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We found that the coupled system of Josephson junctions under external electromagnetic radiation demonstrates 
a cascade of parametric instabilities. These instabilities appear along the IV characteristics within bias current inter-
vals corresponding to Shapiro step subharmonics and lead to charging in the superconducting layers. The ampli-
tudes of the charge oscillations increase with increasing external radiation power. We demonstrate the existence of 
longitudinal plasma waves at the corresponding bias current values. An essential advantage of the parametric insta-
bilities in the case of subharmonics is the lower amplitude of radiation that is needed for the creation of the longitu-
dinal plasma wave. This fact gives a unique possibility to create and control longitudinal plasma waves in layered 
superconductors. We propose a novel experiment for studying parametric instabilities and the charging of super-
conducting layers based on the simultaneous variation of the bias current and radiation amplitude. 

PACS: 85.25.Cp Josephson devices; 
74.50.+r Tunneling phenomena; Josephson effects; 
74.20.–z Theories and models of superconducting state; 
05.45.–a Nonlinear dynamics and chaos. 

Keywords: Josephson effect, tunneling, chaos, Shapiro step subharmonics. 

1. Introduction

Coupled Josephson junctions (JJs) are used to model the 
intrinsic junctions in layered superconductors, which found 
important applications in superconducting electronics and 
generation of electromagnetic waves in terahertz frequency 
region [1]. For this reason the properties of the models based 
on coupled JJs continue to attract much attention. Specific 
features of the coupling between junctions are related to the 
generalized Josephson relation [2,3] and the creation of a 
longitudinal plasma wave along the stack [4]. 

JJs under external electromagnetic radiation possess 
important features which are used in a variety of applica-
tions [5,6]. In the quantum voltage standard, thousands of 
junctions in series are required to obtain Shapiro steps at 
sufficiently high voltages [7]. The intrinsic JJs in high-
temperature superconductors offer a possibility to realize a 

large number of junctions in a very compact way [8–10]. 
Compared to the well-developed low-Tc voltage standards, 
a few advantages can be found using intrinsic JJs; like, 
high operation temperatures, operation at higher frequen-
cies (up to THz) and high density of junctions due to the 
naturally more compact atomic scale, which may simplify 
the instrumentation significantly [9,11]. 

A stack of coupled JJs shows more complex physics in 
comparison to the case of a single junction [1,8,12]. The 
external radiation leads additionally to a series of novel 
effects related to the coupling between junctions, paramet-
ric instabilities and the excitation of a longitudinal plasma 
wave (LPW) propagating along the c axis of the stack 
[4,13,14]. As it is well known, the frequency-locking of the 
Josephson oscillations with frequency Jω  to the frequency 
ω  of external electromagnetic radiation leads to the ap-
pearance of Shapiro steps (SS) and their subharmonics in 
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the current–voltage characteristics (IV characteristics) [15]. 
Many devices in existence, based on the traditional super-
conductors, exploit this effect [5], notably voltage stand-
ards and terahertz radiation emitters/detectors [1]. There-
fore, a detailed study of the SS and SS subharmonics in the 
intrinsic JJs under different resonance conditions presents 
important research questions with various potential appli-
cations. The appearance of charge in the superconducting 
layers (S layers) in the current interval corresponding to 
the SS harmonics was studied in Ref. 14. However, the 
peculiarities of charging of the S layers in the current in-
terval corresponding to the SS subharmonics have not been 
studied yet. 

