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In present work it was studied the formation of transparent "windows" in a layered-
grown sample, each layer of which consists of a basic opaque phase and an additional
transparent one, in the case when the "islets” of an additional phase in a new layer
originate above the phase boundary in the previous layer. Also, for this case, the law of
changing the fraction o; of the area of the layer occupied by the transparent phase with
the layer number i is studied. Distribution densities of "windows"” over the area and their
asymptotics in small- and large-scale areas are obtained. The existence of qualitatively
different forms of the dependence of 6, on the number of the layer as a function of the
intensity parameter of formation of "islets” is shown. This parameter is the value of the
average number n of new "islets” per one "islet” (the length of the boundary of one
"islet™) in the previous layer.

Keywords: Layerwise, origin above boundary, windows of transparensy.

NsyueHo ob6pasoBaHue MPO3PAUHLIX OKOH B IOCJOMHO BLIPAIleHHOM 00paslle, KasKIbIi
CJIOH KOTOPOT'O COCTOUT U3 OCHOBHOM HEIpOo3pauyHol ()as3hl U JOMOJHUTEILHON IpOo3pavyHoil, B
ciaydae, KOTJa OCTPOBKHU [JOMOJHUTEJLHON (pashbl B HOBOM CJIO€ 3apPOKAAIOTCS HAaJ IPAHIU-
ne#t (as B mpegwigymieM cioe. MsyueH I AAHHOTO CIydYad 3aKOH M3MeHEHHA JONU G
IUIOIIAAY CJIOSI, 3aHATON mpospauHoii ¢asoii, ¢ HoMepoM cJjosa i. IloaydeHBI IIJIOTHOCTU
pacopegeleHnsa OKOH IO IJIOIIAJM M WX ACHUMITOTHKM B MEJKO- M KPYIHOMACIITAOHOI
obnacrax. ITokasano cyllecTBOBaHMEe KAaUeCTBEHHO DPABHBIX (JOPM 3aBHCHMOCTH G; OT HOMEDa
CJ0d B 3aBHCHMOCTH OT IIapaMeTpPa MHTEHCHBHOCTH OOPA3OBAHUSA  OCTPOBKOB — BEJIMYWHEI
CPeJHero urcja 71 HOBBbIX OCTPOBKOB' , NPUXOAAIIMXCA HA OLUH  OCTPOBOK' (AJIUHY IpaHu-
bl OJHOI'0 " OCTPOBKA') B IPEABIAYIIEM CJOE.

Baacrusocrti 06’emuoi ¢a3u npu nmomaposomy 3pocranHi. Bunagox ¢opmMyBaHHA HOBOIL
dazu maxg mexero daz y monepexusomy mapi. P.€.Bpodcvruii.

BusueHO POPMYBAHHA NPO30OPHUX BIKOH" y IIOIIAPOBO BUPOINCHOMY 3PAa3Ky, KOXKEH IIap
SAKOro CKJIAQZAEThCSA 3 OCHOBHOI Hempos3opoi ¢asu i momarxosoi mposopoi, y pasi, Kouau
"ocTpiBoi” momaTkoBOI (Pasm y HOBOMY HIApl 3apoMKyIOTHCH HAJ MEXKen (as y IIOIepeIHbO-
My mapi. BuBueHo Aad JAHOrO BHNAJKY 38KOH 3MIHM 4acTKHW O; ILIONLL IIapy, 3aldHATOI
mpo3oporo (Pasorw, 3 HoMepoM mapy i. Orpumani rycruam posuoainy "Bikor”™ sa mimomerw i Ix
ACUMIITOTHKH y ApibHO- i BeruKomaciiTabHil obnactax. [lokasaHo icHuyBanud AKicHO pisHHX
tdopm sasemHoCTL O; Big HOMEpa apy B 3aJeXXHOCT] Bij IapamMeTpa iHTEHCHBHOCTiI yTBODPEH-
HA "OCTPIBI[iB" — BEJAHWUYNHU CEePefHLOTO UMCJIa 7 HOBUX OCTPIiBIIB", IO NPpUOAAAOTL HA
OfVH ~ocTpiBenn (MOBKUHY Me:Ki OJHOTO ~OCTPIiBIA) y TMOMEePeIHLOMY IIapi.
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1. Introduction

In the case of layer-by-layer formation of
a sample whose layers consist of the main
phase of a material with inclusions of an-
other, "new” phase, such inclusions in adja-
cent layers can contact each other [1-4],
forming volume inclusions. These volume
inclusions can be completely within the
sample or come out on the end surfaces. In
particular, they can permeate through the
entire sample. In this case, the sample can
acquire new properties, for example, if the
main phase is insulating, while the addi-
tional is conducting one, then in case of a
volumetric inclusion come out on both sur-
faces, the sample will become conductive.

