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1. Introduction

This paper surveys mainly the recent works of the authors devoted
to the degenerate Beltrami equations. The existence problem for the
Beltrami equations in the uniformly elliptic case was investigated long
ago, see e.g. [1,8,10] and [58]. The existence problem for degenerate
Beltrami equations is currently an active area of research. This problem
was studied extensively and many contributions have been made, see e.g.
[14-16,18,19,21-25,37,38,45-47,50-54,56,57,61,62,67,71,78-87,104,110].
The recent monographs [6] and [63] and the survey [94] make possible
for us to restrict ourselves by the discussion basically of our own latest
results in the field. We also give a comparison of our theorems with the
corresponding earlier contributions.

Our approach for deriving criteria for existence of solutions to the de-
generate Beltrami equations is based mainly on the modulus techniques,
see the original paper [3], the resent books [7,26,63,107| and the following
papers and monographs [6,49,55,92,93,101,111].

In the theory of quasiconformal mappings it is well-known the role
of the Beltrami equations of the first type (1.1). Let D be a domain
in the complex plane C, i.e., a connected and open subset of C, and
let 4 : D — C be a measurable function with |u(z)| < 1 a.e. (almost
everywhere) in D. The Beltrami equation is the equation of the form

fz=wz) - f: (1.1)
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where fz = gf = (fac + ify)/Qa f.=0f= (fac - ify)/Qa z = x + 1y, and
fz and f, are partial derivatives of f in x and y, correspondingly. The
function p is called the Beltrami coefficient and

_ 14 u=)|
1 —|pu(2)]

the dilatation quotient for the equation (1.1). The Beltrami equation
(1.1) is said to be degenerate if esssup K,(z) = oo. The study of the
corresponding homeomorphisms started in the frames of the theory of
the so-called mean quasiconformal mappings, see e.g. 2,9, 35, 36, 39, 50,
51,53,54,70,71,76,98,99,105].

On the other hand, the Beltrami equations of the second type

fe=v(2)- f. (1.3)

play a great role in many problems of mathematical physics, see e.g. [52].
The existence problem for the Beltrami equations with two characte-
ristics

Ku(2) (1.2)

fe=u(2) f. +v(2)- f. (1.4)

where |u(2)| + [v(2)| < 1 a.e. was also resolved first in the case of the
bounded dilatation quotients

_ 1 e+ v
1—|p(2)] = [v(2)]

see Theorem 5.1 in [10]. Recently in [14], the existence of homeomorphic
solutions in the Sobolev class VVI})’CS, s € [1,2), for the equation (1.4)
was stated in the case when K, , had a majorant @) in the class BMO,
bounded mean oscillation by John and Nirenberg, see e.g. [48] and [74].
Note that L ¢ BMO C L} _for all p € [1,00). Our recent papers [15]
and [16] have been devoted to the study of more general cases when
K,u,y € Llloc'

Recall that a function f : D — C is absolutely continuous on lines,
abbr. f € ACL, if, for every closed rectangle R in D whose sides are
parallel to the coordinate axis, f|R is absolutely continuous on almost all
line segments in R which are parallel to the sides of R. In particular, f is
ACL (possibly modified on a set of Lebesgue measure zero) if it belongs
to the class Wi)cl of locally integrable functions with locally integrable
first distributional derivatives and, conversely, if f € ACL has locally
integrable first partial derivatives, then f € VVI})’Cl, see e.g. 1.2.4 in [65].
For an orientation-preserving ACL homeomorphism f : D — C, the
Jacobian J¢(z) = | f.|>—| fz|? is nonnegative a.e. In this case, the complex

K, .(2) (1.5)
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dilatation gy of f is the ratio u(z) = fz/f. if f. # 0 and p(z) = 0
otherwise, and the point-wise dilatation Kr(z) of f is defined in terms of
p by (1.2). Note that |u(z)] <1 a.e. and K,(z) > 1 a.e.

