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At low temperatures non-equilibrium voltage fluctuations can be generated in current-biased superconducting
nanowires due to proliferation of quantum phase slips (QPS) or, equivalently, due to quantum tunneling of mag-
netic flux quanta across the wire. In this paper we review and further extend recent theoretical results related to
this phenomenon. Employing the phase-charge duality arguments combined with Keldysh path integral tech-
nique we analyze such fluctuations within the two-point and four-point measurement schemes demonstrating that
voltage noise detected in such nanowires in general depends on the particular measurement setup. In the low fre-
quency limit we evaluate all cumulants of the voltage operator which turn out to obey Poisson statistics and ex-
hibit a power law dependence on the external bias. We also specifically address a non-trivial frequency depend-
ence of quantum shot noise power spectrum S, for both longer and shorter superconducting nanowires. In
particular, we demonstrate that Si, decreases with increasing frequency Q and vanishes beyond a threshold value
of Q at T — 0. Furthermore, we predict that S may depend non-monotonously on temperature due to quantum
coherent nature of QPS noise. The results of our theoretical analysis can be directly tested in future experiments

with superconducting nanowires.

PACS: 73.23.Ra Persistent currents;
74.25.F— Transport properties;
74.40.-n  Fluctuation phenomena.

Keywords: quantum phase slips and shot noise

1. Introduction

Perhaps the most fundamental property of any bulk su-
perconducting material is its ability to conduct electric
current without any resistance, i.e., a non-dissipative cur-
rent below some critical value can pass through such ma-
terials. It is clear that in this case neither non-zero aver-
age voltage nor voltage fluctuations across the
superconductor can be expected. While this simple physi-
cal picture holds for sufficiently large superconducting
samples (usually well described by means of the standard
mean field theory approach), it may change drastically as
soon as superconductor dimensions become sufficiently
small. In this case thermal and/or quantum fluctuations
start playing an important role and the system properties
may qualitatively differ from those of bulk superconduct-
ing structures. For instance, in the case of ultrathin super-
conducting wires such fluctuations are responsible for
temporal local suppression of the superconducting order
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parameter A =|A|e'? inside the wire and, hence, for the
phase slippage process. This process gives rise to interest-
ing physical phenomena which cannot be captured with the
aid of the mean field theory.

In the low temperature limit thermal fluctuations are
unimportant and the system behavior is essentially deter-
mined by quantum phase slips (QPS) [1-4]. Each QPS
event implies the net phase jump by 8¢ = +2x accompa-
nied by a voltage pulse 3V = ¢/2e as well as tunneling of
one magnetic flux quantum ®q = n/e = '[ | 8V (t) | dt across

the wire normally to its axis (here and below we set 7 =1).

Formally different QPS events can be considered as
logarithmically interacting quantum particles [5] forming a
2D gas in space-time characterized by an effective fugacity
proportional to the QPS tunneling amplitude per unit wire
length [6]

Yops ~ (9eAo/E)exp(-age), a~1. 1)
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Here A, is the mean field superconducting order parame-
ter, ge :chNs/(ezég) >>1 is the dimensionless normal
state conductance of the wire segment of length equal to
the coherence length &, s and o) are respectively the wire
cross section and its Drude conductance.

At T — 0 long superconducting wires exhibit a quan-
tum phase transition [5] controlled by the dimensionless
parameter A oc Js which we will specify later. In ultrathin
wires with A < 2 superconductivity is fully suppressed by
guantum fluctuations, and such wires may even go insulat-
ing at T — 0. In somewhat thicker wires with A > 2 quan-
tum fluctuations are not so efficient, the wire resistance R
decreases with T and one gets [5]
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Here and below (\7 ) is the expectation value of the voltage
operator across the wire. According to Eq. (2) the wire non-
linear resistance does not vanish down to lowest temperatures,
as it was later confirmed in a number of experiments [7-10].

Can one also expect to observe non-vanishing voltage
fluctuations in superconducting nanowires? The presence
of QPS-induced equilibrium voltage fluctuations in such
nanowires can be predicted already making use of the re-
sult (2) combined with the fluctuation—dissipation theorem
(FDT). The issue of non-equilibrium voltage fluctuations
(e.g., shot noise) is somewhat more complicated. At this
stage it is worth to remind the reader two key pre-requisites
of shot noise: (i) the presence of discrete charge carriers
(e.g., electrons) in the system and (ii) scattering of such
carriers at disorder. Although discrete charge carriers —
Cooper pairs — are certainly present in superconducting
nanowires, they form a superconducting condensate flow-
ing along the wire without any scattering. For this reason
the possibility for shot noise to occur in superconducting
nanowires need to be investigated in more details.

In this paper we will review and extend our recent theo-
retical analysis of QPS-induced voltage fluctuations in
ultrathin superconducting wires [11-13]. In particular, we
will proceed beyond FDT and demonstrate that quantum
phase slips can generate not only equilibrium but also non-
equilibrium voltage fluctuations in ultrathin superconduct-
ing wires. Such fluctuations are caused by quantum tunnel-
ing of magnetic flux quanta ®; and — as we will show —
obey Poisson statistics. In what follows we will mainly
focus our attention to QPS-induced shot noise of the volt-
age in both long and short nanowires within different
measurement schemes and identify highly non-trivial de-
pendencies of the noise power spectrum on temperature,
frequency and external current.