Another example is a transparent new
phase in an opaque sample. In the case of a
through inclusion, if the projections of in-
clusions in all layers on one plane that is
parallel to the layers have an intersection
area, a transparent "window"” will appear in
the sample. The formation of such "win-
dows” is studied in this paper.

The probability of the appearance of a
"window” and the distribution of "windows”
over the area depends on how the new phase
is formed in separate layers. In [5], the case
of independent formation of a new phase in
layers was studied, in [6] — the case of the
nucleation of "islets”™ of a new phase
strictly above a new phase in the previous
layer. Another common case is the case of
the nucleation of a new phase above the
phase boundary. The results of the investiga-
tion of this case are presented in this paper.

2. Statement of the problem.

Let us consider a layerwise forming sam-
ple. We assume that all the layers have the
form of a circle of radius R. The layers
consist of a basic opaque phase with inclu-
sions of an additional transparent one. The
number of layers is N. The inclusions of the
new phase consist of round "islets” of radius
r. "Islets” of this form are obtained in the
case when the "islet” originates at one point
and then grows isotropically. The radii of all
"islets” will coincide if the nucleation of all
"islets” occurs at the same time (for example,
at the start time of the layer formation) and
all "islets” grow up the same time — until
the end of the layer formation.

We will investigate the case when the
nucleation points of the "islets™ are located
strictly above the boundary of the phases in
the previous layer. The points of nucleation
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of "islets” in the initial, zero layer will be
assumed to be uniformly distributed over
the layer. The number of "islets” in the
zero layer is n.

Let us introduce the characteristics of
the random process of nucleation of "is-
lets”. We will do this in a form convenient
for both analytical research and numerical
modeling. For this, we break the boundary
of the phases of the preceding layer into
cells of length A <<I, where [ = 2nr is the
length of the boundary of one "islet”. We
choose A so that Al, A <<Al << [ can be in-
troduced to proceed to the continuous case.
Suppose that one and only one "islet” can
originate (or not) with probability p = A/l - n
over each cell of length A in a new layer.
The number n <I/A has the meaning of the
average number of "islets” in the new layer
to one "islet” (the length of the boundary of
one “islet”) of the previous layer. (In the
numerical experiment, n > [/A can be taken,
but this means simply a mandatory nuclea-
tion in each cell and is equivalent to n = I/\).
The numerical modeling of the system will
be constructed following this way. The tran-
sition to the continuous case in the limit
A — 0 is a transition to a Poisson process.
We choose a segment of the boundary with
length Al such that A << Al << I, including
K = Al/A cells. The probability p, of the for-
mation of exactly k "islets” over the inter-
val Al is

_ k!
FP, = pF(1 - p)Kh) . P

At A — 0 we obtain the Poisson distribu-
tion

~
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It is easy to see that for this expression

oo

the normalization condition 2
k=0

pp=11s

satisfied.
The average number of new "islets™ over Al
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has a physically understandable meaning —
i.e. "islets” are generated along the entire
boundary uniformly, the average number of
new “islets” over Al is proportional to the
average number n of "islets” over [ with a

coefficient Al/I.

The purpose of this paper is, at first, to
obtain the law of change of the layer filling
with a transparent phase along the layer
number and, secondly, to obtain the distri-
bution of the "windows"” of transparency
over the area in the finished sample when
the T"islets” of the transparent phase are
generated above the phase boundary. By
filling it is meant the fraction of the area
of the layer occupied by the new phase.

Area change of the transparent
phase in successive layers.