In this paper we discuss results related to the effects of 
electromagnetic radiation on the phase dynamics of the in-
trinsic JJs and the temporal oscillations of the electric charge 
in the S layers. For fixed parameters of JJs, we demonstrate 
the “charging” of the Shapiro step subharmonics in the IV 
characteristics, i.e., the charging of S layers in the corre-
sponding bias current intervals at different amplitudes of 
external radiation. To escape the complexity related to the 
overlapping of the SS subharmonics, we use radiation with 
small amplitudes. We have found an essential difference 
between the parametric instabilities in case of subharmonics 
and Shapiro steps: in the case of subharmonics a much lower 
amplitude of radiation is needed for the creation of the longi-
tudinal plasma waves along the stack. This fact provides a 
unique possibility to create and control these waves in lay-
ered superconductors and might be important for future ap-
plications. We describe the physics of this phenomena and 
show how a charge appears in S layers with increasing am-
plitude of the external radiation. The variation of the ampli-
tude of external electromagnetic radiation changes the wave-
length of the LPW [14]. This sensitivity to the external 
radiation might play an important role for the synchroniza-
tion of Josephson oscillations in the stack [16]. A clear un-
derstanding of this phenomenon could potentially provide a 
new way for experimentalists to try an increasing the power 
of the emitted electromagnetic radiation in the terahertz re-
gion. However, there are still many open questions concern-
ing the excitation of the LPW. Particularly, the possibility of 
exciting the LPW at lower power of external radiation. Here 
we demonstrate that the use of SS subharmonics may be one 
way of realizing this possibility. 

The paper is organized in the following way. In Sec. 2, 
we introduce the coupled system of equations that is used 
in our numerical simulations. The numerical procedure is 
described briefly. In Sec. 3, we present the results of simu-
lation, analysis of the IV characteristics at two different 
amplitudes and demonstrate general features of sub-
harmonics appearance with increase in power of radiation. 
The charging of S layers is discussed in Sec. 4. We present 
a plot of the magnitude of the differential resistance as a 
function of the radiation amplitude and bias current and 
stress its importance. In Sec. 5, we prove the occurrence of 

the parametric instabilities within the current intervals cor-
responding to Shapiro step subharmonics. Finally, we dis-
cuss the obtained results and come to the conclusions. 

2. Model and methods 

For our numerical calculations we use the well-known 
methods described, for example, in Refs. 17 and 18. To 
calculate the IV characteristics of the stack of the intrinsic 
JJ, we solve the system of nonlinear second-order differen-
tial equations (the one-dimensional CCJJ+DC model) for 
gauge-invariant phase differences ( )l tϕ  between S layers 
l  and 1l +  in the presence of electromagnetic irradiation: 
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where t  is the dimensionless time normalized to the inverse 

plasma frequency 1,p
−ω  = 2 / ,p ceI Cω   C  is the capaci-

tance of the junctions, = 1/ ,cβ β  cβ  is the McCumber 
parameter, α  gives the coupling between junctions [4], and 
A  is the amplitude of the radiation. A small noise is added 

to the bias current. The noise is produced by random number 
generator (white noise) and its amplitude 810−  is normal-
ized to the critical current value cI  [18]. 

In our simulations, Runge–Kutta methods of order 
4(5) were used. We measure the voltage in units of 

0 = /(2 ),pV eω  the frequency in units of ,pω  the bias 
current I  and the amplitude of radiation A  in units of 

.cI  In this work numerical calculations have been done 
for a stack of 10 junctions with the coupling parameter 

= 0.05,α  dissipation parameter = 0.2,β  and periodic 
boundary conditions. The periodic boundary conditions 
simulate a stack of infinite length and thus the exact 
number of junctions in our simulations is relatively un-
important. We use a conservative estimate for the value 
of = 0.05α  in our simulations, merely in order to capture 
the principal features of the observed effects. Analysis of 
capacitive coupling parameter values in HTSC was pre-
sented in Ref. 19. Estimations for BSCCO place α  in the 
interval [0.05–1]. Particularly, the value of = 0.1α  was 
used in Ref. 20. This form of coupling between junctions, 
in the CCJJ+DC model, leads to a branch structure in the 
IV characteristics which is in qualitative agreement with 
currently available experimental measurements on intrin-
sic JJs [1,8]. We note that the qualitative results concern-
ing the discussed topics are not very sensitive to changes 
in the parameter value over the interval 0.05 1.≤ α ≤  The 
details of the model and simulation procedure were pre-
sented in Refs. 17 and 18. 
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The electric charge density in the superconducting layer 
[18,21] is determined by the difference between the volt-
ages lV  and 1lV +  in the neighboring insulating layers, i.e. 

