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The dc-biased annular array of three-junction asymmetric superconducting quantum interference devices
(SQUIDs) is investigated. The existence of embedded solitons (solitons that exist despite the resonance with the
linear waves) is demonstrated both in the unbiased Hamiltonian limit and in the dc-biased and damped case on
the current-voltage characteristics (CVCs) of the array. The existence diagram on the parameter plane is con-
structed. The signatures of the embedded solitons manifest themselves as inaccessible voltage intervals on the
CVCs. The upper boundary of these intervals is proportional to the embedded soliton velocity.
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1. Introduction

Nonlinear wave phenomena are ubiquitous in the Jo-
sephson junctions (JJs) [1,2]. It is a well established fact
that such excitations as breathers [3] and topological
solitons [4] can occur in systems that are based on the Jo-
sephson effect. This article will be focused on topological
solitons or, as they are known in physics of JJs, fluxons.
The origin of the term comes from the fact that a topologi-
cal soliton in the spatially extended Josephson system (ei-
ther a long Josephson junction or an array of small Joseph-
son junctions) carries the magnetic flux quantum,
+®, = £(nh/e). Due to their remarkable structural and
dynamical stability, fluxons are widely discussed as qubits
[5] or as elements in the read-out process from qubits [6].
Relativistic time dilation in the array of three-junction
SQUIDs has been studied in Ref. 7.

In JJ arrays the soliton (fluxon) mobility is generally
obstructed due to the discreteness of the media [8,9]. As a
result, a fluxon couples with the small-amplitude wave. If
the inductive coupling between the junctions is small, the
free fluxon motion becomes impaossible. However, the pos-
sibility of radiationless propagation of solitary waves in
discrete media for selected values of velocity has been re-
ported in the number of papers [10-20]. Also, free propa-
gation of the bound states of several discrete topological
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solitons has been reported by Peyrard and Kruskal more
than 30 years ago [8]. This unexpected soliton mobility is a
part of the wider nonlinear phenomenon, known as embed-
ded solitons. Embedded solitons are spatially localized
solitary waves that exist for isolated parameter values (this
parameter can be the soliton velocity) despite the apparent
resonance with the linear waves of the system [21]. Apart
from the discrete media, they also exist in various continu-
ous systems like the sine-Gordon [22] and the double sine-
Gordon equations [23].

The array of three-junction SQUIDs, introduced in [7]
is governed by the discrete double sine-Gordon equation.
In this article we demonstrate the existence of embedded
solitons in this equation, study their properties in detail and
show how they manifest themselves in the current-voltage
characteristics of the array.

2. Main results

In this Section we present the model and report the
main results.

2.1. Model and equations of motion

We investigate the array of JJs, arranged in such a way
that the arms with one and two junctions alternate. The part
of this array is shown schematically in Fig. 1.
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Fig. 1. (Color online) Schematic view of the SQUID array. Gray
colour stands for the superconducting electrodes and the insulat-
ing barriers are marked by red. Details of the full equivalent
scheme can be found in Ref. 7.

Thus, the elementary cell of such an array is an asymmetric
SQUID with two junctions in its left arm and one junction in
its right arm. The elementary cell of the array is obviously
asymmetric, but the whole array is not. The dynamics of
each junction is described by the Josephson phases, (pg’r) (t).
They are the phase difference between the phases of the
wave-functions of the superconductors on the different sides
of the junction. The superscripts | and r stand for the left
and right arms of the SQUID, respectively. The array is
studied under the resistively and capacitively shunted junc-
tion-model (RCSJ-model) [1]. Based on this model and with
the help of the Kirchhoff laws and the Josephson equations
the equations of motion of such an array have been derived
in Ref. 7. Under the assumption of the small loop size and
the single phase difference ¢, = (pg') = q)(nf) the final dimen-
sionless equations of motion read

P —K(Pns1 — 20 +Opg) +

2 nsin<pn+sin(p—n + o, =,
1+2n 2

n=12,...,N. @

This is the discrete double sine-Gordon equation (DDbSG).
The current model, according to [24], takes into account
only the self-inductance, while the mutual inductances of
the SQUIDs are neglected. The dimensionless parameters
are defined as follows