We introduce S; — the area of the trans-
parent phase in the layer i. Depending on
the average number n of new "islets” on one
"islet” of the previous layer, the number of
"islets” in the layer and the area S; may
increase, decrease or remain constant with
the layer number. Note that since we are
talking about a random process, the state-
ments about the increase and decrease are
meaningful on average for many experi-
ments. The value n, such that for n <n,
the area S; will decrease with the layer
number, with n > n, — increase and for n =
n, will not, on average, change, we will call
the "equilibrium”™ value of n.

If the "islets” inside the layer did not in-
tersect, the equilibrium value of n would be
unity. However, since intersections "absorb”
part of the phase boundary in the layer, the
actual value of n, will be somewhat larger.

The number of "islets” in the zero layer, in
the general case, should be considered small,
Sy <<S;, where S; = nR?2 — layer area.

In this case, at n <n,, the area of the
transparent phase will decrease rapidly
with the layer number (starting from the
already small value) to zero, so that layers
with relatively small numbers will contain
only the basic, opaque phase. The "win-
dows" of transparency will not be formed at
this case.

Let’s consider case n > n,.

Let us study the variation of S in several
first layers. For sufficiently large n new
"islets” over each separate “islet” of the
previous layer will form a circle of radius
2r, similarly to [6], as shown in Fig. 1.
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Fig. 1. Quadratic growth of the area of the
transparent phase over one separate "islet”,
the first step.

Let us suppose that n is not as large, and
this circle is not completely filled. In the
case of the formation of "islets”™ over the
new phase (rather than the boundary) stud-
ied in [6], part of the centers of the new
"islets” lay not on the boundary, but inside
the initial "islet”, so that the increment of
the area of the new phase S; — S in the case
[6] was less than in the one considered here.
Thus, in the first step, we should observe,
on average, a larger increase in the area of
the new phase in comparison with [6] for the
same n.

The boundary of these new "islets” will
consist of, firstly, a part roughly coinciding
with a circle of radius 2r and, secondly,
from a small section near the center of the
initial "islet”, in the limiting case n — o —
from a single point in the center. Hence,
depending on whether the "islet” is born on
this inner site, in the second step will form
either a circle of a new phase of radius 3r
(with an additional boundary line along the
circle of radius r), or a ring with an outer
radius 3r and an internal r (Fig. 2).

This distinction is important from the
point of view of forming a "window". In the
first case, we get a "window" that coincides
with the original "islet”; in the second case,
we do not get a "window” at all. The reali-

O~

Fig. 2. The first two steps of a transparent
phase formation over one separate "islet” for
large n. The lines show the phase boundaries.
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Fig. 3. The image of filling six consecutive lay-
ers, starting with the original, by transparent
phase, is depicted. A selected area containing
several "islets” in the source layer is shown.
The average number of new "islets” per one
"islet” of the previous layer is n = 5, 10, 100.

zation of the first case should obviously be
expected for very large n, the second case for
slightly smaller but still large enough for the
"islets” of the new phase to be joined at the
second step into a solid ring without the main
phase (and the boundary line) inside, which
would be observed for small n.

On the next layers, in analogous way,
either new-phase circles with linearly increas-
ing radii, similarly to [6], or concentric rings
will arise. The critical value n separating the
cases of a circle and rings is denoted by n,.. In
either case, the area of the new phase will
approximately quadratically increase.
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When n 2n,, over each "islet” of the
source layer circular regions of a transpar-
ent phase of radius (i + 1)r, where i is the
layer number (the initial layer is assumed to
be zero) will be formed in successive layers.
So if the regions do not intersect, the total
area occupied by the transparent phase will
change with the layer number as m((i + 1)r)2
and the filling of the layer with the trans-
parent phase will be equal to

. 2
5—; = [%J G+ 1)2 (2)

In Fig. 3 shown a characteristic view of
the covering of the first several layers by
"islets” is presented. A small area is shown
on which several "islets” were located in
the initial layer for n =5, 10, 100, the
transparent phase is shown in light gray,
the border is white. The radius of the
"islet” in this experiment was chosen to be
r = 15 elementary cells (cells of length A in
the description above). From here and fur-
ther on in numerical experiments we sup-
pose that R = 500.

