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Íåêîòîðûå âîïðîñû âûïîëíåíèÿ
ñëîæíûõ îïåðàöèé â ñèñòåìå îñòàòî÷íûõ êëàññîâ

Ïðèâåäåíî ðåøåíèå çàäà÷è äåëåíèÿ íà äâà ÷åòíûõ ÷èñåë, ïðåäñòàâëåííûõ â ñèñòåìå

îñòàòî÷íûõ êëàññîâ. Ìåòîä ðåøåíèÿ áàçèðóåòñÿ íà îïðåäåëåíèè îñòàòêà ÷àñòíîãî ïî

äàííîìó ìîäóëþ íà îñíîâå ïîëó÷åííûõ îñòàòêîâ ÷àñòíîãî ïî îñòàëüíûì ìîäóëÿì ñèñòå-

ìû ïðè óñëîâèè ïðèíàäëåæíîñòè ÷àñòíîãî ïåðâîé ïîëîâèíå äèàïàçîíà. Â ïðîöåññå ðåøå-

íèÿ îñíîâíîé çàäà÷è ðàññìîòðåíû òàêæå ðåøåíèÿ äðóãèõ çàäà÷ â ñèñòåìå îñòàòî÷íûõ

êëàññîâ: ðàçáèåíèå äèàïàçîíà ÷èñåë íà èíòåðâàëû, ðàñøèðåíèå äèàïàçîíà ÷èñåë, îïðåäå-

ëåíèå ïðèíàäëåæíîñòè ÷èñëà äàííîé ïîëîâèíå, ïîñòðîåíèå òàáëèö âûáîðêè êîíñòàíò,

íåîáõîäèìûõ äëÿ ïîëó÷åíèÿ ðåçóëüòàòà.

Íàâåäåíî ðîçâ’ÿçàííÿ çàäà÷³ ä³ëåííÿ íà äâà ïàðíèõ ÷èñåë, ÿê³ ïðåäñòàâëåí³ ó ñèñòåì³ çàëèø-

êîâèõ êëàñ³â. Ìåòîä ðîçâ’ÿçàííÿ áàçóºòüñÿ íà âèçíà÷åíí³ çàëèøêó ÷àñòêè çà äàíèì ìîäóëåì

íà áàç³ îòðèìàíèõ çàëèøê³â ÷àñòêè çà ðåøòîþ ìîäóë³â ñèñòåìè çà óìîâè íàëåæíîñò³ ÷àñòêè äî

ïåðøî¿ ïîëîâèíè ä³àïàçîíó. Ó ïðîöåñ³ ðîçâ’ÿçóâàííÿ îñíîâíî¿ çàäà÷³ ðîçãëÿíóòî òàêîæ

ðîçâ’ÿçàííÿ ³íøèõ çàäà÷ ó ñèñòåì³ çàëèøêîâèõ êëàñ³â: ðîçáèòòÿ ä³àïàçîíó ÷èñåë íà ³íòåðâàëè,

ðîçøèðåííÿ ä³àïàçîíó ÷èñåë, âèçíà÷åííÿ íàëåæíîñò³ ÷èñëà äî äàíî¿ ïîëîâèíè, ïîáóäóâàííÿ

òàáëèöü âèáîðêè êîíñòàíò, íåîáõ³äíèõ äëÿ îòðèìàííÿ ðåçóëüòàòó.

Ê ë þ ÷ å â û å ñ ë î â à: îñòàòî÷íûå êëàññû, ìîäóëè, äåëåíèå, äèàïàçîí.

Ïîâûøåíèå íàäåæíîñòè è áûñòðîäåéñòâèÿ âû÷èñëèòåëüíûõ ñòðóêòóð ñâÿ-

çàíî ñ ïðèìåíåíèåì íîâûõ ïðèíöèïîâ, îñíîâàííûõ íà ïðåäñòàâëåíèè

äàííûõ â ñèñòåìå îñòàòî÷íûõ êëàññîâ (ÑÎÊ) [1]. Äîñòîèíñòâà ÑÎÊ, ïîäðîá-

íî èçëîæåííûå â [2, 3], çàêëþ÷àþòñÿ â âûñîêîé ñòåïåíè ïàðàëëåëèçìà ïðè

âûïîëíåíèè àðèôìåòè÷åñêèõ îïåðàöèé ñëîæåíèÿ, âû÷èòàíèÿ è óìíîæåíèÿ.