 0 1= ( ),l l lQ Q V V+α −  (2) 

where 2
0 0 0= / ,r DQ V rε ε  rε  is the relative permittivity and 

0ε  is the permittivity of free space. For brevity we will 
refer to Q  simply as the charge. In the presented results 
we have normalized Q  to 0Q . For 10= 3 10 m,Dr

−⋅  
= 25,rε  12 1= 10 s ,p

−ω  we get 4
0 = 3 10 VV −⋅  and 

5 3
0 = 8 10 C/m .Q ⋅  So, at 0=Q Q  for a superconducting 

layer with area = 1S  2mµ  and thickness 10= 3 10 msd −⋅  
the charge value is about 162.4 10 C.−⋅  This value of 
charge is sufficiently high to play a significant role in the 
physical processes in the stack of intrinsic Josephson junc-
tions in high-temperature superconductors. 

3. Analysis of subharmonic appearance with increase 
 in radiation power 

In this section we analyze the IV characteristics at two 
different amplitudes ( = 0.17, 0.35)A  and demonstrate 
general features of subharmonics appearance with increase 
in power of radiation. The total IV characteristic of the 
stack of coupled JJ is characterized by multiple branch 
structure related to the distribution of JJs among rotating 
and oscillating states [22,23]. Transition from the outer-
most branch to inner branches happens at parametric reso-
nance, coinciding with the creation of a longitudinal plas-
ma wave which effectively stabilizes the outer (all 
rotating) branch [13]. Influence of the external electro-
magnetic radiation leads to the appearance the SS and their 
subharmonics on the IV characteristic and additional para-
metric resonances in the system [14]. Below we concen-
trate on the features of the coupled JJs related to the cur-
rent intervals of SS subharmonics on the outermost branch. 

Figure 1(a) demonstrates a part of the IV characteristic 
together with the differential resistance /dV dI  for a stack 
with 10 coupled JJ under radiation with frequency = 2.0ω  
and amplitude = 0.17.A  The complete one-loop IV charac-
teristic is shown in the inset. We see clearly the manifesta-
tion of the main SS at = 20V  and the subharmonics 2/3 at 

= 13.33,V  3/5 at = 12,V  and 4/7 at = 11.42.V  Calcula-
tion of the differential resistance /dV dI  as a function of V 
identifies the additional subharmonics 5/8 and 3/4 which are 
not manifested clearly in IV characteristic. 

The number of observable subharmonics generally in-
creasing with an increase in the amplitude of radiation. This 
trend is demonstrated in Fig. 1(b), which presents the result 
of a simulation at A = 0.35. To analyze these results we use 
the algorithm of continued fractions (CF) developed in 
Ref. 24. It was noted there that, in general, the Shapiro and 
subharmonic steps follow the CF formula given by 

 1= 1
1

V N
n

m
p

 
 
 
 ± ω
 ± 

±  ± 

, (3) 

where , , , ,N n m p   are positive integers. Terms that only 
differ in N form a first-level sequence and describe Shapiro 
step harmonics. The other terms describe subharmonics. 
Those differing in N and n are called a second-level se-
quences; those differing in N, n and m, third-level sequenc-
es, etc. The order in appearance of the different CF de-
pends on the parameters of JJ and external radiation [24]. 
The continued fraction in the form of Eq. (3) provides a 
very convenient way of mapping the potentially infinite 