The image of the third layer for n =5
and n = 10 shows the formation of “"rings”,
in Fig. 8 for n = 100 continuous circles are
observed. We note that the case of n =100
corresponds in the given experiment to the
necessary nucleation of an “islet” at each
"point” — the boundary cell, since the total
number of cells of the boundary of one
"islet”, equal to 2mr = 94, is less than n here.
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Fig. 4. Graphs of the dependence of 6, on the number of the layer for n = 0.5...10 with step 0.5 on
the left and n = 10...100 with step 10 on the right are presented. Graphs with large n are located
higher. The initial sections of the parabolic law (2) are also shown. (4c) graphs of the dependence
of 6, on the number of the layer i, the initial region are shows on image bottom. The graphs for
n =0.5; 1; 1.5; 2; 2.5 (from the lower graph to the upper one) are shown.

Functional materials, 25, 4, 2018

783



R.Ye.Brodskii / Properties of the volume phase ...
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Fig. 5. Graph of the dependence of 6; on the
number of the layer, n = 50, r = 15. Number
of layers N = 150.

Fig. 4 shows the graphs of the depend-
ence of the filling o; = S;/S; from the layer
number for n =0, 5...10 with step 0.5 (4a)
and n =10...100 with step 10 (4b), aver-
aged over a large number of numerical ex-
periments. The position of the graph corre-
sponding to some n is getting up with the
higher n. We averaged over 300 experi-
ments for each n. It is seen that in the
region of the first numbers of the layers at
n = 100, the observed dependence is close to
the quadratic law (2) (shown by a solid
line). Such a law occurs when the outer
boundary of the transparent region is com-
pletely covered by the "islets™ of transpar-
ency and the entire internal area is trans-
parent at each step. This is so for n =
100, because such a value of n exceeds the
number of points of the boundary of one
"islet” in a given numerical experiment.
For n =0, 5...10, the graph is sufficiently
far from the quadratic law, and for n < n, the
value of S;/S; decreases with the number of
the layer (see the enlarged initial section in
Fig. 4a). As can be seen 1.5 <n, <2, this
value is close to 1.5.

In Fig. 4 it is demonstrated that for
small n the filling of the layer goes to a
constant value immediately after the
growth region, while at large n it can have
a maximum at some layer number.

Beginning with a certain layer, the
"islet” clusters formed around one initial
"islet” in the zero layer will begin to unite,
and then penetrate to the boundary of the
layer. This leads, similarly to [6], to the
appearance of one or several linear sections
on the graphs o; for individual experiments.
On the graphs averaged over many experi-
ments, linear sections will be blurred.
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Fig. 6. The density of distribution of "win-
dows"” of transparency over the area and its
small-scale asymptotics in the case of one and
only one "islet” in the layer.

The area of the layer S; is the upper
limit of the possible values of the area of
the new phase S; in the layer, so that §;
with increasing of layer number will be
saturating, or oscillating within a certain
value less than S;.

On the graph for n = 50, r = 15 in Fig. 5
two linear sections are presented, corre-
sponding to two stages of growth of clusters
of the transparent phase. Such steps may
correspond, for example, to the following.
The first stage could be the growth of large
cluster after uniting clusters over individ-
ual islets, while the second one could be the
output of the cluster to the boundary of the
layer and, correspondingly, to the cutting
off of its part by this boundary [6].

4. "Windows" of transparency,
the case of one “islet” per layer.

Consider the process of formation of
"windows"” of transparency when "islets”
are born only at the boundary of the phases
in the case when there is one and only one
"islet” in each layer. The distribution den-
sity of the "windows” given from the nu-
merical experiment and its small-scale as-
ymptotic behavior are shown in Fig. 6, the
graph in a double logarithmic scale. The
area of the "window" is given as a part of
the area of the "islet”.

The vertical line shows the maximum
possible area of the "window”. This area
corresponds to the lenticular "window"”
shown in Fig. 7 and is equal to the area of
intersection of two circles, the centers of
which are at a distance d = r from each
other. Such a "window"” is formed in the
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Fig. 7. Lenticular "window”, formed in the
case when "islets” in layers through one are
strictly above each other.

limiting case, when "islets” in layers
through one are strictly above each other

N 7\ 3
Shax = 27‘2(311'ccosi _4 1- [i) ]

2r 2r 2r

with d =r, where r is the radius of the
islet. Taking into account the above nrZ = 1,

Smax = 2/m(n/3 — 1/2V38/2 = 0.391 and
InS,,,. = —0.939.