Following [15], we call a homeomorphism f € WI})CI(D) a regular
solution of (1.4) if f satisfies (1.4) a.e. and Jf(z) # 0 a.e. We also studied
the so—called strong ring solutions, see [85-87|, that make possible, for
instance, to study the Dirichlet problem for the Beltrami equation (1.1),
see e.g. [29,30].

2. BMO, VMO and FMO

The BMO space was introduced by John and Nirenberg in [48| and
soon became one of the main concepts in harmonic analysis, complex
analysis, partial differential equations and related areas, see e.g. [41,74].

Let D be a domain in the complex plane C. Recall that a real valued
function ¢ € Li (D) is said to be of bounded mean oscillation in D,

loc

abbr. ¢ € BMO(D) or simply ¢ € BMO, if

llls = sup ]l o(2) — ppldm(z) < %0 (2.1)
BCD A

where the supremum is taken over all disks B in D and

1
o = Z o) dm(z) = T B/ o(2) dm(z) (2.2)

is the mean value of the function ¢ over B. Here and later on dm(z)
stands for the Lebesgue measure in C. Note that L>°(D) ¢ BMO(D) C
LY (D) for all 1 < p < oo, see e.g. [74].

A function ¢ in BMO is said to have vanishing mean oscillation,
abbr. ¢ € VMO, if the supremum in (2.1) taken over all disks B in
D with |B| < e converges to 0 as ¢ — 0. VMO has been introduced
by Sarason in [90]. There is a number of papers devoted to the study
of partial differential equations with coefficients of the class VMO, see
e.g. [22,47,64,69,73|.

Following [44], we say that a function ¢ : D — R has finite mean
oscillation at a point zg € D if

) =T f o) - plaldmx) <00 (23
B(z0,¢)
where
B (20) = ][ () dm(2) (2.4)

B(zo,e)
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is the mean value of the function ¢(z) over the disk B(zp,¢). Condition
(2.3) includes the assumption that ¢ is integrable in some neighborhood
of the point zy. We call dy,(29) the dispersion of the function ¢ at the point
2. We say also that a function ¢ : D — R is of finite mean oscillation in
D, abbr. ¢ € FMO(D) or simply ¢ € FMO, if ¢ has a finite dispersion
at every point zg € D.

Remark 2.1. Note that, if a function ¢ : D — R is integrable over
B(Zo,&“o) C D, then

][ 0(2) — Bel20) dm(z) < 2- Ge(z0) (2.5)
B(z0,¢)

and the left hand side in (2.5) is continuous in the parameter € € (0, g¢]
by the absolute continuity of the indefinite integral. Thus, for every
(50 S (0, 80),

sup ][ 0(2) — Be(z0)| dm(z) < oo. (2.6)
56[60,80} 5)
Z0,

Thus, the condition (2.3) holds if and only if
sup ][ lo(2) — @e(20)] dm(z) < 0. (2.7)

e€(0,e0] B(oo.e)

The value of the left hand side of (2.7) is called the maximal dispersion
of the function ¢ in the disk B(zo, ).

Proposition 2.1. If for some collection of numbers p. € R, € € (0, 0],

lim |p(2) = @el dm(z) < o0, (2.8)

e—0
B(z0,¢)

then o is of finite mean oscillation at zg.

Choosing in Proposition 2.1 . =0, € € (0, £¢], we obtain the follow-
ing statement.

Corollary 2.1. If for a point zy € D

lim lp(2)] dm(z) < oo, (2.9)

e—0
B(Z()?E)

then ¢ has finite mean oscillation at zg.
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Recall that a point zy € D is called a Lebesgue point of a function
p: D — R if ¢ is integrable in a neighborhood of zg and

lim lo(2) — w(z0)] dm(z) = 0. (2.10)

e—0
B(z0,€)

It is known that almost every point in D is a Lebesgue point for every
function ¢ € L'(D). We thus have the following corollary.

Corollary 2.2. FEvery function ¢ : D — R, which is locally integrable,
has a finite mean oscillation at almost every point in D.