Fig. 1. (Color online) (a) Subharmonics in a part of IV character-
istics (green curve) for a stack containing 10 coupled JJs under 
radiation at the frequency ω = 2 and amplitude A = 0.17. The 
remaining two parameter values are α = 0.05 and β = 0.2. The 
inset shows the complete IV characteristics of the same stack. 
Differential resistance dV/dI (red curve plotted on upper and left 
axes) is shown as a function of the average voltage V. (b) The 
same as in (a) for A = 0.35. 
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number of ratios p/q (with p  and q  positive integers that 
reflect the frequency-locking [6] =Jp qω ω  between the 
Josephson and external radiation oscillations) to the ob-
servable hierarchical structure in the IV characteristic. Fol-
lowing Eq. (3), we can find that the subharmonics 2/3, 3/5 
and 4/7 observed at = 0.17A  belonged to the third-level 
sequence, with = 1N  and = 2,n  determined by the for-
mula 1 1/(2 1/ ).m− +  This sequence has a limiting value of 
1/2, as m  tends to infinity. Similarly the step 5/8 belongs 
to 1 1/(3 1/ ).m− −  The step 3/4 belongs to a second order 
sequence given by 

 1=V N
n

 − ω  
 (4) 

with N = 1. 
A clear realization of two staircases is found at A = 

= 0.35. The first one forms the continued fraction (4) 
which unites the observed steps 3/4, 4/5, 5/6, 6/7, ... . This 
continued fraction starts at 0 and approaches 1. The steps 
1/2 and 2/3 are out of the hysteresis region and that is why 
we do not observe them. The second continued fraction 
realized at A = 0.35 is 1/ ( 1/ )N n m− +  with = 1N  and 

= 3n  which reflects an appearance of the steps 3/4, 5/7, 
7/10, 9/13, ,  as we can see in Fig. 1(b). Based on this 
classification we have analyzed the charging of S layers in 
the next section. 

4. Charging of S layers 

To visualize the subharmonic steps more clearly, and 
over a continuous range of the relevant parameter values, 
we have plotted, using the red color map in Fig. 2, the 
magnitude of the differential resistance as a function of the 
radiation amplitude and bias current. To see when charge 

develops on each of the step we have superimposed a plot 
of the magnitude of the maximum charge in the S layers 

maxQ  on the same figure, using the blue color map. Re-
gions of no charge, or charge in excess of 0.08 (as may 
occur for inner branches), have been rendered as being 
transparent, so as not to obscure the underlying plot. The 
V-shape that can be seen on the right hand side of the fig-
ure is the main SS harmonic, which has a linearly increas-
ing width for small A. The expected Bessel behavior of the 
width dependence only manifests itself at much larger A. 
As we see, with increase in A the left side, just off the main 
SS, becomes “charged”. On the other hand, the far left part 
of Fig. 2 is related to the branching region, i.e., it corre-
sponds to inner branches. In this paper we concentrate on 
the SS subharmonics that occur on the outermost branch 
below first SS harmonic. Some of the subharmonic steps 
can be seen towards the middle of the figure. 

In this view the steps show up as regions of zero re-
sistance (which correspond to the reddish-brown region of 
the left color map). The subharmonics correspond to re-
gions in the parameter space where the rotation number (or 
winding number) of the dynamical system is rational, 
forming, in mathematical terms, Arnold tongues [25]. The 
most prominent sequence of subharmonic steps that can 
easily be seen in the figure correspond to the locking ratios 
2/3, 3/4, 4/5 . Interestingly, these steps follow the se-
cond level continued fraction sequence, given by Eq. (4), 
with = 3, 4, 5n  . 

Another notable feature of Fig. 2 is the fact that all the 
subharmonic steps do not appear at once, for a given ampli-
tude. This observation suggests that the onset of charging 
may in fact not be simply related to a change in one of the 
variables alone, but rather to some combination of variables. 