The structure of the paper is as follows. In Sec. 2 we
define the two models to be analyzed here and present a
simple operator derivation of the dual Hamiltonian for a
superconducting nanowires in the presence of quantum
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phase slips. In Sec. 3 we outline our real time Keldysh tech-
nique based approach that generally allows us to evaluate all
cumulants of the voltage operator perturbatively in the QPS
amplitude (1). General expressions for the voltage correlators
are derived in Sec. 4. In Sec. 5 we illustrate a direct relation
between our real time technique and the quasiequilibrium
imaginary time (the so-called Im F) approach. Our general
results for voltage fluctuations (in particular for shot noise) are
further analyzed in Sec. 6 in a number of important limits. In
Sec. 7 we consider a four-point measurement setup and com-
pare our results derived in this case with those for the two-
point measurement setup discussed in previous sections. The
paper is concluded by a brief summary in Sec. 8.

2. Basic models and phase-charge duality

In this paper we will consider two somewhat different
setups which allow to experimentally study voltage fluctu-
ations in superconducting nanowires. The first setup is
displayed in Fig. 1. This system consists of an ultrathin
superconducting wire of length L and cross section s. A
capacitance C and a shunt resistor Ry are switched in par-
allel to this wire. The whole system is biased by an exter-
nal current | =V,/R,. The right wire end (x=1L) is
grounded as shown in the figure (here and below x is the
coordinate along the wire ranging from 0 to L). The volt-
age V(t) at its left end x =0 fluctuates and such fluctua-
tions can be measured by a detector.

Another possible setup is shown in Fig. 2. It consists of
a superconducting nanowire attached to a current source |
and two voltage probes located in the points x; and x,. The
wire contains a thinner segment of length L where quan-
tum phase slips can occur with the amplitude (1).

Both structures displayed in Figs. 1 and 2 can be treated
within the same formalism which we are going to outline
below. The system shown in Fig. 2 will be addressed be-
low in Sec. 7 of this paper. Here we stick to the system of
Fig. 1. An effective Hamiltonian for this system can be
expressed in the form

HA = HACh+HAdiS—|(p/26+ HAWiI‘e' (3)

The first three terms in the right-hand side of Eq. (3) define
respectively the charging energy [14],
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Fig. 1. (Color online) The first setup under consideration. The
figure also illustrates creation of two plasmons by a QPS.
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Fig. 2. (Color online) The second setup to be analyzed in Sec. 7.

the Caldeira—Leggett contribution of the shunt resistor Ry
[14] and the energy tilt produced by an external current | .
The variable o(t) = ¢(0,t) denotes the phase of the super-
conducting order parameter field A(x,t) at x = 0. Here we
also define o(L,t) =0.

The last term ﬁwire in Eq. (3) accounts for the super-
conducting wire. This part of the effective Hamiltonian can
be expressed in terms of both the modulus | A(x,t) | and the
phase ¢(x,t) of the order parameter field [5,6,15]. Here,
however, it will be convenient for us to proceed differently
and to employ the duality arguments.

The duality between the phase and the charge variables
was discussed in details in the case of ultrasmall Josephson
junctions [14,16-18]. Later the same duality arguments were
extended to short [19] and long [20-22] superconducting
wires. Below we will illustrate the formal path integral re-
sults [22] by means of a simple operator analysis.

In the absence of quantum phase slips an effective low
energy Hamiltonian for a superconducting nanowire can be
written in the form

L 12 ~ 2
ﬁeﬁ:jdx[Q (), 1 (aX‘P(X)j } (5)
1| 2Cy  2Le \ 26

where C,, and Ly, =1/(noyAqS) are respectively the ge-
ometric wire capacitance (per length) and the kinetic wire
inductance (times length), Q(x) and @(x) are canonically
conjugate local charge and phase operators obeying the
commutation relations

[Q0), $(x)] = ~2ied(x~X), (6)

As the contribution of the external current source | is
already accounted for in Eq. (3), for the sake of our deriva-
tion and without loss of generality we can now assume that
the superconducting wire is isolated from any external cir-
cuit. Then the current at its end points x=0 and x=1L
vanishes and, hence, we can define the boundary condi-
tions for the phase in the form

0x9(0) = oxp(L) = 0. ()

Employing the Fourier series expansion, we get

O(X) = ¢p + %i&)n cos(mnx/L), (8)
n=1

Q(x) = Q Eicﬁn cos(mnx/L), 9)
L L n=1
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where
[Qo, $ol = —2ie, [Qn, onl=-2iSyy.  (10)

Let us now perform the dual transformation. For this
purpose we introduce the following (dual) operators

D(X) = 0,p(x)/2e (11)

and
. S S (I I
100 = ——=[ Q)+ === dx'Q(x),  (12)
e eL 0

which can also be expressed as

2 o
o T -~ .
D(x) =— /— ney sin(znx/L), (13)
223 ré "

x(x) = %Z&sin(nnx/L). (14)
e“p=y N
These new canonically conjugate flux and charge operators
obey the commutation relations
[D(x), Z(x)] = ~iPg3(x~x) (15)
and obvious boundary conditions
®(0) = d(L)=0, 7(0)=7(L)=0. (16)

Substituting the relations

0,(x) = 26(x), G(x) = Q—L°+%ax>2(x) 17)

into Eq. (5), we obtain

52

A Q6 A
Hg = +Hy , 18
eff oic, T (18)
where
L 22 ~\2
HTL :.[ dX @ + (aXX)Z (19)
0 2£kin 2CW(DO

is the Hamiltonian for a transmission line formed by a su-
perconducting wire.