The angular coefficient of the small-scale
asymptotics obtained in the numerical ex-

periment is —0.489, i.e. close to —0.5,

Ps(S) = I (4)

5. The "windows”™ of
transparency, the case of many
"islets” in the layer.

Let us pass to the study of the "win-
dows"” of transparency that are formed in
the sample for the general case of many
"islets” in the layer. This case will be stud-
ied using numerical simulation.

In Fig. 8 the distribution density of the
"windows"” over the area in a double loga-
rithmic scale for n = 1...10, (the larger is n,
the higher is the graph) is presented. The
value of the area (horizontal axis) is taken
relative to the area of the "islet”, so the
zero of the axis corresponds to the area of
one “islet”. The number of layers is N = 7,
the number of "islets” in the first layer
ng =10, the radius of the "islet” r = 50.
With this set of parameters, "windows” are
formed in a wide range of areas and shapes.
The graphs are based on the results of 1000
experiments.

It can be seen that the graphs have three
sections. The extreme left section, up to
values of InS/S; = —7, corresponds to "win-
dows"™ of up to 7 "cells”, used in numeric
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Fig. 8. Density of distribution of "windows”
by area for n =1...10 with N =7, n, =10,
r = 50.

modeling. In this area the influence of nu-
merical errors is very large, that’s why we
will discuss the following two sections. The
section in the middle part will be called the
small-scale region; the extreme right-hand
side is large-scale.

It can be seen that the graphs in the
small-scale region are well approximated by
straight lines, almost parallel to each other.
Those, the corresponding form of the den-
sity is described by universal law, and does
not depend on n. The presence of linear
approximation means that in this region the
distribution density is power, where p « S¥X,
and ¥ is the slope of the approximating
lines. The values of k for different n are
shown in Fig. 9.

As can be seen, the values of k are close to
-1, so the distribution density of the "win-
dows” over the area in this region has the fo

P(S) e« S1. (5)

Note that this type of distribution is re-
tained within a wide range of parameter vari-
ation. For example, in Fig. 10 there are pre-
sented the graphs of the distribution density
of the "windows"” over the area for the N =
20 layers with ny = 20 "islets™ in the initial
layer, the radii of the "islets” r = 30. Each
graph was constructed from the results of
1000 experiments. As above, n = 1...10.

The angular coefficient of a straight line
approximating of the graph in a small-scale
region for large n is also close to —1, but we
note that since with an increase in the num-
ber of layers, the number of "windows" de-
creases rapidly, with small values of n de-
viations from this regularity occur because
of a small sample. At n =1 in this case,
"windows" are not formed at all, with n = 2
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Fig. 9. Angular coefficients of linear approxi-
mation of the small-scale region of the distri-
bution density of "windows"” over the area.
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Fig. 10. Density of distribution of "windows”
by area for n=1...10 with N =20, n,=
20, r = 30.

only 38 windows were obtained for 1000
experiments. For the same reason, the
boundaries between small- and large-scale
regions are more blurred.

If n is very large, the "windows™ coin-
cide with the “islets” in the source layer
and their area distribution coincides with
the distribution of the area of transparent
regions in the source layer. In Fig. 11 it is
shown the distribution density of the "win-
dows” over the area for n = 100. The hori-
zontal axis here is linear, the values of the
area itself (related to the area of one
"islet™) are plotted, not the logarithm. The
vertical axis is logarithmiec.

A sharp peak is seen in the area of the
"window"”, equal to the area of one "islet” S
= 8;. Such a "window” is formed in the
case when there is an isolated "islet” in the
source layer, and in all the next layers
above it there is a transparent phase. Also
there is a peak near S = 2S;.

All "windows” larger in area than one
"islet” are formed by merging several "islets”
in the source layer into one transparent re-
gion. In the next layers above such a region
there can be both a transparent phase and
elements of the opaque phase, which will lead
to a "cutting out” of the part of the original
area from the resulting "window".
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Fig. 11. Distribution density of "windows”
over the area for n = 100.

Fig. 12. Angular coefficients of linear ap-
proximation of a large-scale region of the dis-
tribution density of "windows"” over the area.