Fig. 2. (Color online) “Charging” of the Shapiro step subharmonics as a function of radiation amplitude and dc-bias current. Arrows 
indicate the points when the steps are becoming “charged”. The green dashed line stresses the parabolic dependence of A(I) along the 
transition boundary. 
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For example, to realize all the main subharmonics in an ex-
periment, one could vary I  and A  simultaneously to mea-
sure the average voltage V  on a curve that passes through all 
the visible steps. In principle, such a measurement is no more 
difficult to make than for the standard IV characteristic. Po-
tential applications of the charging on any particular 
subharmonic can also be exploited by fixing the bias current 
on that subharmonic, and then varying the radiation ampli-
tude above and below the thresholds for charging, that can be 
seen in Fig. 2. 

The curve passing through the points on the figure 
where the subharmonics become “charged” (marked by the 
blue arrows) can be fitted very accurately by a parabolic 
dependence of A  on I. This dependence is shown by the 
(green) dashed curve in the figure. So, we arrive at the pos-
sibility of a novel experiment for studying parametric in-
stabilities and charging of S layers, based on the simulta-
neous variation of the bias current and radiation amplitude. 
When we measure the average voltage at each value ( )I A , 
we get an IV characteristic, on which each point corre-
sponds to a different value of A. At the same time, such an 

( )I A V characteristic would manifest all of the most prom-

inent subharmonics in one sweep. By shifting the ( )I A  
curve to above the critical curve for the onset of charging 
(see Fig. 2), the charge on all the principal subharmonics 
could be changed simultaneously. 

Let us now demonstrate that the results presented in Fig. 2 
are in agreement with traditional study of IV characteristics 
and charging of S layers at fixed value of radiation ampli-
tude. We concentrate on an appearance of the electric charge 
in S layers in current intervals related to the SS subhar-
monics. It is known that in the case of a single JJ the external 
radiation leads to a decrease of the hysteresis region in IV 
characteristic with an increase in the radiation amplitude A, 
i.e., it leads to the decrease of the critical current and the in-
crease of the return current RI  [4]. For a stack of coupled JJs 
the external radiation leads additionally to a series of novel 
effects related to the parametric resonances and the LPWs 
propagating along the c axis [4,26]. Some preliminary results 
concerning an appearance of charge in the S layers of the 
stacked JJ in the current interval corresponding to the SS 
harmonics [14] and subharmonics [27,28] were presented 
earlier. We show here that “charging of subharmonics” have 
specific new features. 

Fig. 3. (Color online) Demonstration of charge oscillation growth in S layers with increase in A over the current interval corresponding to 
the steps 2/3. The figures present charge-time dependence characterized by left and lower axes, and IV characteristic characterized by right 
and upper axes (black curves). The value of A is indicated in each figure. Inset to (b) shows an enlarged view of the charge oscillations. 
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Figure 3 demonstrates the appearance and growth of 
charge in the first superconducting layer of the stack with an 
increase in the amplitude of radiation, within a current inter-
val corresponding to the subharmonic step 2/3. In the other 
layers the development of charge takes place similarly. Here 
we show the charge-time dependence together with the IV 
characteristics at frequency = 2ω  and four different values 
of radiation amplitude. The charge oscillations are not actu-
ally manifested until the amplitude exceeds = 0.18.A  Be-
fore this value the charge is at noise level (see Fig. 3(a)). We 
can see that this result is in agreement with the correspond-
ing region in Fig. 2. The oscillations start growing around 
the center of the subharmonic step current interval and ex-
pand along the step with an increase in amplitude. This de-
velopment continues until a transition of the JJs to the chaot-
ic state and the consequent fragmentation of the step. At 

= 0.19A  the charge value becomes larger (see Fig. 3(b)): 
0.01.Q   Actually, the growing of charge is related to the 

parametric resonance in the coupled system of JJs. Inset 
shows the character of charge oscillations at the beginning 
of the parametric resonance corresponding to the bias cur-
rent I = 0.3026. With increase in A the value of charge 
grows (see Fig. 3(c)) and it eventually occupies the total 
current interval corresponding to the SS subharmonic. We 
see this in Fig. 3(d), which is for = 0.24.A  As follows from 
Fig. 2, the step 2/3 demonstrates anomalous behavior at am-
plitude larger = 0.27.A  This behavior is also related to the 
appearance of chaos in system of junctions with increase in 
A and fragmentation of the step [28]. As can be seen in 
Fig. 2, there is a regular increase of the step widths and 
“charging” for 3/4, 4/5, and 5/6. The “charging” of the last 
two steps overlaps with a charge appearing near the left side 
of the main SS. 