Remark 2.2. Note that the function ¢(z) = log(1/|z|) belongs to BMO
in the unit disk A, see e.g. [74], p. 5, and hence also to FMO. However,
?e(0) — oo as € — 0, showing that the condition (2.9) is only sufficient
but not necessary for a function ¢ to be of finite mean oscillation at zg.

The following lemma is a basic tool for applications of the concept of
FMO to the existence problem to the Beltrami equations. Below we use
the notation

Ag,e0) ={z€C:e < |z] <ep}. (2.11)

Lemma 2.1. Let ¢ : D — R be a nonnegative function with finite mean
oscillation at 0 € D and let o be integrable in B(0,e~') C D. Then

PEVAME) o glog )l Vee e (212)

- (|z[ log ‘—il) €
A(e,e 1)

Some versions of this lemma have been first established for BMO
functions in 78] and then for FMO functions in [44] and [83].

Clearly that BMO C FMO. By definition FMO C LllOC but FMO is
not a subset of L} for any p > 1 in comparison with BMOj,. C LY .
for all p € [1,00). Here BMOj,. stands for the local version of the class
BMO. So, let us give examples showing that FMO is not BMOy,., see [82]

and [83], correspondingly.

Example 2.1. Set 2z, = 27", r, =27 p>1, ¢, =22"", D, = {z €
C:|z— 2z <rp}, and

90(2) = Z CnX<Dn)'

n=1

Evidently by Corollary 2.1 that ¢ € FMO(C \ {0}).
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To prove that ¢ € FMO(0), fix N such that (p — 1)N > 1, and set
e=en=zy+rn. Then U,y Dn C D(e) :={2€C: 2] <e} and

[e=% [o=nS o= 0w

D(e) n>N Dy, n>N n>N

< > 220 0L RUTPIN <0,

n>N

Hence ¢ € FMO(0) and, consequently, ¢ € FMO(C).
On the other hand

/ @pzﬂz Cﬁ’h%Zleoo.

D(e) n>N n>N

Hence ¢ ¢ LP(D(e)) and therefore ¢ ¢ BM Oy, because BMOjo. C LY
for all p € [1,00).

Example 2.2. We conclude this section by constructing functions ¢ :
C — R of the class C*°(C\{0}) which belongs to FMO but not to L .
for any p > 1 and hence not to BMOjqc.

In this example, p = 1 4 § with an arbitrarily small § > 0. Set

1
el?-1if |z| < 1
z) = ’ ’ 2.13
vo(2) {0, i1 > 1 (2.13)

Then ¢ belongs to Cg° and hence to BMOjoc. Consider the function

o(z) = { g”“(z)’ i i E gk\’UBk (2.14)

where By = B(zp, i), 2e =27%, rp =2-0+)% 550 and
or(2) :22k2900(ﬂ), 2€By, k=2,3,.... (2.15)
Tk

Then ¢ is smooth in C\ {0} and, thus, belongs to BMO),.(C\ {0}), and
hence to FMO(C \ {0}).
Now,
/tpk(z) dm(z) = 920K /cpo(z) dm(z). (2.16)
By C
Setting
K=K() = [logQ 1} < logy ~ (2.17)
el — g’



V. GUTLYANSKII, V. RyazaNnov, U. SREBRO, E. YAKUBOV 473

where [A] denotes the integral part of the number A, we have

J= ]Zgo(z) dm(z) < T 920K o =2(K+1) (2.18)
Do) k=K

where I = [~ p(z)dm(z). If K§ > 1,1ie. K >1/6, then

00 ) 00 o0 1\ Kk 4
Yoamtay yHer Y () =5 e
K k=K k=0

k=

ie., J <161/3m. Hence

e—0

lim ][go(z) dm(z) < oco. (2.20)

Thus, ¢ € FMO by Corollary 2.1.
On the other hand,

/ 0(2) dim(z) = / o55(2) dm(2) (2.21)

By, C

and hence ¢ ¢ L'*°(U) for any neighborhood U of 0.