1 ) 10
o= , K= 0 , n:C_I’ (2)
RCo, 21l 1, 10
0}
C:C|+&,£:i+i, |C:|ér) _|_IC__
2'R R 2R 2

Here w; =./2el./(Ch) is the Josephson plasma frequency
and the dimensionless time in Eq. (1) is normalized in the

units of cojl, o is the dissipation parameter, @ is the
magnetic flux quantum, L; is the elementary cell induct-
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ance and vy is the dimensionless external bias current, nor-
malized to I;. Next, R, |, C,| and Ic(r") are, respectively,
the resistance, capacitance and critical current of the right
or the left junction (marked by the sub(super)script «r» or
«I»). The parameter m measures the asymmetry of the
SQUID and is the ratio of the critical currents of the right
and left junctions of the SQUID. The discreteness param-
eter k is responsible for the inductive coupling between
the cells.

The circular array is to be considered, thus, the boundary
conditions read ¢, = ¢,y +47Q, where Q is the total topo-
logical charge, i.e., the total number of fluxons and anti-
fluxons trapped in the ring. In this article we restrict ourselves
only to the case of one fluxon in the array, hence Q =1.

2.2. Soliton mobility in the hamiltonian limit

It is instructive to consider the DDbSG equation in the
Hamiltonian (dissipationless) limit a.=0 and in the ab-
sence of the dc bias y = 0. In this case Eq. (1) takes the
following form:

P — k(P41 — 29 +Ong) = -V'(@p), (3)
V(p) = ﬁ{n(l—cowﬂz(l—cos%ﬂ. 4)

The periodic on-site potential V (¢) =V (p+4r) has one
minimum within the interval ¢ €[0,4n] if 0<n <1/2. The
height of the potential barrier that separates two minima at
¢ =0 and ¢ = 47 is maximal if n = 0 and decreases if n is
increased. An additional local minimum appears at ¢ = 2n
if n>1/2. It remains local for any 1/2<n<owm, ie,
V(2r) >V (0) =0.

The continuum version of Eq. (3) can be achieved when
Kk — oo. The continuous double sine-Gordon equation has a
large number of applications [25], including the long Jo-
sephson junctions with the second harmonic in the current-
phase relation [26].

In this subsection we focus on the existence of the trav-
elling-wave topological solitons that propagate with the
constant shape and velocity. They must satisfy the follow-
ing condition: @, (t) = e(n—ovt) =¢(z). Thus, for these
solutions Eq. (3) can be rewritten as

v?0"(2) ~x[o(z +1) +o(2-1) - 20(2)]+V Tp(2)] = 0. (5)

This is a differential-difference ODE with the delay and
advance terms. Analytical solution of such equations is not
possible. In some special cases it is possible to find its iso-
lated travelling-wave solutions [10,11]. Therefore we em-
ploy the numerical technique, developed in Refs. 27-29.
The solution is assumed to be periodic with rather large pe-
riod L that exceeds significantly all characteristic sizes of
the system and is sought in the form of the Fourier series
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K
u(z) =up(z)+ D¢y sin(—j, (6)
n=0 L

where the initial approximation ug(z) is used in order to
enhance the initial guess and to enforce the appropriate
boundary conditions. It should be noted that the elementary
topological soliton in the DDbSG equation connects the
ground states ¢ =0 and ¢ = 4r. Coefficients c,, are to be
determined. The integer part of L will effectively play the
role of the chain length in the original system (1). After
substituting the ansatz (6) into Eq. (5) and breaking the
interval z €[0,L/2] into k collocation points we obtain k
nonlinear algebraic equations for the coefficients {cn}ﬁzl.
These equations can be solved with the Newton—Raphson
method or any other appropriate scheme.

Currently it is a well-established fact [10-14,18-20] that
for the discrete Klein—Gordon equations of the type (3), the
continuous family of moving solitons turns into the discrete
finite set of monotonic (1Mo = const) travelling kink
solutions with the velocities v ={vy =0, vy, v,..., v }.
Further on, all velocities that satisfy v, =0 will be called
sliding velocities since the kink slides along the lattice with
these velocities without any radiation. In the DSG equation
there are only non-mobile (vy = 0) monotonic solitons and
there is no sliding velocities for solitons with topological
charges Q = +1. There exist embedded solitons for higher
topological charges, Q =+2,+3,..., which are, in fact,
bound states of several solitons or «soliton complexes»
[8,23] that appear due to destructive interference between
the elementary solitons. In general, everywhere away from
the sliding velocities, i.e., if v # v, the moving kinks are
non-monotonic, have oscillating asymptotic tails and are
often referred to as nanopterons.