5. Cascade of subharmonic parametric resonances 

As it was noted [13,21], the coupled system of JJs 
without external radiation has a longitudinal plasma wave 
as a eigenmode of the system. The eigenmode is excited at 
parametric resonance. The resonance is manifested in the 
IV characteristics as a breakpoint before transition from the 
outermost to the inner branch. With external electromag-
netic radiation an additional radiation related parametric 
resonance appears around the Shapiro steps [14]. Below 
we demonstrate the occurrence of the parametric instabili-
ties within the current intervals corresponding to Shapiro 
step subharmonics. In Fig. 4(a) the time series of the 
charge in the first superconducting layer of the stack is 
shown at the onset of the parametric instability for the 
subharmonic 2/3. We observe an exponential increase of 
the charge in time. To “prove” it, Fig. 4(b) shows the same 
time series on a logarithmic scale, demonstrating the ex-
pected linear dependence that characterizes parametric 
resonance, which was discussed in Ref. 14. Distribution of 
charge in S layers along the stack is presented in Fig. 4(c). 

In this case we observe the creation of a longitudinal plas-
ma wave of wavelength λ = 2, where λ has been normal-
ized to the lattice period. 

Additional evidence for the parametric character of in-
stabilities around the subharmonics follows from Fig. 5, 
where we compare the results of FFT analysis of voltage 
(in case of step without charging S layers) and charge os-
cillations. The FFT for voltage (Fig. 5(a)) shows the mini-
mal frequency peak corresponding to the resonance condi-
tion for 2/3 subharmonic /2 = /3J Rf f  with Josephson 
frequency and radiation frequency = = 0.21201.R Jf f  As 
we can see, = 2 2R Rfω π ≈  coincides with applied radia-
tion frequency. The other frequencies are “harmonics” for 
this SS subharmonic 2/3. Figure 5(b) gives the FFT spec-
trum of the charge oscillations. We see the minimal peak at 
double smaller frequency = /4 = /6.LPW J Rf f f  This fact 
corresponds to the case of parametric resonance, as de-
scribed in Ref. 21: the longitudinal plasma frequency is 
twice smaller then the smallest frequency presented in the 
voltage FFT analysis, and this demonstrates the well-
known signature of parametric resonance. 

To stress the common features of parametric instabili-
ties for SS subharmonics, we show below the case for 
subharmonic step 3/4. The electric charge and IV charac-
teristic is presented in Fig. 6(a). We see analogous “char-
ging” of the S layers, as was seen previously for the step 
2/3, when the current is within an interval corresponding to 
the step 3/4. Results of the FFT analysis of the voltage 
time series in the first JJ of the stack are shown in 
Fig. 6(b). Here we see that the lowest frequency corre-
sponds to the subharmonic for which /3 = /4.J Rf f  The 
FFT analysis of the charge oscillations shows the appear-
ance of a frequency /6,Jf  which is half of the lowest fre-
quency for the uncharged state. 

The absence of the Josephson frequency in FFT spec-
trum demonstrates the fact that, at the chosen bias current 

Fig. 4. (Color online) Demonstration of the parametric instability 
for the subharmonic step 2/3. (a) Time series of charge in first 
layer; (b) The same on logarithmic scale; (c). The corresponding 
longitudinal plasma wave of wavelength λ = 2. 
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the resonance condition = 2J LPWω ω  is exactly fulfilled 
and the double period oscillation does not manifest itself. 
Really, the ( )Q t  dependence was recorded at a bias current 
when the charge was exponentially growing, i.e., exactly at 
the resonance condition. 