Îäíàêî âîçíèêàþò îïðåäåëåííûå òðóäíîñòè ïðè ðåàëèçàöèè íåìîäóëüíûõ

îïåðàöèé, òðåáóþùèõ çíàíèÿ âñåãî ÷èñëà â öåëîì. Ê òàêèì îïåðàöèÿì îòíî-

ñèòñÿ, â ÷àñòíîñòè, îïåðàöèè äåëåíèÿ ÷åòíîãî ÷èñëà íà äâà.

Ïîñòàíîâêà çàäà÷è. Áóäåì èñïîëüçîâàòü îïðåäåëåíèÿ è îáîçíà÷åíèÿ,

ïðèâåäåííûå â [4]. ÑÎÊ – ýòî ñèñòåìà ñ÷èñëåíèÿ, â êîòîðîé ïðîèçâîëüíîå

÷èñëî N ïðåäñòàâëÿåòñÿ â âèäå íàáîðà íàèìåíüøèõ íåîòðèöàòåëüíûõ îñòàò-

êîâ ïî ìîäóëÿì m m mn1 2
, ,..., , ò. å. N N m� [ (mod ),

1
N m N mn(mod ),..., (mod )]

2

èëè N n� ( , ,..., )� � �
1 2

, ãäå � i iN m� (mod ) . Åñëè âñå öåëûå ÷èñëà N ïðè-
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íàäëåæàò äèàïàçîíó [ , )0 M , îáúåì êîòîðîãî M m m mn�
1 2
, ,..., , à ìîäóëè mi

âçàèìíî ïðîñòûå, òî êàæäîìó íàáîðó ( , ,..., )� � �
1 2 n ñîîòâåòñòâóåò òîëüêî

îäíî ÷èñëî N èç ýòîãî äèàïàçîíà.

Áóäåì îòëè÷àòü ÷èñëà ïåðâîé è âòîðîé ïîëîâèíû äèàïàçîíà. Åñëè

2
1 2

� � �m m mn... , òî ïðè 0 2� �N M / N — ÷èñëî ïåðâîé ïîëîâèíû, à ïðè

M N M N/2 � � — ÷èñëî âòîðîé ïîëîâèíû.

Ïóñòü â ñèñòåìå ñ îñíîâàíèÿìè m m mn1 2
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Òîãäà âñå îñòàòêè ÷àñòíîãî, êðîìå îñòàòêà ïî ìîäóëþ 2, îïðåäåëÿþòñÿ
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Òàêèì îáðàçîì, ïîñëå îêîí÷àíèÿ î÷åðåäíîãî öèêëà ïîñëåäîâàòåëüíî-

ãî äîáàâëåíèÿ ê A j t�

, t m ji� � �1 2 1, ,...,( ) ÷èñëà B mi�
�

1 2
1

, ,..., ïîëó÷àåì

�
i

j t

i

j t� �

�
~
� , (2)

ãäå
~

( ) (mod )� �
i

j t

i

j
i it m m�

�
� �

1
.

Â òàáë. 1 ïðèâåäåíû çíà÷åíèÿ ðàçíîñòåé äëÿ ðàçëè÷íûõ ìîäóëåé. Ïî-

ñêîëüêó çíà÷åíèÿ ðàçíîñòåé îäèíàêîâû íà èíòåðâàëàõ, äëèíà êîòîðûõ m
4

= 7,

òàáë. 1 ìîæíî ñæàòü, îñòàâèâ äëÿ êàæäîãî èíòåðâàëà çíà÷åíèÿ ðàçíîñòåé

Þ. Ä. Ïîëèññêèé

116 ISSN 0204–3572. Electronic Modeling. 2008. V. 30. ¹ 2



ïåðâîãî ÷èñëà èíòåðâàëà è èñêëþ÷èâ íåèíôîðìàòèâíûå ñòîëáöû çíà÷åíèé

îñòàòêîâ (òàáë. 2). Íà îñíîâàíèè (1) òàáë. 2 òàêæå ìîæíî ñæàòü, îãðàíè-

÷èâøèñü çíà÷åíèÿìè
~
�

1
äëÿ ÷èñåë ïåðâîé ïîëîâèíû, ïðè÷åì òîëüêî äëÿ

çíà÷åíèé
~
�

1
= 0 (òàáë. 3).