The physical meaning of the operator %(x,t) is trans-
parent: It is simply proportional to the operator for the
charge that has passed through the point x up to the time
moment t. Hence, the local current and the local charge
density operators are defined respectively as

[(X,t) = 3 (%, 1)/Dg, p(x,t) = =0, 7 (X, t)/Dy. (20)
The charge Q in Eq. (4) equals to Q(t) = x(0,t)/®,.

The above consideration does not yet account for quan-
tum phase slips. In order to specify the QPS contribution to
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the wire Hamiltonian let us first define the phase field con-
figurations as

()1 0(x)) = @(x) | o(x)) (21)

and bear in mind that the phase of the superconducting
order parameter is a compact variable. Accordingly, the
field configurations @(x) and o@(x)+2n correspond to the
same quantum state of our system. Furthermore, in the
absence of QPS, i.e., provided the absolute value of the
order parameter does not fluctuate | A(X,t) |= Ag, also the
states @ and @(x) = (X)+2m0(Xx—%;) (where 0<x <L
and 6(x) is the standard Heaviside step function equal to 0
for x <0 and to 1 for x > 0) are physically indistinguisha-
ble. For instance, the supercurrent operator proportional to
the combination A% exp(—ip(x))0y exp (ip(x)) remains the
same in both cases.

Let us now make the step function continuous by effec-
tively smearing it at the scale of the superconducting coher-
ence length &, i.e., we substitute 8(x) — 0;(x). The corre-
sponding field configuration ¢ (x) = ¢(x) + 210 (X - X),
on one hand, remains very close to ¢(x) and, on the other
hand, is already physically distinguishable from the latter.
The QPS process can be viewed as quantum tunneling be-
tween these two close but physically different phase con-
figurations.

What remains is to make use of the fact that the wire
Hamiltonian does not depend on the operator ¢, implying
that any shift by a constant phase does not change the state
of our system. Hence, without loss of generality we can set
®o | w) = 0 for any system state |w). This condition applies
for the evolution controlled by the Hamiltonian (5) and it is
also maintained in the presence of quantum phase slips.
With this in mind we conclude that the QPS process corre-
sponds to quantum tunneling of the phase between the
states @(x) and

L
0'(X) =(p(X)+2n9§(X—X1)—2nJ dx0 (x—x). (22)
0

In the operator language this tunneling process can be
denoted as U () | (X)) =| ¢'(x)), where the expression
for Ug (%) just follows from the commutation relations
and reads

. L
U (x) = exp[% [ ax@() - QoL (x~ xl)]. (23)
0

As a result, the part of the Hamiltonian which explicitly
accounts for the QPS process takes the form

L

Haps == dxivgps () x
0

L
x co{g ! dx (Q(x)—QOIL)eg(x—xl)], (24)
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where ygps (¥) is the QPS amplitude at the wire point
X = X;. Setting now & — 0 and making use of the second
Eq. (17), in the case of a uniform wire with ygps (X) = vops
we obtain

L
HQPS = _YQPSI dx cos )z (25)
0

This result completes our derivation of the dual representa-
tion for the Hamiltonian of a superconducting nanowire.
Note that the first term in the right-hand side of Eq. (18)
describes an extra contribution to the system charging en-
ergy (4), i.e. this term can simply be eliminated by absorb-
ing the total wire capacitance LC,, into C as
C+LC,, — C. The dual Hamiltonian of the wire in Eg. (3)
is then defined by an effective sine-Gordon model

Hwire = HrL +Hgps- (26)

3. Keldysh perturbation theory and Green functions

Let us now investigate fluctuations of the voltage V (t)
in the presence of quantum phase slips. In order to proceed
we will employ the dual Hamiltonian (3) derived in the previ-
ous section and make use of the Keldysh path integral tech-
nique. As usually, our variables of interest are defined on the
forward and backward time branches of the Keldysh contour,
i.e. we now have g g(t) and y g(x,t). We also routinely
introduce “classical” and “quantum” variables, respectively
0, (1) = (9r (1 + 05 (1)/2 and ¢_(1) = or ()~ g (1) (the
same recipe holds for the x-fields).

Employing the Josephson relation between the voltage
and the phase one can formally express the expectation
value of the voltage operator across the the superconduct-
ing wire in the form

V) = 2i<cp (1)e"*PS > , (27)
e 0
where
L
Sops = ~2Y0ps j dt j dxsin(y,)sin(x_/2)  (28)
0
and

(-0 = [ DR (x ()M (29)

implies averaging with the Keldysh effective action Sg
corresponding to the Hamiltonian I:|0 =H- I:IQPS.

Analogously, for any higher order correlator of voltages
we have

V@V (1) (1)) = ——x
(20)
(0,600 ()., ()6 >0 . @)
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At this stage let us emphasize that Eq. (30) defines the
symmetrized voltage correlators. E.g., for n = 2 we have

V(G () = %N @V (L) +V(ERNV ), (31)
while for n = 3 one finds [23]
VLV L)V (1)) = %{N (W) (LN () +

TV (G () () +V () TV () (t3))) +
TV @V (tg)V () +V (t5)(TV )V () +
TV @V () () +(TV (V (t)V (t3)) +

+(IV 4V )V () (32)

where 7 and 7 are, respectively, the forward and back-
ward time ordering operators.