We have also investigated parametric instabilities around 
other steps (data are not presented here) and obtained the 
same features as described for the resonances associated 
with the steps 2/3 and 3/4. Differences might appear in value 
of the wavelength of the created LPW; particularly, it was 
found to be = 5,λ  for the subharmonic 4/7. 

6. Summary 

We performed a precise numerical study of the phase 
dynamics of intrinsic JJs in high-temperature superconduc-
tors under applied electromagnetic radiation. We observed 
charging of the superconducting layers in the bias current 
interval corresponding to Shapiro step subharmonics. For-
mation of longitudinal plasma waves due to “charging” of 
SS subharmonics is demonstrated. 

An essential feature, which may be important for future 
applications, is the difference between the parametric insta-
bilities in case of subharmonics in comparison to those of 
Shapiro step harmonics. In the first case a much lower am-
plitude of radiation is required for the creation of the longi-
tudinal plasma wave along the stack of junctions. This fact 

Fig. 5. (Color online) (a) Results of FFT analysis of voltage oscil-
lations at a current within the interval corresponding to the step 
2/3, for the “noncharged state” at the radiation amplitude A = 
= 0.17; (b) The same FFT analysis for the charge oscillations on 
the step 2/3 at A = 0.19. 

Fig. 6. (Color online) (a) Demonstration of electric charge in 
S layers in current interval corresponding to the SS subharmonics 
3/4 together with IV characteristic (solid line, upper and right 
axes); (b) Results of FFT analysis of the voltage oscillations in 
the first JJ of the stack in noncharged state at A = 0.19 at current 
interval around I = 0.32600; (c) The same for charge oscillations 
in the first S layer at amplitude of radiation A = 0.35. 

Low Temperature Physics/Fizika Nizkikh Temperatur, 2016, v. 42, No. 6 579 



Yu.M. Shukrinov, H. Azemtsa-Donfack, I.R. Rahmonov, and A.E. Botha 

may provide an unique possibility to create and control the 
excitation of the longitudinal plasma wave in layered super-
conductors. Longitudinal plasma waves in the system of 
junctions is a new element in comparison to the properties of 
the single Josephson junction. Its existence in layered super-
conductors was demonstrated experimentally (see, for ex-
ample, Ref. 19) and it might play an essential role in certain 
physical phenomena that occur in high-temperature super-
conductors; particularly, in synchronization of Josephson 
oscillations in different junctions of the stack [30]. It also 
has bearing on chaos synchronization, which may find ap-
plications in secure communication [31]. 

There is a remarkable ordering in the sequence of real-
izable subharmonic steps: the most prominent steps corre-
spond to lower order continued fraction sequences. It is 
therefore natural to ask whether the wavelengths of the 
excited longitudinal plasma wave, associated with the 
charge on each subharmonic, may also follow a relatively 
simple rule, like the well known case of standing waves on 
a string. In the present case, however, the situation is 
somewhat more complicated, firstly due to the discrete 
nature of the system (the charge is only know at each junc-
tion) and secondly due to the an-harmonic nature of the 
charge waves. Thirdly, since the charge on the layers ap-
pears according to the strength of the nonlinear coupling 
between the junctions, the effect of coupling should be 
taken carefully into account. Finally, in trying to establish 
a rule for predicting the wavelength, one also has to bear in 
mind the physical significance attached to changes in each 
of the system parameters. For example, the coupling 
strength α  is related to the overall length of the stack, and 
even changes in the bias current may effect the dispersion 
relation for the system. Thus, to answer this very interest-
ing question conclusively would require more extensive 
exploration of the parameter space for different numbers of 
junctions, different coupling strengths, damping, radiation 
frequencies, etc. 
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