Let us return to a series of experiments
for N=7. In a large-scale region, the graphs
of the distribution density can also be
aroximated by straight lines, with much
smaller (larger modulo) ¥ than in the small-
scale region.

The values of k¥ in a large-scale region
for a series of experiments with N = 7 are
given for n = 1...10 in Fig. 12.

The values of «x lie in the range (-6, —4)
and have a much larger scatter than in the
case of a small-scale region, which is appar-
ently connected with a much smaller sample.

Note that the term "large-scale region”
in the case of many "islets” in the layer has
a different meaning than in the case of one
"iglet” per layer. The small-scale region
turns into a large-scale one in case of many
"islets”, as can be seen from the graphs, at
values of InS/S; about —0.9, The physical
meaning of this value of bound S is the
following. This is the maximum possible value
of the area of the "window" generated over
one separate "islet” when the "islets” begin to
appear on the phase boundary (Fig. 10).

The area of such a "window" is, as indi-
cated above, S,, = 2r2(arccos 1/2 — 1/2\34).
The logarithm of this quantity, related to
the area of the "islet” is approximately
equal to InS,, . = —0.939.

That is, if a large-scale region in the case of
one "islet” in a layer is a region of "windows"

Functional materials, 25, 4, 2018
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areas, slightly smaller than S,,, then the large-
scale region in the case of many "islets” in the
layer is the region of the areas of "windows",
larger then S,,. This region of the windows
formed by the overlap of regions consisting of
several merged "islets” in consecutive layers.

6. Conclusions

The formation of volume inclusions of an
additional transparent phase and the forma-
tion of transparent "windows"” in the sample
are considered in the case of layer-by-layer
growth of the sample. The case of nucleation
of "islets” of a new phase over the phase
boundary of the previous layer was studied.
— It is shown that the law of variation of
o; = 8,;/Sy, filling of the layer with a trans-
parent phase has a quadratic region in the
region of small numbers of layers and, with
a further increase in the number of the
layer, one or several linear sections, as in
the case of [6] (Figs. 4, 5). A quadratic re-
gion is clearly visible for large n ~ 100 and
less noticeable for smaller n.

The appearance of this region is practically
independent of the location of the "islets” in
the original layer in a separate experiment, so
the quadratic section is present on the graphs
averaged over many experiments.

Line segments are clearly visible in the
graphs of o; for individual numerical ex-
periments (Fig. 5), but when averaged,
these sections are not visible, because the
position of the beginning and the end of
each linear section depends on the location
of the "islets” in the source layer.

The dependences of the layer filling on the
layer number are obtained for n = 0.5 - 100
(Fig. 4,). It is shown that the filling de-
creases with the number of the layer for
small n and increases for larger values. The
boundary value is n, = 1.5.

— The density of the distribution of
"windows” of transparency over the area
for the case of one "islet”™ on the layer has
a small-scale asymptotic form

pS(S) o< \/%

The maximum possible value of the "win-
dow" area with a single "islet” in the layer
corresponds to the limiting case of the loca-
tion of "islets” in the layers through one
strictly above one another. In this case, a
lenticular "window"” is formed within area
S ax = 0.891 - S;, where S; is the area of
the "islet”.
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— The density of distribution of "windows”
of transparency over the area in the case of
many "islets” in the layer has the same form
in a wide range of parameters. The density
has a small-scale power-law asymptotics

p(S) o= S7L.

In a large-scale region, the density can
also be approximated by a power function
with exponent in the range of (-6, —4).

— The boundary value of the "window”
area separating the small-scale region from
the large-scale one in the case of many "is-
lets” in the layer corresponds to the area
S,,qx of the largest possible "window"” formed
over one separate "islet” of the initial layer
(Fig. 10). That is, the formation of "win-
dows"” in a large-scale region, in contrast to a
small-scale one, is not due to the covering of
separate “islets” in consecutive layers, but to
the overlap of transparent regions formed by
the fusion of several "islets” into one com-
mon transparent region in each layer.

— With a very large number of “islets”
in the layer n (n ~ 100), the distribution
density of the "windows"” coincides with the
density of the distribution over the area of
the regions of the transparent phase in the
initial layer. This density has a sharp peak
at S = S;, and a smaller peak at S = 25;.
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