3. Convergence of the Sobolev functions

Our approach for deriving criteria for existence of solutions to the
Beltrami equations is approximative and based on the corresponding
convergence theorems, the Arzela—Askoli theorem and the modulus tech-
niques.

First of all, let us recall necessary definitions and basic facts concern-
ing the Sobolev spaces WP and the classes LP,p € [1,00]. Given an
open set U in R™ and a natural number [, C'(l) denotes a collection of all
functions ¢ : U — R with compact support having all partial continuous
derivatives of order at most [ in U. ¢ € C§° if p € C} for all I = 1,2, .. ..
A vector @« = (aq,...,q,) with natural coordinates is called a multi—
index. Every multi-index « is associated with the differential operator
D =9l oz ... 9xon where |a| = g + - - - + ay,.

Now, let v and v : U — R be locally integrable functions. The
function v is called the distributional derivative D%u of w if

/uDacpdx = (=1)l /vgpd:z: Vo e Cf° (3.1)
Q Q
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The concept of the distributional derivative was introduced by
Sobolev in [95]. The Sobolev class W'P(Q) consists of all functions
u:U — Rin LP(U), p > 1, with distributional derivatives of order
[ summable of order p. A function v : U — R belongs to Wfllt;g(U) if
uwe Wwhp (Uy) for every open set U, with compact closure U, C U. A sim-
ilar notion introduced for vector-functions f : U — R in the component-
wise sense.

A function w : R®" — R with a compact support in B is called a
Sobolev averaging kernel if w is nonnegative, belongs to C§°(R™) and

/w(a:) dr =1 (3.2)

R

The well-know example of such a function is w(z) = yo(|z|> — ) where

@(t) = €'/t for t < 0 and ¢(t) = 0 for t > 0 and the constant + is chosen
so that (3.2) holds. Later on, we use only w depending on |z|.

Let U be a nonempty bounded open subset of R and f € LY(U).

Extending f by zero outside of U, we set

1 Z—x

fomanxf= [ arme@dy = [H@w(35)d 33

U

ly|<1

where f = wp * f, wp(y) = w(y/h),h > 0, is called the Sobolev mean
function for f. It is known that f;, € CS°(R"), || fullp < ||f|lp for every
f e LP(U), p € [1,00], and f, — f in LP(U) for every f € LP(U),
p € [1,00), see e.g. 1.2.1 in [65]. It is clear that, if f has a compact
support in U, then fj also has a compact support in U for small enough
h.

A sequence ¢ € L*(U) is called weakly fundamental if

lim [ (@) (pny (1) — ra(a) de =0 ¥® € LX)
1,R2—00
U

It is well-known that the space L!'(U) is weakly complete, i.e., every
weakly fundamental sequence @), € L'(U) converges weakly in L(U),
see e.g. Theorem IV.8.6 in [28].

It is known the following fact for the Sobolev classes W1P(U), p > 1,
see e.g. Lemma IIL.3.5 in [75], see also Theorem 4.6.1 in [31]. Note
that this fact under p = 2 was known long ago in the plane for the so-
called mappings with the bounded Dirichlet integral, see e.g. Theorem 1
in [100].
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Lemma 3.1. Let U be a bounded open set in R™ and let fr, : U — R be
a sequence of functions of the class WYP(U), p > 1. Suppose that the

norm sequence || fi||1p is bounded and fi, — f as k — oo in LY(U). Then
f e WHP(U) and dfy,/0z; — Of /0x; as k — oo weakly in LP(U).

In comparison with [78], we applied in [15,84,85| the following lemma
instead of Lemma 3.1 which is not valid for p = 1. Its proof is based just
on the weak completeness of the space L', see [84] and [85].

Lemma 3.2. Let U be a bounded open set in R and let f, : U — R
be a sequence of functions of the class WY (U). Suppose that fr — f
as k — oo weakly in L*(U), 0fy/0x;, k = 1,2,..., j = 1,2,...,n are
uniformly bounded in L*(U) and their indefinite integrals are absolutely
equicontinuous. Then f € WHL(U) and 8fy/0x; — 0f /0x; as k — oo
weakly in L*(U).