Appearance of nanopterons is natural and its origin is
the resonance that happens due to the fact [8,30] that any
soliton which moves in the lattice governed by Eq. (3) with
velocity | v| <1 will always excite a small-amplitude wave
that moves with the same phase velocity. In other words,

the equation
vg=w (q) = /1+ 4ksin® % @)

where o (q) is the spectrum of the small-amplitude waves
of Eq. (3), always has at least one real root if | v |< 1.

These solutions can be called discrete embedded
solitons, similarly to their continuous counterparts [21,22]
because they exist despite the resonance with the small-
amplitude waves and are «embedded» in the continuous
family of nanopterons. The spatial monotonicity of these
solutions, their localized nature, and, as a result their finite
energy also contribute to their importance.

Our numerical investigation of the DDbSG equation has
shown that embedded solitons can exist there as well. In
Fig. 2 we plot the dependence of the nanopteron amplitude
tail as a function of the velocity. We have fixed the cou-
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Fig. 2. (Color online) Dependence of the tail amplitude A on the
moving soliton velocity for L =30, k=0.4, n=0.26 (curve 1,
red), n=0.27 (curve 2, blue) and n =0.28 (curve 3, black). The
inset shows the soliton profile for »=0.192302 (red) and
v=0.1992 (black). Respective position of these solutions on the
A(s) curve are marked by (O).

pling constant to « = 0.4 and varied the asymmetry param-
eter . One can observe that a slight change of n from
n=0.26 (red curve) to n=0.27 (blue curve) can bring a
significant change, namely a selected value of velocity for
which A — 0 in an extremely sharp fashion (note the loga-
rithmic scale).

This is the sliding velocity mentioned above. The solu-
tion that corresponds to this velocity is spatially localized
embedded soliton with the monotonic asymptotical behavior
(see inset of Fig. 2). Away from this velocity we find
nanopterons or bound states of solitons and plane waves.
An example of a nanopteron is also plotted in the inset of
Fig. 2. For the sake of clarity only a small segment of ve-
locities was considered on this figure. No other sliding
velocities have been found outside of this segment.

From Fig. 2 one can notice that the dependences A(v)
have sharp maxima. In fact, they are not maxima but sin-
gularities that appear because the numerical scheme is not
able to find a solution with the appropriate wavelength.
This is a consequence of the boundary conditions and these
singularities depend on the length L. For the velocity that
lies between the two adjacent singularities the nanopteron
solution has a certain fixed number of small-amplitude
wavelength that fit into the interval [-L/2, L/2]. The
wavelength equals 2r/q where the wavenumber q is the
root of Eq. (7). In the case of several roots there exist sev-
eral nanopteron solutions with different wavelengths. As
one changes v, passes the singularity and enters the next
interval the number of fitted wavelengths changes.

If one of the pair of parameters, x or n is fixed and an-
other one is varied, the critical parameter value of the vari-
able parameter can be found, below which there is no slid-
ing velocities. This is demonstrated in Fig. 3(a), where the
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Fig. 3. (Color online) (a) The value of the sliding velocity v; as a
function of the asymmetry parameter n for different values of
the coupling constant: k«=1 (curve 1),x=0.5 (curve 2) and
k =0.25 (curve 3). (b) The existence diagram on the parameter
plane (x,m). One sliding velocity exists in the green area while
there is no sliding velocities in the white area. All results were
obtained for L=30.

dependence of the sliding velocity v, is plotted as a function
of the asymmetry parameter n for the different values of «.
Interestingly, the embedded solitons can exist for the strong-
ly discrete arrays. The existence diagram on the plane (x,n),
presented in Fig. 3(b), generalizes the above result.

It is possible to draw a line on this plane that separates
the area without sliding velocities (and, consequently, with
no embedded solitons) from the area where one sliding
velocity exists. For the DDbSG equation we were able to
find only one sliding velocity. In some models there can be
more of them [12,13].

