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A statistical method is used to calculate thermodynamic properties of Ar, Kr and Xe (isobaric
and isochoric heat capacity, bulk modulus, thermal expansion coefficient, interatomic distances,
Grüneisen parameter), and good agreement with experimental values is observed. It is shown that
at high temperature, slightly above the melting point of the rare gas crystals, an instability of the
crystalline state occurs. As temperature approaches this instability the isobaric heat capacity and
the thermal expansion coefficient show strong increases similar to the experimentally observed
anomalies.
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1. Introduction

Many thermodynamic quantities of solids show
some peculiar features at high-temperature just before
melting. Usually, this behavior is attributed to effects
from both vibrational anharmonicity and thermal de-
fects (vacancies) occurring in rare gas crystals
(RGC’s) in this temperature range in an appreciable
concentration [1]. A phenomenological approach, tak-
ing into account anharmonic contributions to the crys-
tal free energy [2], gives good agreement between the
observed and calculated values for many thermody-
namic properties of the rare gas crystals [2] and some
fcc metals (Cu, Ag, Au) [3]. However, the role of the
vacancies and distinctive features of anharmonic con-
tributions to the thermodynamics of these substances
are not yet well understood. These problems are not
easily handled in the framework of self-consistent
phonon (SCP) theory [4–6], widely used for numeri-
cal investigation of crystal thermodynamics. In the
present study we evaluate therefore thermodynamic
characteristics of both perfect RGC’s and RGC’s with
vacancies within the framework of a statistical theory
for crystals [7], whereby a crystal is represented as an
ordered ensemble of particles, whose spatial distribu-
tions are described by a binary distribution function.
Recently this method has been successfully applied for

the investigation of the equations of state and thermo-
dynamic properties of rare-gas solids under pressure
[8]. In Sec. 2 the main results of this statistical theory
[7] are outlined and the internal energy, the heat ca-
pacities, the bulk modulus, the Grüneisen parameter
and the thermal expansion are calculated for perfect
crystals of Ar, Kr, Xe with contributions from an-
harmonicity. In Sec. 3 the vacancy contribution to the
thermodynamic behavior of the RGC is added.

2. Statistical theory of simple perfect crystals

An effective nearest neighbor interaction energy for
atoms located at the sites Ri and Rj in a crystal is rea-
sonably approximated by the Morse potential

u r A r R r Rij ij ij( ) [exp ( ( )) exp ( ( ))] ,� � � � � �2 20 0� �

(1)

where rij � � �R R q qi j i j� � � is the distance bet-
ween atoms and A R, ,� 0 are the potential parameters.
The values for these parameters listed in Table were
determined previously [7] in such a way that the in-
ternal energy, the lattice parameter and the bulk
modulus of the RGS at zero temperature and zero
pressure fitted the observed values within the frame-
work of the statistical model [7]. The determination
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of the total free energy of the crystals starts from the
Gibbs–Bogoliubov functional, which includes in the
present case a term for the cubic anharmonicity of the
atomic vibrations �F c3( , )� determined in second or-
der perturbation theory [9]:

F F U UT � � � � 	0 0 + �F c3( , )� (2)

whereby

F

NA
c

d
j

j
0 2

2
� 
�� �

�ln [ sinh ( ~ ( ))]



K K (3)

and

� �U

NA
c c

dj j
j

0

4 2
� �

��
�

��
�
 
~ coth ~ ( ))�
�
�K K K (4)

are the free energy and the average potential energy
of a harmonic crystal, respectively. The integration in
(3) and (4) runs over the unit cell volume of the re-
ciprocal lattice and K represents reduced components
of the wave vector, varying from 0 to 1 [7].