Remark 3.1. The weak convergence f, — f in L'(U) implies that

Sup | fell1 < oo,

see e.g. IV.8.7 in [28]. The latter together with

Sup 10fx /0|1 < oo,

j = 1,2,...,n, implies that fr — f by the norm in L? for every
1 < ¢ < n/(n—1), the limit function f belongs to BV (U), the class
of functions of bounded variation, but, generally speaking, not to the
class WH1(U), see e.g. Remark in 4.6 and Theorem 5.2.1 in [31]. Thus,
the additional condition of Lemma 3.2 on absolute equicontinuity of the
indefinite integrals of Jfy/0x; is essential, cf. also Remark to Theo-
rem 1.2.4 in [75].

The next convergence theorem for ACL homeomorphisms was first
proved on the base of Lemma 3.2 in [84], cf. also [85].

Theorem 3.1. Let D be a domain in C and let f, : D — C be a sequence
of ACL homeomorphisms with complex dilatations p,, such that

L+ |pn(2)]
1= |pn(2)]

If fn — [ uniformly on each compact set in D, where f is a homeomor-
phism, then f € ACL and 0f, and Of, converge weakly in LL to Of and

= loc
of, respectively. Moreover, if in addition p, — p a.e., then 0f, = puodf,
a.e.

<Qk)eLll,. VYn=12... (3.4)
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Remark 3.2. In fact, it is easy to show that under the condition (3.4)
fn as well as f belong to I/VI})C1 Moreover, if in addition Q € L , p > 1,

loc?

then f,, and f belong to Wb Ofn, — Of and Of, — Of weakly in L?

loc loc

where s = 2p/(1 + p), see Lemma 3.1.

Proposition 3.1. Let D be a domaininC and f, : D — C, n=1,2,...,
a sequence of homeomorphisms such that f, — f uniformly on compact
sets in D with respect to the spherical (chordal) metric. If the limit
function f is discrete, then f is a homeomorphism.

Corollary 3.1. Let D be a domain in C and f, : D — C, n=1,2,...,
a sequence of quasiconformal mappings which satisfy (3.4). If f,, — f
locally uniformly, then either f is constant or f is an ACL homeomor-
phism and Of, and Of, converge weakly in L (D \ {f1(c0)}) to Of
and Of, respectively. If in addition, pi, — i a.e., then Of = pdf a.e.

The following theorem in [15] is a generalization of the Bojarski con-
vergence result in [10], Lemma 4.2, where @) was in L.

Theorem 3.2. Let D be a domain in C and let f, : D — C be a
sequence of homeomorphic WliCl(D) solutions of the equations Of, =
pn O fn + vn0frn with |un(2)| + |vn(2)| < 1 a.e. such that

L+ |pn(2)| + |vn(2)]

z T n = )
) S @) € LeD)  ¥n=1.2, (3.5)

If fn — [ uniformly on each compact set in D where f : D — C s
a homeomorphism, then [ € VVI})’Cl(D) and 0f, — Of and Of, — Of
weakly in Llloc(D). Moreover, if in addition u, — @ and v, — v a.e.,

then Of = pdf +vof a.e.

The kernel of a sequence of open sets Q, C C, n = 1,2,... is the

open set
Qo = Kern 2, := U Int( ﬂ Qn>

m=1
where Int A denotes the set consisting of all inner points of A, in other

words, Int A is the union of all open disks in A with respect to the
spherical distance.

Proposition 3.2. Let hy, : D — D), D! = h,(D), be a sequence of
homeomorphisms given in a domain D C C. If h, converge as n —
oo locally uniformly with respect to the spherical (chordal) metric to a
homeomorphism h: D — D' C C, then D' = h(D) C Kern D,.