2.3. Current-voltage characteristics

Now we focus on the more realistic situation when the
array is dissipative (o > 0) and dc-biased (y = 0). The cur-
rent-voltage characteristics (CVCs) provide the necessary
information about the JJ array dynamics and can be meas-
ured experimentally. We have varied the bias and comput-
ed the average voltage drop
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_ o1 N 1t
V=WZ=: im - I¢n(t)dt 8

If there is a fluxon in the array that moves with the constant
velocity v, the average voltage drop will be V' = 4ro/N .

The numerically obtained CVCs are given in Fig. 4.
The coupling constant and the array size were fixed to
k=0.5 and N =30, respectively, while we have changed
the asymmetry parameter n and the damping constant a.. It
appears that there exists a significant difference between
the CVCs if the system supports embedded soliton and
when it does not. The numerically computed CVCs are
shown by the different markers while the solid line corre-
sponds to the CVC that was obtained from the continuum

approximation [36]:
) U2
=f4’{1+cp (™ )(4 ” . (9)
N Ty

\70 - \/E4T;\Zl)w

®d(n) = 1+; arctanh ’Z_n .
J2n(2n+1) 1+2n

This formula is very similar to the well-known McLaugh-
lin-Scott result for the fluxon motion in the ordinary long
JJ [4]. Itis reduced to the McLaughlin-Scott formula in the
both limits: n — 0 and n — . The continuum version is
plotted here mainly as a reference point, but appears to
work surprisingly well even in this strongly discrete case.

First of all we focus on the principal differences between
fluxon mobility in discrete and continuous media. The
fluxon velocity in the continuous JJ is defined uniquely by
the ratio y/a. and, as one can see in the CVCs in Fig. 4, the
respective characteristics are continuous functions that pass
through the origin. There are two main differences in the dis-
crete case: (i) the CVC does not pass through the origin;
(ii) one continuous branch is replaced by the set of roughly
parallel branches. The first difference is the natural conse-
quence of the discreteness, because some finite bias is always
needed to overcome the lattice pinning. The second difference
is caused by the boundary conditions and by the fluxon cou-
pling with the linear modes [30-34]. While moving along the
array, the fluxon excites the linear modes and forms a bound
state that propagates with the same velocity. The wavelength
of the linear mode is given by Eq. (7). Because of the periodic
boundary conditions the phase locking in the array would
occur if the finite number of the Josephson phase oscillations
fits into one cycle of the fluxon journey along the array. The
phase locking means that the system settles on the periodic
attractor that corresponds to the fluxon restoring its shape
and position completely after circumventing the array. In
other words, a certain number of the linear modes wave-
length should be fitted in the array and the different branches
of the CVC in Fig. 4 correspond to the different number of
these wavelengths.
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Fig. 4. (Colour online) Current-voltage curves for « =0.5, N =30,
o =0.05 (black @), o« =0.02 (red O), a.=0.01 (blue <) and
n=0.1(a), n=0.6 (b) and n=1.5 (c). The blue solid lines corre-
spond to the respective CVC in the continuum limit. The red verti-
cal lines in (b), (c) are given by 4nv/N, where vy is the sliding
velocity for the respective value of n. The inset in the panel (c)
shows the details of CVCs in the neighbourhood of the sliding
velocity for o = 0.02 (@), o = 0.01 () and . = 0.005 (A).

Now we discuss the signatures of the embedded
solitons on the CVCs. In Fig. 4(a) the case of n=0.1 is
considered, and, according to the previous subsection,
there is no embedded solitons in the hamiltonian limit for
this value of the asymmetry parameter. On contrary, for
n = 0.6 (Fig. 4(b)) and for n =1.5 (Fig. 4(c)) there exist one
embedded soliton with the sliding velocity v; = 0.399493
and v; = 0.469944, respectively. For details see Fig. 3. In
the first case the CVC branches are distributed almost uni-
formly. In the second and third cases one can easily spot
the significant gap Vjy, <V <V, which will be called
inaccessible voltage interval (IVI). This IVl appears more
pronounced as m increases or when o is decreased. More-
over, if a is decreased significantly, its lower boundary,
equals zero. The upper boundary, Vi, tends to the value
4no /N, which is the voltage drop produced by the em-
bedded soliton (marked by the red vertical line). We have
reduced o and computed the detuning v =| 4nv /N -V, |.
For the lowest value of dissipation which we have used in
our numerical analysis, o =0.005, the detuning value
reached v ~107°.
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From these data one can make the following conclu-
sion. If in the hamiltonian limit the JJ array supports the
embedded soliton that moves with velocity v, in the weak-
ly driven and weakly dissipative array this will be the dom-
inant attractor of the system. Thus, the average voltage drop
in this limit is defined by the sliding velocity and is far from
zero. If the system does not support embedded solitons, its
behavior in the limit o« — 0, y — 0 is different: the CVC
ends up close to the origin, as shown in Fig. 4(a). However,
it does not pass the origin due to discreteness.

