMU  CKCIICPUMEHTAIBHHX  BHUMIpIOBAHb.
PesynpraTi 1u1st iHIUX GOPM JOCITIIKYIOTCS €KCIIEPHUMEHTAIIBHO.
ExcriepuMeHTH MOKa3yroTh, M0 achepuuHuii canipoBuii pe3oHa-
TOp Mae HalOLbIIMKA KoedillieHT A,, mpoTe pajiamiiiHa 100poT-
HICTb BHUINA AN TiGpuaHOTo camdipoBoro pesoHaropa (achepud-
HUH-+ T HAPHYHAH auck). TakuMm 4nHOM, TiOpUAHHIL pe3oHaTop 3
A Ha 25 % BULIMM, HIK A, HamiBC(EPUYHOTO pe30HaTOpa 3 NpUO-
JIM3HO THMH X paJialiffHUMH BTpaTaMH, € KPaIlkuM BHOOPOM IJIs
BUMIpPIOBaHb BJIaCTHBOCTEl (HaJ) NPOBITHUKIB B MiKPOXBHJIEOBO-
My Jiamna3oHi.

KirouoBi ciioBa: JieneKTpu4Hi pe30HATOPH, XBHIIL
LIeroYy4oi rajepei, pajiamiiiHa JoOpOTHICTh, KoedilieHT 4.