V. GUTLYANSKII, V. RyazaNov, U. SREBRO, E. YAKUBOV 477

Remark 3.3. In particular, Proposition 3.2 implies that h(D) C C if
hn(D) CCforalln=12,....

Lemma 3.3. Let D be a domain in C and let f, : D — C be a sequence
of homeomorphisms from D into C such that f, — f as n — oo locally
uniformly with respect to the spherical metric to a homeomorphism f
from D into C. Then f;' — f=1 locally uniformly in f(D), too.

Corollary 3.2. Let D be a domain in C and f, : D - C, n=1,2,...,
a sequence of quasiconformal mappings which satisfies (3.5). If f, — f

locally uniformly where f is a homeomorphism, then f~! € VVli)C2

Corollary 3.3. Let D be a domain in C and f, : D - C, n=1,2,...,
be a sequence of quasiconformal mappings which satisfy the equations
Ofn = pnOfn + vn0fn with |pn(2)| + |vn(2)| < 1 a.e. and the condition
(3.5). If fn, — [ locally uniformly with respect to the spherical (chordal)
metric, then either f is constant or f is a homeomorphism of the class

Wl’l(D) and Of, — Of and Of, — Of weakly in L. (D). Moreover, if

loc loc

in addition pi, — p and v, — v a.e., then Of = pudf + vof a.e.

4. Equivalent integral conditions

Many existence theorems for the Beltrami equation are given in terms
of integral restrictions on the dilatations K, (z) and K. (z,20). In [34]
and [85], we have established equivalence of some integral conditions.

For every non-decreasing function ® : [0,00] — [0, 00|, the inverse
®1:]0,00] — [0,00] can be well defined by setting

®7'(r)= inf ¢ 4.1
()=t (4.1)

Here inf is equal to oo if the set of ¢ € [0, oo] such that ®(¢) > 7 is empty.
Note that the function ®~! is non-decreasing, too.

Remark 4.1. It is evident immediately by the definition that
O HP(t) <t Vte 0,00 (4.2)

with the equality in (4.2) except intervals of constancy of the function
D(1).

Further, the integral in (4.5) is understood as the Lebesgue—Stieltjes
integral and the integrals in (4.4) and (4.6)-(4.9) as the ordinary
Lebesgue integrals. In (4.4) and (4.5) we complete the definition of
integrals by oo if ®(t) = oo, correspondingly, H(t) = oo, for all ¢ >
T € [0,00).



478 ON RECENT ADVANCES...

Theorem 4.1. Let @ : [0,00] — [0, 0] be a non-decreasing function and
set

H(t) = log ®(t). (4.3)
Then the equality
dt
/E@7—m (4.4)
A
implies the equality
/dHT(t) =00 (4.5)
A

and (4.5) is equivalent to every of the equalities:

/H@g:m (4.6)
A

for some A > 0,

4
L/H(%)ﬁ:ﬂw (4.7)
0

for some 6 > 0,

oo dn B
/me‘w (43)
Ay
for some A, > H(+0),
T dr
/Tl(ﬂ =00 (4.9)
Ox

for some 6, > ®(+40).

Moreover, (4.4) is equivalent to (4.5) and hence (4.4)—(4.9) are equiv-
alent each to other if ® is in addition absolutely continuous. In par-
ticular, all the conditions (4.4)—(4.9) are equivalent if ® is conver and
non—decreasing.

Remark 4.2. We have in mind 400 at the right hand sides of the con-
ditions (4.4)—(4.9). If ®(¢t) = 0 for t € [0,t], then H(t) = —oo for
t € [0,t,] and we complete the definition H'(t) = 0 for ¢ € [0, t.]. Note,
the conditions (4.5) and (4.6) exclude that ¢, belongs to the interval of
integrability because in the contrary case the left hand sides in (4.5) and



V. GUTLYANSKII, V. RyazaNnov, U. SREBRO, E. YAKUBOV 479

(4.6) are either equal to —oo or indeterminate. Hence we may assume in
(4.4)-(4.7) that A > to where to: = supg(y—ot, to = 0 if ®(0) > 0, and
0 < 1/tg, correspondingly.