A formally exact expression (30) can be evaluated
perturbatively in the tunneling amplitude ygps (1). In the
zero order in ygps the problem is described by the quad-
ratic (in both ¢ and y) action Sy. In that case it is neces-
sary to employ the averages

(04 (1)) =<0 (t))o = (x-(X,t))g =0,
(s (X))o = Dy, (33)

as well as the following Green functions
Gab (X, X') = —i(a, (X)b, (X )g +i(a, (X))o (b, (X Vo,
GR (X, X") = —ita, (X)b_(X")o, (34)

where a(X) and b(X) stand for one of the fields o(t)
and y(x,t). As these fields are real, the Green functions
satisfy the condition Gé}) () = Gt)Ra (—w). Then the Keldysh
function G¥ takes the form

6l ()= Soot| 2 (B -Gh (). @9

Expanding Eg. (30) up to the second order in ygps and
performing all necessary averages, one can express the
results in terms of the Green functions (34). These results
can be represented graphically in the form of the so-called
candy diagrams [11]. These diagrams for the first and the
second moments of the voltage operator are displayed in
Fig. 3. They involve four different propagators (GE&K and
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Fig. 3. Candy-like diagrams which determine both average volt-
age (V) (upper diagram) and voltage—voltage corrrelator (VV)
(six remaining diagrams) in the second order in yqpg . The fields

¢4, x4+ and y_ inthe propagators (34) are denoted respectively
by wavy, solid and dashed lines.

G(';)'CK) and plenty of vertices originating from Taylor ex-
pansion of the cosine terms. Summing up all the diagrams
in the same order in yopg one arrives at the final expres-
sion containing the exponents of the Green functions.

What remains is to evaluate all the above Green func-
tions for the system depicted in Fig. 1. This task can be
carried out in a straightforward manner. E.g., for the func-
tion G(E(p we obtain [11]

1

w? io oy ol
St ———coth —
2Ec  4e Rt T v

G(;F}(p (@) =

(36)

where E¢ = 26?/C, v =1/,/L;;,C,, is the plasmon veloci-
ty [24] and the parameter A already introduced above is
defined as A =Ry/(2Z,) with Rg :n/(2e2) being the
“superconducting”  quantum  resistance  unit and

Z,, = +/Lyin/C,, being the wire impedance. We also de-
fined Ript = RyRs/(Ry +Rs).
The corresponding expressions for G;(p and G;x read [11]

GXR(P(x;m) = —ng(x;w) =

2iA cos(m(l‘_x)j

= g . (@7

w? io . (mL) oA [ij
e sin| 25 | =P cos|
2Ec  4e Riot v T v
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o(L-x)

0

Gfx(x, X'; o) = ;@L 4nk(cos(
wsin(}
(%

jCOS

(w_x'j 0(x—x")+cos (Mj Ccos [(D—Xj o(x'— X)j +
(% (4 (%

M2 cos(w(l'_x)jcos(m(l'_x’))
+ o o . (38)
. (ij 2 i . (Q)Lj oA (Q)Lj
sin sin| — |- —=cos
2EC 462Rtot v n v

In order to simplify the above expressions let us make use
of the momentum conservation for plasmons propagating
along the wire. Such plasmons can only be created in pairs
with the total zero momentum. Excitations moving towards
the grounded end of the superconducting nanowire eventu-
ally vanish there with no chance to reappear again while
plasmons propagating in the opposite direction produce
voltage fluctuations measured by a detector. Then in the
long wire limit the general expressions for G(';X and G)?x
reduce to more simple ones

X
2\e ©
G(ffx (X;0) = — - (39)
(0+10) L+L
ZEC T
R 27k i(x)lX*X'l
Gxx(x’x,;m)z_cwioe ’ 40)

In Egs. (39) and (40) we also set Ry, Ry — .

4. 1-V curve and voltage noise: general results

Making use of the above results it is now straightforward
to derive general expressions for the voltage correlators (30).
Here we restrict our analysis to the first two moments of the
voltage operator. For the expectation value of this operator
we obtain

w2 LoL
i
V)= YQps J'de. dx'( Iimngx(X: m)jx
0 0 »—0
x (Box (<@g 1) =By (Do), (41)
where B, , (@) = Py y (0) + P y (@) and
Py (@) = [ de'®'ed0exit0), (42)

0

g(x, x5 t,0) = G (xx t,0)— Kx(x,x; t,t)—

(xx OO)+ G (xx t,0).

1016

With the aid of the identity lime_0®Gh (X ©) = 2ni
EqQ. (41) can be expressed in the form

(V) =g (FQPSU)—FQPS(—')), (43)
where we defined
rQPS(')—mIdXIdXPxx(CDo') (44)

Turning to voltage fluctuations we identify three differ-
ent contributions to the noise power spectrum

= [de v (Vv (0) =89 +85 +88.  (45)
The first of these contributions Sg)) is unrelated to QPS. It
just defines equilibrium voltage noise for a transmission
line and reads

iQ? coth [;J
= —(G(';p @-GR, (—Q)). (46)

s©)
Q 1662

The other two terms are due to QPS effects. The term S, is
also proportional to coth (Q/2T) and depends on the prod-
ucts of two retarded (advanced) Green functions:

Q
'Yéps QZ coth (ZTJ L L
= j dxj dx'Re [ng(x;Q) x
0

0

r

S =

ge?
X (Fex (GG, (X:0Q) - F 0 G, (6 Q) | 47)

Here we also denoted

Fux (Q) = =Py x (Q+ D) =Py  (Q-Dg 1) +

+Px (FQ+ @) + Py (-Q-Dg1). (48)

The remaining term S&, in contrast, contains the product of

one retarded and one advanced Green functions. We get
YQPS o?k L
sd = o g dx[ d'Gg, (6 Q)G (X5 -Q)x

x| DCs (Bx QDo) =B x (-QF Dgl)) |, (49)
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where

C, = coth [wj —coth (2) (50)
- 2T 2T
Egs. (45)—(50) together with the expressions for the Green
functions (36)—(38) fully determine the voltage noise power
spectrum of a superconducting nanowire in the perturbative
in QPS regime.