Ïóñòü ðåçóëüòàò äåëåíèÿ íà 2 åñòü

C � ( , , , )� � � �
1 2 3 4

. (3)

Òîãäà, ñîñòàâèâ äëÿ (3) ðàçíîñòè

~
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2 2 4 2
� � m ,

~
( ) (mod )� � �

3 3 4 3
� � m , (4)

îïðåäåëèì, ñîâïàäàåò ëè (4) ñ îäíîé èç ñòðîê òàáë. 3. Â ñëó÷àå ñîâïàäåíèÿ

Íåêîòîðûå âîïðîñû âûïîëíåíèÿ ñëîæíûõ îïåðàöèé â ñèñòåìå îñòàòî÷íûõ êëàññîâ
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1 1 1 1 1 0 0 0

2 0 2 2 2 0 0 0

3 1 0 3 3 0 0 0

4 0 1 4 4 0 0 0

5 1 2 0 5 0 0 0

6 0 0 1 6 0 0 0

7 1 1 2 0 1 1 2

8 0 2 3 1 1 1 2

9 1 0 4 2 1 1 2

10 0 1 0 3 1 1 2

11 1 2 1 4 1 1 2

12 0 0 2 5 1 1 2

13 1 1 3 6 1 1 2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

196 0 1 1 0 0 1 1

197 1 2 2 1 0 1 1

198 0 0 3 2 0 1 1

199 1 1 4 3 0 1 1

200 0 2 0 4 0 1 1

201 1 0 1 5 0 1 1

202 0 1 2 6 0 1 1

203 1 2 3 0 1 2 3

204 0 0 4 1 1 2 3

205 1 1 0 2 1 2 3

206 0 2 1 3 1 2 3

Òàáëèöà 1
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Ïðèìåð 1. Ïóñòü â ÑÎÊ ñ ìîäóëÿìè m
1
= 2, m
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= 3, m

3
= 5, m

4
=7 äåëèìîå N
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= 134 =

= (0,2,4,1), äåëèòåëü N
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= 2 = (0,2,2,2). Ðåçóëüòàò ôîðìàëüíîãî äåëåíèÿ:
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1 1

1 4 1� � �( ) (mod )m . Òàêèì îáðàçîì, ðåçóëüòàò äåëåíèÿ: C = 67 = (1, 1, 2, 4).

×èñëî ñòðîê â òàáë. 3 íàõîäèì èç âûðàæåíèÿ
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Ìîäóëü Ðàçíîñòü Ìîäóëü Ðàçíîñòü Ìîäóëü Ðàçíîñòü
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0 0 0 0 70 0 1 0 140 0 2 0

7 1 1 2 77 1 2 2 147 1 0 2

14 0 2 4 84 0 0 4 154 0 1 4

21 1 0 1 91 1 1 1 161 1 2 1

28 0 1 3 98 0 2 3 168 0 0 3

35 1 2 0 105 1 0 0 175 1 1 0

42 0 0 2 112 0 1 2 182 0 2 2

49 1 1 4 119 1 2 4 189 1 0 4

56 0 2 1 126 0 0 1 196 0 1 1

63 1 0 3 133 1 1 3 203 1 2 3

Òàáëèöà 2

mod = 3 mod = 5

Îñòàòîê Êîíñòàíòà Îñòàòîê Êîíñòàíòà

0 0 0 0

1 2 1 4

2 1 2 3

3 2

4 1
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0 0 0 0

14 0 2 4

28 0 1 3

42 0 0 2

56 0 2 1

70 0 1 0

84 0 0 4

98 0 2 3
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Êàê âèäíî èç (7), ïîëüçîâàòüñÿ òàáë. 3 ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ íåöåëåñî-

îáðàçíî, òàê êàê ïîòðåáóåòñÿ áîëüøîé îáúåì ïàìÿòè äëÿ ñîõðàíåíèÿ òàêîé òàáëèöû. Â

ñâÿçè ñ ýòèì ïðåäëàãàåòñÿ ñëåäóþùèé ñïîñîá îïðåäåëåíèÿ
~
�

1
.