Recall that a function v : [0, 00] — [0, 00] is called convex if ¥(At +
(1—=N)t2) < Mp(t1) + (1= N)2p(ta) for all ¢ and t9 € [0,00] and X € [0, 1].
In what follows, D denotes the unit disk in the complex plane C,

D={zeC: |z| < 1}. (4.10)

Lemma 4.1. Let Q : D — [0,00] be a measurable function and let ® :
[0,00] — [0, 0] be a non-decreasing convex function. Then

where q(r) is the average of the function Q(z) over the circle |z| = r and

N |

N = /@(Q(Z))dm(z). (4.12)

D

Theorem 4.2. Let Q : D — [0,00] be a measurable function such that
/ B(Q(2)) dm(2) < o0 (4.13)
D

where ® : [0, 00] — [0, 00] is a non-decreasing convex function such that

o0

dr
/ch—l(f_) — % (4.14)

do

for some 8o > 19 : = ®(0). Then

1
dr
/'rq(r) =00 (4.15)
0

where q(r) is the average of the function Q(z) over the circle |z| = r.

Remark 4.3. Note that (4.14) implies that

7 dr
5/@—1(7) — (4.16)
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for every 0 € [0,00) but (4.16) for some § € [0,0), generally speaking,
does not imply (4.14). Indeed, for 6 € [0,0¢), (4.14) evidently implies
(4.16) and, for ¢ € (dg, 00), we have that

)

dr 1 0
< log — 4.1
0 </Tq>—1(r) =3 1(0) e -~ (.17)

do

because @~ is non-decreasing and ®~1(J) > 0. Moreover, by the defini-
tion of the inverse function ®~!(7) = 0 for all 7 € [0, 0], 7o = ®(0), and
hence (4.16) for § € [0, 7)), generally speaking, does not imply (4.14). If
70 > 0, then

70

/T@Efl—(ﬂ = Ve [O,To) (4_18)
é

However, (4.18) gives no information on the function Q(z) itself and,
consequently, (4.16) for 6 < ®(0) cannot imply (4.15) at all.

By (4.16) the proof of Theorem 4.2 is reduced to Lemma 4.1. Com-
bining Theorems 4.1 and 4.2 we also obtain the following conclusion.

Corollary 4.1. If & : [0,00] — [0, 0] is a non-decreasing convex func-
tion and @ satisfies the condition (4.13), then every of the conditions
(4.4)—(4.9) implies (4.15).

5. General Beltrami equation

Following [15], we call a homeomorphism f € VVli’CI(D) a reqular so-
lution of (1.4) if f satisfies (1.4) and the Jacobian J¢(z) # 0 almost
everywhere in D. This and next sections contain new criteria for exis-
tence of just regular solutions to the general Beltrami equations (1.4),
see [15] and [16].

Theorem 5.1. Let D be a domain in C and let 4 and v : D — C be
measurable functions with |pu(z)| + |v(z)| < 1 a.e. such that

1 [u(z)] + v(=)] s
= T ) S Q) € FMO(D). (5.1)

Then the Beltrami equation (1.4) has a regular solution.

KM,V(Z)

Note that, y a result of Hencl and Koskela [42], it follows that the
inverse mapping f~! € I/Vlif for a regular solution f.

Theorem 5.1 implies the existence theorem for the case of majorants
Q(z) in the class BMO, see [14]. Moreover, in this case f € Wlf)cs for all
1 <s<?2.
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Corollary 5.1. If

[ 1)+ )

e—0 1= |p(2)] = |v(z)]
B(Zo,f—:)

dm(z) < o0 Vzo€ D (5.2)

then (1.4) has a reqular solution.

The following theorem is a source for deriving various integral criteria
for the existence of regular solutions to (1.4).