5. Relation to ImF-method

Comparing Eq. (43) for the average voltage with the
corresponding result [5] we can identify the quantity
Fops (1) (44) as a quantum decay rate of the current state
due to QPS. In [5] this rate was derived with the aid of the
so-called ImF -method [25]. It is of interest to establish a
direct relation between the latter approach and the real time
Keldysh technique employed here.

Let us introduce the generalized Green function
g, (x, x";o) which depends on the complex time o and
satisfies the condition G, (x, X";t—i0) = G(x,x;t,0) at t > 0.
This function reads

G, (x,x';0) = % j dt coth(nT (t — 5)) x

do _j
«[Ze ot
27

(G)’fx(x,x’;m)—G;X(x,x’;—o))) (51)
The function (51) is analytic, periodic in the imaginary
time,

gx(x,x’; o) = gx(x, X'; o—ilT), (52)

and has branch cuts at Im(c) = N/T for all integer N. On
the imaginary axis the function gy matches with the
Matsubara Green function

G, (x,x;—i1) = iG%'C (x, x5 7). (53)

The quantum decay rate I" of a metastable state can be
evaluated by means of the well known formula [25]

I = 2ImF, (54)

where F is the system free energy. In order to establish the
QPS contribution to T" it is necessary to identify the corre-
sponding correction to the free energy 8F . In the leading
order in ygps one can consider just one QPS-antiQPS pair
[5] which yields the following contribution

YéPSL Lour
— ' pair
8F === jdxjdxjdre , (55)
0 0 ©
where
Spair = —@olt+V(x,7; X',0) (56)

and t is the imaginary time interval between QPS and anti-
QPS events. The term V(x;x’; 1,0) accounts for the inter-
action between these events which occur respectively at
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the points x and x'. Expressing this interaction term via the
Matsubara Green function, we find

V(x;x’; 1,0) = G%'C(x,x’; T)—
1 1 o
—EG%'C (X, X; 0)—56%'( (X', X3 0). (57)

An attentive reader may have already noticed that the
integral over t in Eqg. (55) formally diverges at low tem-
peratures. As a consequence, the free energy acquires an
imaginary part ImF derived with the aid of a proper ana-
Iytic continuation of 6F . Evaluating the integral (55) by
the steepest descent method we routinely determine a sta-
tionary point t4 from the stationary condition for the action

Dol = 0,60 (X' 7). (58)

A closer inspection allows to conclude that this stationary
point delivers a maximum to the action rather than a mini-
mum, thus indicating an instability with respect to quantum
decay to lower energy states. In this case the correct recipe
is to deform the integration contour along the steepest de-
scent path. This procedure is illustrated in Fig. 4. The ini-
tial integration contour goes vertically from 0 to —ip. This
contour can be deformed and directed along the real time
axis after passing through the point t5. Then we obtain

Yz PS toLoT x"1,0
oF = 195 [ox] dx’jdre%'r_v(x’x’r‘ )+
200 o

2 L L ) L
. YQPs J-dXJ' dX"[ idrecbol(rsﬂr)—l}(x,x,rs+|r,0)l (59)
2 0 0 0
The imaginary part of this expression reads
L

2
YQPs

L . A -
2IMF = ; dXJ- dX'J‘ dte(l)ol(‘chrlr)—V(X,X,‘cs+lr,0) n

0 0 0

2 L L B gyl H
+ VQ2P3 jdXI dX'.[dre%'("'s_”)_v(x’x’TS_”’O)- (60)
0 0 o0

Expressing Eq. (60) as a single integral along the contour
passing through the point tg in the direction perpendicular
to real T axis, we get

Im(¢)

Re(?)
0 )

/
|

ontour deformation
—ip

Fig. 4. (Color online) Integration contour.
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2IME = YQPs J‘dXJ' dX,J‘dTeQOI(rSHr)—V(x,x,rs+|r,0). (61)
2 0 O

Combined with Egs. (57) and (53), this expression can be
cast to the form

véps k& i
2ImF = Q—j dxj dx"[ dte®o! (s 1)
2.5 0

igX(X,Xr;t—irs,0)—|§gX(x,x;O,O)—lzgx(X"X';o,O).

x € (62)

Then making use of the relation

S 1¢/ (x,x’;t—iO)—ig (x,x;0,0)—ig (x',x0,0)
nyx'(m): Idtelu)te X 2 X 2 x ,

—00

we arrive at the final result

2 L L
2ImF = YQZPS [ dx[ dB o (@o). (63)
0 0

This expression together with Eq. (54) confirms that Eq. (44)
indeed determines the QPS-mediated decay rate of the cur-
rent states in a superconducting nanowire, thus proving the
equivalence of the ImF-approach [5] and the real time
Keldysh technique combined with duality arguments elab-
orated here.

6. I-V curve and voltage fluctuations

Now we turn to concrete results. As a first step, let us
reconstruct the results [5] for the average voltage (V).
Making use of Eqgs. (43), (44) together with the relation
(42) and the expressions for the Green functions (36)—(40)
and keeping in mind the detailed balance condition

Pl =e0( 2[R0 (64
we obtain
PoLovges (ol ). . ( ol
= h| — |, 65
V) oS | jsinh| =7 (65)

where we introduced

(%_iwj (Miwj
g(w)=r%(2nT)7‘_l 2 ZTCTFOL)Z 2nT . (66)

1o ~1/Aq is the QPS core size in time and I'(x) is the
Gamma-function. Further assuming that vty ~ Xy (where
Xp ~ & is the QPS core size in space) we observe that the
result (65) fully matches with that derived in [5] by means
of a different technique.