Ïîñêîëüêó ñòðîêè â òàáë. 3 ïðåäñòàâëÿþò ñîáîé çíà÷åíèÿ ðàçíîñòåé ïåðâîãî ÷èñëà

èíòåðâàëà, à ýòè ÷èñëà â ñîîòâåòñòâèè ñ (2) êðàòíû t mi�1
1 (â ïðèìåðå êðàòíû 2 m

4
= 14),

ðàçäåëèì ÷èñëî êàæäîé ñòðîêè A j
� (

~
,
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)� �
2 3

òàáë. 3 íà S = 14 = (2, 4). Ïðè ýòîì äëÿ

êàæäîãî íàáîðà ìîäóëåé ÷èñëî S ÿâëÿåòñÿ êîíñòàíòîé, ïîýòîìó îïåðàöèþ äåëåíèÿ ìîæíî

çàìåíèòü îïåðàöèåé âûáîðêè êîíñòàíò èç ñîîòâåòñòâóþùåé òàáëèöû. Äëÿ äàííîãî íàáîðà

ìîäóëåé âûáîðêà ïðîâîäèòñÿ èç òàáë. 4. Â ðåçóëüòàòå òàáë. 3 ïðåîáðàçóåòñÿ â òàáë. 5,

ñòðîêè êîòîðîé ïðèíàäëåæàò ïåðâîé ïîëîâèíå äèàïàçîíà �0
1

, M ), ãäå M m m1

2 3
� .

Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ îñòàòêà �
1

â (6) íåîáõîäèìî ÷èñëî D � ( , )� �
2 3

ðàçäåëèòü íà êîíñòàíòó S è îïðåäåëèòü, îòíîñèòñÿ ëè ÷àñòíîå T
D

S s s
� �

�

	




�

�



� �
2

2

3

2

, ê ïåðâîé

ïîëîâèíå äèàïàçîíà ë0
1

, M ). Ïðè íå÷åòíîé ñèñòåìå ìîäóëåé T — ÷èñëî ïåðâîé ïîëîâèíû,

åñëè 0
1

2

1

� �

�

T
M

, è T — ÷èñëî âòîðîé ïîëîâèíû, åñëè
M

T M
1

11

2

1
�

� � � . Ïðè âûïîë-

íåíèè ýòîãî óñëîâèÿ
~
�

1
= 0, ïðè íåâûïîëíåíèè —

~
�

1
= 1, à èñêîìîå çíà÷åíèå �

1
îïðå-

äåëÿåòñÿ èç âûðàæåíèÿ (5). Ïðè ýòîì îïðåäåëåíèå ïðèíàäëåæíîñòè ÷èñëà T äàííîé

ïîëîâèíå äèàïàçîíà îñóùåñòâëÿåòñÿ ñëåäóþùèì îáðàçîì.

Íà êàæäîé èòåðàöèè, íà÷èíàÿ ñ ïåðâîé, îïðåäåëÿåòñÿ ïðèíàäëåæíîñòü èñïûòóåìîãî

÷èñëà äàííîé ïîëîâèíå. Íà ïåðâîé èòåðàöèè òàêîå îïðåäåëåíèå îäíîçíà÷íî. Íà î÷åðåä-

íîé èòåðàöèè ðàññ÷èòûâàåòñÿ çíà÷åíèå ïðèâåäåííîãî îñòàòêà, ïî êîòîðîìó îïðåäåëÿåòñÿ

ïðèíàäëåæíîñòü èñïûòóåìîãî ÷èñëà äàííîé ïîëîâèíå, è ýòîò ðåçóëüòàò çàïîìèíàåòñÿ â

êà÷åñòâå ðåçóëüòàòà âñåé îïåðàöèè. Ðàñ÷åò âûïîëíÿåòñÿ ïóòåì âû÷èòàíèÿ èç ïðèâåäåííûõ

îñòàòêîâ ïðåäûäóùåé èòåðàöèè êîíñòàíò, âûáèðàåìûõ èç òàáëèö. Åñëè ïîëó÷åííîå çíà÷å-

íèå ïðèâåäåííîãî îñòàòêà íå äàåò îäíîçíà÷íîãî ðåçóëüòàòà, â êà÷åñòâå ðåçóëüòàòà âñåé

îïåðàöèè ñîõðàíÿåòñÿ ðåçóëüòàò ïðåäûäóùåé èòåðàöèè.