Table

Morse potential parameters for RGC’s  [7,8]

�, Å
–1 A, K R

0
, Å 


Ne 2.05 52.98 3.04 0.4357

Ar 1.62 170.76 3.71 0.1360

Kr 1.52 249.08 3.97 0.0767

Xe 1.38 332.04 4.32 0.0457

The average potential energy of the interatomic in-
teraction is calculated by the use of a binary distribu-
tion functions for the atomic displacements [7] and is
given within the present approximation by
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is a parameter representing both thermal and quan-
tum broadening of the atomic motion around the lat-
tice sites.
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is a parameter taking into account correlations be-
tween displacements of neighboring atoms and q( )� is
a correlation factor, which represents the contribu-
tion of the interatomic correlation to the energy of
the interatomic interactions. One may notice [7] that
q( )� changes only slowly with temperature from
q0 187� . at T � 0 K, to q � 2 at high temperature,
where it coincides with the value for completely
uncorrelated atomic states. ~ ( )� j K are the reduced fre-
quencies determined by the dynamical matrix of the
harmonic crystal, i.e. they depend on the lattice
structure only, and related to the real phonon fre-
quency � j ( )K by

� �j jc
A

( ) ~ ( )K K�


�

. (8)

In terms of these variables, the crystal free energy (2)
depends only on two parameters:

I) the reduced temperature � � T/A and
II) the de Boer parameter


 �
��

MA
(9)

which represents the strength of quantum effects (M
being atomic mass). The normalized lattice expansion

b R R( ) ( ( ) )� � �� � 0 , (10)

depends on the parameters � and R0 from the inter-
atomic potential and on the temperature dependent
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Fig. 1. Normalized temperature dependence for the
quasi-elastic bond parameters of Ar, Kr and Xe at ambient
pressure.



nearest neighbor distance R. The dimensionless
quasi-elastic bond parameter

c
A

�
�

�

1
2

, (11)

includes an effective force constant �1 for nearest
neighbor atoms, and minimization of the crystal free
energy (2) results in the temperature dependent equi-
librium values for b and c denoted b0 and c0. This
variational approach is computationally simpler than
the SCP approach and gives a number of results,
which are not easily obtained within the SCP model.
Equations (3)–(8) allow to calculate equilibrium val-
ues for the crystal free energy (2) and for b0 and c0 at
any temperature. Results calculated for the RGS by
this procedure are illustrated in Figs. 1–6.

In Fig. 1 shows the effect of the reduced tempera-
ture � on the quasi-elastic bond parameter c0 for Ar,
Kr, and Xe at zero pressure. The differences in c0 for
different crystals at low temperature are primarily
caused by differences in the de Boer parameters for
these elements. At a critical temperature � c close to
the melting temperature, the minimum of the crystal
free energy with respect to the quasi-elastic bond pa-
rameter c disappears due to an increase in the
anharmonicity of the atomic vibrations. These temper-
atures are illustrated in the Figs. 2–6 as upper ends of
the calculated curves for the temperature dependen-
cies for the interatomic distance R T( ), the heat capaci-
ties CP and CV , the bulk modulus KT , and the
Grüneisen parameters �G for Ar, Kr, and Xe at zero
pressure, respectively. One may notice that the tem-
perature dependence of the effective quasi-elastic
bond parameter increases rapidly as the temperature
approaches the instability point � c. This manifests it-
self also in a strong non-linear increase ofCP , as well
as in the thermal expansion coefficient �V and the
Grüneisen parameter �G near the melting point
(Figs. 2, 4, and 6).

In the limits of low (� �� c0
) and high (� 		 c0
)
temperature simple analytical expressions for (2)–(7)
can be obtained [7]. For a better understanding of the
peculiarities in the high temperature behavior of the
RGC’s and the related solid state instability, let us
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Fig. 2. Temperature dependence of the (normalized) iso-
baric heat capacity CP for Ar, Kr, and Xe at ambient pres-
sure and experimental data points from the literature.
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Fig. 3. Calculated (normalized) isochoric heat capacity
for Ar at ambient pressure.
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Fig. 4. Calculated temperature dependence of the nearest
neighbor distance in solid Ar and Xe at ambient pressure,
solid Kr at zero pressure and experimental data points
from the literature.
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Fig. 5. Calculated temperature dependence of the isother-
mal bulk modulus for Ar (a), Kr (b), and Xe at ambient
pressure (c) and experimental data points from the litera-
ture.



consider the classical limit (
 � 0) in the expression
for the free energy (2):
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The last term in (12) takes into account the contribu-
tion due to the cubic anharmonicity in the atomic vi-
brations at high temperature � �� 		 c0
 , whereby
a3 15� . for crystals with an fcc lattice.