Now let us analyze the general expressions for the volt-

age noise (45)—(50). At zero bias | — 0 the term S3 van-
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ishes, and the equilibrium noise spectrum Sg = Sg)) +S6

can be obtained directly from FDT, see also [22]. At non-
zero bias values the QPS noise becomes non-equilibrium.

In the limit Q — 0 the terms Sg(g) and S¢, vanish and the

voltage noise Sq,_,q = S is determined solely by S§. Then
from Eq. (49) we get

So = ®§ (Tgps (1) +Tgps (1)) =

Oyl
= @ coth (%) V), (67)

where (V) is specified in Eq. (65). Combining the result
(67) with Egs. (65), (66) we obtain

S 7212,
0 |22

, T <<Dgl.

T >> dgl,
(68)

At higher temperatures T >>®,l (although T <<Ag)
Eq. (68) accounts for equilibrium voltage noise Sy = 2TR
of a linear Ohmic resistor R =(V)/I o [5]. In the
low temperature limit T << @1 it describes QPS-induced
shot noise Sy = ®y(V) obeying Poisson statistics with an
effective “charge” equal to the flux quantum @y,.

The above analysis allows to answer the question about
the physical origin of shot noise in superconducting nano-
wires. We conclude that voltage shot noise is produced by
coherent tunneling of magnetic flux quanta @ across the
wire. In the dual picture employed here such flux quanta
can be viewed as charged quantum particles passing through
and being scattered at an effective “tunnel barrier”. We also
note that the result analogous to Eq. (67) was previously
derived for thermally activated phase slips (TAPS) [26].

It is instructive to mention that our analysis also allows
to recover higher correlators of the voltage operator (30).
Let us define the voltage cumulants

t
G, = (i) lim | 2" Iog<exp[iz [ dyv (tl)]> . (69)
to| t 0 _
z=0
Within the accuracy of our perturbation theory the terms
G yéps with k <n generated in the right-hand side of
Eqg. (69) can be ignored. Then C,, coincides with the Fouri-
er transformed correlators (30), i.e., C, = Sy etc. Proceed-
ing perturbatively in yops and employing Egs. (65), (66),
at T — 0 we obtain [12]

2.2 2hgn
nvlygpstg Do

a0 2. (70)

Cy = df vy =

The above results allow to fully describe statistics of QPS-
induced voltage fluctuations in superconducting nanowires
in the low frequency limit.
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Another interesting situation is that of sufficiently high
frequencies and/or long wires v/L << Q << Aq. In this limit

we find
Qcoth (QJ
2T

s = .
8re? (Q/2E¢)? + (M/n)?

Q

(71)

It is easy to observe that this contribution does not depend
on the wire length L. Atlow T and Q/A > E¢ = e?/2C we
have Sg)) o 1/Q), i.e. the wire can generate 1/f voltage
noise. Let us now evaluate the QPS terms S, and S&. In
doing so, it is straightforward to demonstrate that the latter
term scales linearly with the wire length L whereas the
former shows weaker dependence on L. Hence, the term
S¢, can simply be dropped in the long wire limit. For the
remaining QPS term S§ we get

LA 2oy’
4e 2 2

. 2T 2 | 72

((/2E¢)? + (ulny? )sinh(i}

At T — 0 Eq. (72) yields

A1 A1
ng{l (1-20100) 2, Q<@gli2, g

0, Q> dgl/2.

In order to interpret this threshold behavior it is necessary
to bear in mind that at T =0 each QPS event can excite
2N plasmons (N =1, 2 ...) with total energy E = @yl and
total zero momentum. The left and the right moving
plasmons (each group carrying total energy E/2) eventual-

2
) ar’s,
4125, e
- Q — 30 oLy g (1,0, 1)
oLrops o®ol)™ 25t =02,
—7=0 200 TC0Z050Y
15F == T=0.040y/ —_— =120/

— T=0.080y/ 15
T=0.120,1
—_— T=0.160]

1.0

@yl

Fig. 5. (Color online) The frequency dependence of the QPS
noise spectrum Sq, (72) at . = 2.7, large E¢ and different T in
the long wire limit. The inset shows S, as a function of T .
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ly reach respectively the left and the right wire ends. One
group gets dissipated at the grounded end of the wire while
another one causes voltage fluctuations with frequency Q
measured by a detector. Clearly, at T =0 this process is
only possible at Q) < E/2 in the agreement with Eq. (73).

The result (72) is also illustrated in Fig. 5. At sufficient-
ly small © one observes a non-monotonous dependence of
Sq on T. This behavior is a direct consequence of quantum
coherent nature of QPS noise. We also emphasize that at
non-zero T Eq. (72) does not coincide with the zero fre-
quency result (67) even in the limit Q — 0. This difference
has to do with the order of limits: Before taking the zero
frequency limit in Eq. (72) one should formally set L — oo.
Then one finds

Dol [ Dpl @,
S& (1) = —oLTy3pc ®2c| —9° |c'| =9 |sinh| =2 |,
a-o(l) YOPS of;[ > )51 oT

(74)

Comparing Egs. (74) and Eq. (67) (in the latter equation
the limit Q — 0 was taken prior to sending the wire length
L to infinity) one observes the identity

So(1,T)=S§0(1,T) = 2TR(1,T), (75)

implying that both expressions (74) and (67) coincide only
at T =0, while at any non-zero T the noise power Sy(1,T)
(67) exceeds one in Eq. (74) and grows monotonously with
temperature.