The small-wave radiation intensity
2
1(Q) =

f¢mﬂn€m%t, (10)

—00

that appears during the fluxon motion around the array is
shown in Fig. 5. Here the fast Fourier transform (FFT) is
taken for the N/2th junction of the array. The time interval
[to. tsin] for FFT was chosen in such a way that the fluxon
motion did not contribute to the power spectrum. We have
focused on the array parameters that correspond to Fig. 4(c)
and for the dissipation value o = 0.02. Three points on the
CVC branch that ends at V|, ~ 0.2 were chosen for the
power spectrum analysis. Since the fluxon velocity is close
to the sliding velocity v, = 0.469944, the time for the
fluxon to travel around the array is N/v; ~ 60. Therefore,
we have taken tg, —ty = 50.

We take the CVC branch that is adjacent to the upper
bond of the IVI. If the bias is decreased we move down the
branch, and the amount of the radiated energy decreases
significantly (note the log scale). The peak of the emitted
waves lies within the linear band (7).

O'...|....|....|....|....

0 1 2 3 4 5
Q

Fig. 5. (Color online) Radiation intensity of the plane waves in the
JJ array with the parameters that correspond to Fig. 4(c) and with
o =0.02. The respective values of the dc bias and voltage are:
y=0.05, V =0.205 (curve 1, black), y=0.044, V =0.201
(curve 2, blue) and y =0.0423, V =0.199 (curve 3, red).
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3. Conclusions

In this paper we have demonstrated that the array of
asymmetric three-junction SQUIDs, which is described
by the discrete double sine-Gordon equation, supports
embedded solitons. This equation is also used to describe
the parallel array of the superconductor—ferromagnet—super-
conductor (SFS) or superconductor—ferromagnet—insulator—
superconductor (SFIS) junctions, that are governed by the
biharmonic current-phase relation

lc(@) = lggsing+1¢ 5 sin2¢.

Embedded solitons are spatially localized excitations
that exist despite the resonance with the small-amplitude
waves of the underlying system. They exist for the isolated
set of velocities. The important parameter of the model is
the ratio n of the critical currents of the left and right arms
of the SQUID, which we call the asymmetry parameter.
These embedded solitons manifest themselves on the cur-
rent-voltage characteristics of the JJ array as inaccessible
voltage intervals (IV1), i.e., the forbiden values of voltage.
The upper bound of such an VI tends to 4no/N as o — 0,
where v is the embedded soliton velocity in the hamiltoni-
an limit. The lower bound of the 1VI tends to zero if the
asymmetry parameter is large enough and dissipation is
small enough.

This phenomenon should not be confused with the series
of results on the models with the non-zero Peiers—Nabarro
barrier [16,39,40]. For the discrete embedded solitons the
Peierls—Nabarro barrier is non-zero [12,13], however, this
does not prevent the free soliton propagation.

The symmetric SQUID array or, equivalently, the array
of parallel shunted small Josephson junctions [35] is de-
scribed by the DSG equation. It has been demonstrated
both theoretically [8,12,14,35] and experimentally [37] that
the radiationless motion of the coupled state of several
solitons is possible for the selected set of their velocities.
This phenomenon has been treated analytically in the qua-
si-continuum approximation in Refs. 22, 23, but it takes
place even in the sufficiently discrete array (k <1) as well.
In the limit n — oo the double SG equation becomes the
ordinary SG equation with the period 2r, thus, the above-
mentioned result of the bound state of two 2r solitons is
the special case of the kink mobility of the DDbSG equa-
tion in the limit n — .
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