Ïðèìåð 2. Ïóñòü äëÿ òîé æå ÑÎÊ ñ ìîäóëÿìè m
1
= 2, m

2
= 3, m

3
= 5, m

4
= 7 äåëèìîå

N
1
=140=(0,2,0,0), äåëèòåëü N

2
= 2 = (0,2,2,2). Ðåçóëüòàò ôîðìàëüíîãî äåëåíèÿ:

C � � � � �
�
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Ìîäóëü m
2
= 3 m

3
= 5
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0 0 0

1 1 1

2 2 2

3 0 3

4 1 4

5 2 0

6 0 1

7 1 2

Òàáëèöà 5

Ìîäóëü

m
2
= 3 m

3
= 5
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Òàáëèöà 6

Îñòàòîê Êîíñòàíòà

m
2
= 3 m

3
= 5

0 0

1 1

2 2

Òàáëèöà 7



Ñîñòàâëÿåì ðàçíîñòè:

~
( ) (mod ) ( ) (mod )� � �

2 2 4 2 2
1 0 1� � � � �m m ,

~
( ) (mod ) ( ) (mod )� � �

3 3 4 3 3
0 0 0� � � � �m m .

Äåëèì A j
� (

~
,
~

)� �
2 3

íà S s s� ( , )
2 3

, ò. å. A j
� ( , )1 0 íà S � ( , )2 4 . Ïîëó÷àåì T � ( , )2 0 .

Â ñîîòâåòñòâèè ñ (4) ïî çíà÷åíèþ îñòàòêà
~
�

2
= 2 èç òàáë. 6 îïðåäåëÿåì, ÷òî ïîñëå äàííîé

èòåðàöèè ÷èñëî T ïðèíàäëåæèò âòîðîé ïîëîâèíå äèàïàçîíà. Íà ñëåäóþùåé èòåðàöèè äëÿ
~
�

2
= 1

èç òàáë. 7 âûáèðàåì êîíñòàíòó, ðàâíóþ 2, äëÿ âû÷èòàíèÿ èç îñòàòêà ÷èñëà T ïî ìîäóëþ m
3

= 5.

Ïîëó÷àåì
~
�

3
= 3. Ïî òàáë. 6 äëÿ

~
�

3
= 3 îïðåäåëÿåì, ÷òî T ïðèíàäëåæèò ïåðâîé ïîëîâèíå äèà-

ïàçîíà.Îòñþäà ñëåäóåò
~
�

1
= 0, è â ñîîòâåòñòâèè ñ (5) ( ) (mod )�

1 1
4 0� �m . Òîãäà, �

1
1� �(

� �4 0
1

)(mod )m . Ðåçóëüòàò äåëåíèÿ N
1

= 140 = (0,2,0,0) íà N
2

= 2 = (0,2,2,2) ñîñòàâëÿåò C

= = (0, 1, 0, 0) = 70.

Òàêèì îáðàçîì, ìåòîä ýôôåêòèâíîãî ðåøåíèÿ çàäà÷è äåëåíèÿ íà äâà

÷èñåë, ïðåäñòàâëåííûõ â ñèñòåìå îñòàòî÷íûõ êëàññîâ, îñíîâàí íà îïðå-

äåëåíèè îñòàòêà ÷àñòíîãî ïî äàííîìó ìîäóëþ èñõîäÿ èç ïîëó÷åííûõ

îñòàòêîâ ÷àñòíîãî ïî îñòàëüíûì ìîäóëÿì ñèñòåìû ïðè óñëîâèè ïðèíàä-

ëåæíîñòè ÷àñòíîãî ïåðâîé ïîëîâèíå äèàïàçîíà. Â ïðîöåññå ðåøåíèÿ îñíîâ-

íîé çàäà÷è ðåøåíû òàêæå çàäà÷è ðàçáèåíèÿ äèàïàçîíà ÷èñåë íà èíòåðâàëû,

ðàñøèðåíèÿ äèàïàçîíà ÷èñåë, îïðåäåëåíèÿ ïðèíàäëåæíîñòè ÷èñëà äàííîé

ïîëîâèíå, ïîñòðîåíèÿ òàáëèö âûáîðêè êîíñòàíò. Ðåçóëüòàòû ïðîâåäåííûõ

èññëåäîâàíèé ìîãóò áûòü èñïîëüçîâàíû äëÿ ðàçðàáîòêè ïàòåíòíîñïîñîáíûõ

íåñëîæíûõ ïðè ñõåìíîé ðåàëèçàöèè âû÷èñëèòåëüíûõ ñòðóêòóð.

Solving problem is produced for division even numbers by two in residual class system. The

solving method is based on the quotient residue definition to the given modulus on the basis of

received quotient residues to the rest systems’ modulus on condition that quotient belongs to the

first half of range. The solving of some another problems are considered for the residual class

system in the process of the main problem decision. These are: the division of the numbers range

to the intervals, the number range extension, the definition of the number belonging to given half

of range, the building of constants sampling tables which is necessary to receive of result.
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