The above analysis is merely applicable to sufficiently
long wires in which case the main dissipation mechanism
is due Mooij—Schdn plasmons [24] propagating along the
wire and carrying energy out of the system. One can also
consider the limit of shorter wires where such plasmons are
irrelevant and other dissipation mechanisms come into
play. In such wires one typically has L <<o/T, i.e., the
system spatial dimension is much shorter than that in time
direction. Under such conditions it is convenient to split
our analysis into two parts and consider the effect of high
frequency modes (short scales) and low frequency ones sep-
arately. This procedure was already described elsewhere
[22,27] and is known as the so-called two stage scaling.

High frequency modes can be accounted for by means
of the well known Berezinskii—Kosterlitz—Thouless (BKT)
renormalization group (RG) approach. The corresponding
RG equations read

[ dr _ 2,252

T A (2-2)¢, TN 32n°C A K (L), (76)
where ¢ = ystA2 is the dimensionless coupling parame-
ter, A is the renormalization scale and K(L) is some
nonuniversal function (which depends on the renormaliza-
tion scheme) equal to one at the quantum BKT phase tran-
sition point A =2 which separates a superconducting (or-
dered) phase A > 2 with bound QPS-antiQPS pairs and a
disordered phase A < 2 with unbound QPS [5].
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As usually, we start renormalization at the shortest scale

A~E&; :\Iéz +021A% and proceed to bigger scales. As

above, for simplicity we set & ~ &. Within the first order
perturbation theory in £ one can ignore weak renormaliza-
tion of the parameter A. With this accuracy the solution of
Egs. (76) takes the form ygps (A) = vops (&/A)x.

nating this RG procedure at the maximum scale A ~ L we
arrive at the renormalized QPS amplitude for our system

Termi-

Tqps = Yops (&/L)". (77
This equation demonstrates that interaction-induced renor-
malization of the QPS amplitude is usually quite important.
This effect can be disregarded only for very small values
of L <</ In(L/E) which is not the case here.

At all time scales exceeding L/v the system behaves as
effectively zero-dimensional one characterized by the QPS
amplitude (77). Repeating the whole analysis of voltage
fluctuations we again arrive at the general results for the
voltage-voltage correlator in the form (45)-(50), with all
the Green functions being independent of the spatial coor-
dinates. This general result can be rewritten as

yéps 1202 coth( Q j

_ (0
o= 80" 1602

Gy ()G, (Q)

x(P(Q+®1)+P(Q-Dgl)-P(-Q-Dyl)-P(-Q+Dgl) -
~P(®gl) - P(=®gl) + P(®gl) + P(-Dl)) +

Q2| coth Q2+ Dol —coth Qj
2T 2T

1662

Gy, (G, (-Q)x

x(P(Q+®pl)+P(Q+dpl) - P(-Q-Dgl) -

P(Q-Dp1))+(Q - -Q). (78)
where
K (- G (0)+ R®
P((D) J‘ dte I(Dt XX 2 XX , (79)
0
and the Green functions are equal to
2
G () = . . - Ao (80)
|l,|,(0(1— 10TRC ) — T
ng (@) = - 4miho —. (81)
L(w+ iO)(iuco(l— ioTRe) _Lj

1020

4(Sq —Sa lr=0)
0.30 2
Tre (YopsL®g)
T=0.00330,/
0.25 7=0.1018,
7= 030550,/
T=0.95060,/
0.20 T=1.1883d/
0.15]
0.10
AN -
05 [ e o
1 1 1 1 1 —= 1

Dol

Fig. 6. The frequency dependence of the shot noise spectrum

Sq —Sal-q at L=1.025, dgltre =03, %-333q>0| and

different T in the short wire limit.

4AnipAv(l-i0tRe)

Lo+ iO)(ipm(l— iotRe) _Z}Iivj

Gy (0) = (82)

Here tpc = RsC is the RC-time and u=Rgy/Rs is the
shunt dimensionless conductance. One can further simplify
the above expression provided all relevant energy scales,
such as Q, @yl and T remain smaller than both 1/trc and
Av/(uL). In that case mng(m):Zni is approximately
constant and

1 25 2 Q+Dpl
So =D L“ coth P(Q+®dyl)+
o~ Povaes [ o (P( ol)

+P(Q+®pl) - P(-Q—-Dyl) - P(-Q—-dyl)) +

Q-
+%(D(2)?(2?p5L2C0th( 2T° )(P(Q—CDOI)+

+P(Q-Dyl) - P(-Q+Dpl) - P(-Q+Dyl)).  (83)
The frequency dependence of QPS-induced shot noise power
spectrum in the short wire limit is illustrated in Fig. 6.