Minimisation of (12) with respect to c and b gives
the equilibrium values b0 and c0:
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The value of the critical temperature � c is determined
by cubic anharmonicity:
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The internal energy and the isobaric heat capacity of
the crystal at zero pressure and high temperature
� �� 		 c0
 are given (in normalised form) by
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For the bulk modulus KT and the thermal volume ex-
pansion coefficient �V :

at � 		 c0
 one obtains
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Minor contributions from terms ~ a3
2� are neglected

in the Eqs. (17)–(19), which represent obviously
very well the qualitative behavior of the RGC’s at
high temperature. The relations (13)–(19) show that
the main internal parameter, governing the thermody-
namic behavior of a simple crystal at high tempera-
ture, is the effective quasi-elastic bond parameter
� �c0 � , which depends parametrically also on the re-

duced critical temperature � c. From the linear
relation between the sound velocities u jk and the
quasi-elastic bond parameter
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with the coefficients $ jk depending on the polariza-
tion j and on the k-vectors of the sound waves, one
obtains for the commonly used (acoustic) Debye tem-
perature

% 
D j A c� � 	 	( ) ( )6 2 2
1
3

0� $ �k (21)

whereby � 	$ jk � 0.677 for the fcc lattice. This di-
rect relation between the (acoustic) Debye tempera-
ture and the quasi-elastic bond parameter indicates,
that the temperature and volume dependence of � �c0 �
can be use in the determination of all the thermody-
namic properties of these crystals in the same way as
the Debye temperature in the commonly applied
Debye model, however in the present case, the tem-
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Fig. 6. Calculated temperature dependence of the thermal
Grüneisen parameter for Ar at ambient pressure.



perature dependence of � �c0 � includes also anharmon-
ic contributions, which are not included in the com-
monly used quasiharmonic Debye approach.

3. Contributions of vacancies to the
thermodynamic properties

Vacancy contributions to thermodynamic proper-
ties of crystals are determined primarily by their equi-
librium concentrations

n g /Tv v� �exp ( ) (22)

where g h Tsv v v� � is the excess Gibbs energy asso-
ciated with the vacancies and h Pvv v v� �& and sv
are the corresponding enthalpy and entropy, respec-
tively.

The broken bonds result in local deformations
around the vacant sites and in changes of the
quasi-elastic bond parameters for the surrounding
atoms. The total contribution to the Gibbs energy of
vacancy formation is then represented by [14]

g A Av � � �2 33 3 77. .� . (23)

The vacancy contribution to the isobaric heat capac-
ity (at zero pressure) of a simple crystal is given
within this approximation by
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As can be seen from (24), the largest contribution of
the vacancies to the heat capacity of the crystal
should be seen at the highest temperatures. In the
present cases C /vac 3 << 1, i.e. the contribution of
vacancies to the total heat capacity of the crystal re-
mains small compared with the lattice contributions
even at the highest temperatures.

The change of the crystal volume under pressure
depends on both the lattice compression and the de-
crease in the number of vacancies:
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where KT
0 is the bulk modulus of a perfect crystal.

The pressure dependence in the number of vacancies

is determined by the enthalpy h Pvv v v� �& of the
vacancy formation. In this case the effective bulk
modulus of the crystal with defects can be written as
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An estimate of the contributions in (26) shows that
the denominator is close to one at any temperature,
i.e. contributions from vacancies to the bulk modulus
of the RGC’s are very small and can be safely ne-
glected.

In the literature [15] similar conclusions can be
found with respect to the thermodynamic contribution
of the vacancies in the case of copper.
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