7. Comparison with four-probe measurement scheme

Let us now consider another system configuration dis-
played in Fig. 2. We will again stick to the wire Hamiltoni-
an ﬁwire in its dual representation defined by Egs. (26),
(19) and (25), where, as before, canonically conjugate flux
and charge operators Cf)(x) and y(x) obey the commutation
relation (15). The effect of an external current bias is now
accounted for within Eq. (19) by means of the shift of the
flux operator d(x) — CD(x)+£km The phase difference
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between the two wire points X, and x, can then be de-
fined as
X
H00) —H(xp) = 2¢ [ dxd(x) (84)
X2
Employing the Josephson relation one easily recovers the
operator for the voltage difference between the points X
and X, in the form:
1
CDOCW

V=

(Vi) = Vi(x2))- (85)

The above expressions allow to directly evaluate volt-
age correlators perturbatively in ygps. In the case of the
four-point measurement scheme of Fig. 2 the calculation is
similar to one already carried out above for the two-point
measurements. Therefore we can directly proceed to our
final results. Evaluating the first moment of the voltage
operator (\7) we again reproduce Egs. (43), (65). For the
voltage noise power spectrum S, we now obtain

S = [ de' VeV (0) =T +5§7°,  (86)

where the term Sg)) describes equilibrium voltage noise in
the absence of QPS (71) and [13]

'YQpSe Coth( Q j

47:2C2

5§ = [ S M@ (R @ol)-

—R (=Dg1) + R (~Dg 1) ~ R (Do) +

Yste COth(Q)
dk
e | 5, Sc@S 4 (R (-Q-dol) -

~R(Q+Dgl) + B (-Q+ Dy 1) - B (-Q-Dgl)) +

yéps e? [coth (Q +2_T_EI fe ) —coth (;D d
[ 5=8c(@)x
2n

4n°C2

+

x S (-Q) (R (Q+Dg 1) + B (Q+ Do) -

~R (-Q-Dpl) - R (-Q- D))+ (Q > -Q)  (87)

is the voltage noise power spectrum generated by quantum
phase slips. Eq. (87) contains the function

|GK (x,t)— |GK (0.0)+-

I t
R (o) = I dxe'kx_[ dte'®te 2 S X0 (88)
0

and geometric form-factors M, (Q2) and S, (©2) which ex-
plicitly depend on x and x,. E.g., setting x = L/2 and
Xp = —L/2 we obtain
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) . (kL) (ij
iQL sin| — || 2sin
M (Q) = (4n)2e © 2 2/,
vk vk

v 2v

Sin((ZQH}k)L) Sin((ZQ—vk)Lj
2 +
2Q + vk 20— vk

o (89)

- Sin((QHJk)Lj Sin((Q—vk)Lj

5.(Q) = 4mhe 20 20 20
Q+ vk Q-ovk

(90)

These form-factors oscillate as functions of Q due to the
interference effect at the boundaries of a thinner wire seg-
ment. Such oscillations make the result for the shot noise
in general substantially different as compared to that eval-
uated for the setup of Fig. 1. For Q >> v/L one has

yy |QL
M@~ G 6, (91)
5(@)S.4(Q) ~M (HLS(k+9]+
02 2 v
+“—La(k—9D, (92)
2 v
S (Q)S 4 (—Q) ~ (‘m) ( 6[k Qj+
02 2 v
+n—L6(k—9D. (93)
2 v
Neglecting the contributions (91) and (92) containing fast

iOL
oscillating factors e © and combining the remaining term
(93) with Eq. (87), we obtain

SaPS =53 12, (94)

where S§ is defined in Eq. (72). This result implies that
shot noise measured by each of our two detectors in the
configuration of Fig. 2 is 4 times smaller than that detected
with the aid of the setup of Fig. 1. The result (94) is also
illustrated in Fig. 7.

At T — 0 Eqg. (94) obviously yields the same threshold
behavior (73). The physical reasons for this behavior are
the same as before, one should just bear in mind that in the
long wire limit and for non-zero Q the two groups of
plasmons — left moving and right moving ones — each
carrying the energy E/2 become totally uncorrelated im-
plying that at T = 0 voltage noise can only be detected at
Q < E/2 in the agreement with Eq. (73).
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81%5,
2 2
vLypps (toPol) *

Fig. 7. (Color online) The dependence of QPS noise power Sc
(72) on frequency Q and temperature T at A = 2.3.

8. Concluding remarks

In this paper we combined the phase-charge duality ar-
guments with Keldysh path integral technique and demon-
strated that quantum phase slips may cause voltage fluctua-
tions in superconducting nanowires. In the presence of a
current bias | quantum tunneling of the magnetic flux
quanta @ across the wire yields. Poissonian statistics of
such fluctuations. In both limits of longer and shorter nan-
owires shot noise exhibits a non-trivial power law depend-
ence of its spectrum S on temperature T, external bias |
and frequency Q. We also demonstrated that in the zero
temperature limit S decreases with increasing frequency
and vanishes beyond a threshold value of Q. At low
enough frequencies S may depend non-monotonously on
temperature due to quantum coherent nature of QPS noise.

It is important to emphasize that the perturbative in
Yops approach employed here is fully justified in the so-
called “superconducting” phase, i.e. for longer wires with
A >2 [5] and for shorter wires at Ry <Ry [14]. In the
“non-superconducting” regime, i.e. for wires either with
A <2 or with Rg > Ry the QPS amplitude gets effectively
renormalized to higher values and, hence, the perturbation
theory eventually turns obsolete. Nevertheless, even in this
case our predictions may still remain applicable at high
enough temperature, frequency and/or current values. In
the opposite low energy limit long wires with A <2 show
an insulating behavior, as follows from the exact solution
of the corresponding sine-Gordon model [28]. The same is
true also for shorter wires at low energies and Ry — o.
This behavior suggests that also voltage fluctuations be-
come large in this limit.

Finally, we would like to point out that voltage fluctua-
tions detected in superconducting nanowires may in general
depend on the particular measurement setup. This dependence
can be important and should be observed while performing
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noise measurements in such nanowires. In addition, the results
of our theoretical analysis need to be taken into account while
optimizing the operation of QPS qubits [29].

This work was supported in part by RFBR grant No.
15-02-08273.
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