Theorem 5.2. Let D be a domain in C and let p and v : D — C be
measurable functions with |pu(z)| + |v(2)| < 1 a.e. and K,, € L (D).
Suppose that

4(20) J
.
/ ) 00 Vzo €D (5.3)
0

where 0(z9) < dist(z9,0D) and k. (r) is the mean of K,,(z) over
|z — 29| = r. Then the Beltrami equation (1.4) has a regular solution.

Corollary 5.2. In particular, if
1
kzO(r):O(log;) asr — 0 Vzp € D (5.4)

then (1.4) has a regular solution.

In fact, the condition (5.3) implies the whole scale of conditions in
terms of the iterated logarithms, see [38].

Remark 5.1. The case co € D is included in our scheme by the standard
way. The enumerated conditions for K, ,(z) at co should be understood
as the corresponding conditions for K, ,(1/Z) at 0. Of course, all these
latter conditions can also be written explicitly in terms of K, ,(z) itself
after the change of variables z — 1/Z.

For example, the concept of finite mean oscillation can also be ex-
tended to infinity in the following way. Given a domain D in the extended
complex plane C, oo € D, and a function ¢ : D — R, we say that ¢ has
finite mean oscillation at oo if the function ¢*(z) = ¢(1/Z) has finite
mean oscillation at 0. Clearly, by the change of variables z — 1/Z the
latter is equivalent to the condition

/ o(2) - @rl dTZ—‘(f) = 0(%) (5.5)

|z2|>R
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where

2 milz
o= [ ot (5.6)

The condition (5.3) at oo has the form

o0

iR
/RT(R) ~ (5.7)
A

for some A > 0 where K(R) is the average of K, ,(z) over the circle
|z| = R. The condition (5.4) at oo is written as

K(R)=0(logR) as R — oc. (5.8)
Theorem 5.2 and Corollary 4.1 yield the next result.

Theorem 5.3. Let D be a domain in C and let 4 and v : D — C be
measurable functions with |pu(2)| + |v(z)| <1 a.e. such that

/CID(KM,V(Z)) dm(z) < o0 (5.9)

D

where ® : [0, 00] — [0, 00] is a non-decreasing convex function. If ® satis-
fies at least one of the conditions (4.4)—(4.9), then the Beltrami equation
(1.4) has a regular solution.

Remark 5.2. The condition (5.9) can be also localized to neighborhoods
U,, of points 2y € D with ® = &,, under the same conditions on the
functions ®,,. If co € D, then the condition (5.9) for K, ,(z) at co € D
should be understood as the corresponding condition for K, ,(1/Z) at 0.
The latter condition can also be written explicitly in terms of K, ,(z)
itself after the change of variables z — 1/Z in the form

/ Do (K (2)) dﬁﬁf) < . (5.10)

Uso

If the domain D is unbounded, then it is better to use the global condition

/@(Kw,(z)) % < 00 (5.11)

D

instead of (5.9).
We may assume in the above theorem that the functions ®,,(¢) and
®(t) are not convex and non-decreasing on the whole segment [0, co] but
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only on a segment [T, 00| for some T' € (1,00). Indeed, every function
® : [0,00] — [0,00] which is convex and non-decreasing on a segment
[T, 0], T € (0,00), can be replaced by a non-decreasing convex function
&7 [0,00] — [0,00] in the following way. We set ®7(t) = 0 for all
t €10,T], ®(t) = ¢(t), t € [T,Ty], and &7 = ®(t), t € [T}, 00|, where
T = ¢(t) is the line passing through the point (0,7") and touching upon
the graph of the function 7 = ®(¢) at a point (T, ®(7%)), T > T. For
such a function we have by the construction that ®7(t) < ®(¢) for all
t € [1,00] and ®p(t) = ®(¢) for all t > T,.

6. Consequences for reduced Beltrami equations
The equation of the form
fz=Xz)Ref. (6.1)

with [A(2)] < 1 a.e. is called the reduced Beltrami equation, see e.g.
[5,10-13,109|. The equation (6.1) can be rewritten as the equation (1.4)
with

n(z) = () = 22 (6.2
and then
Kuu(2) = Kn(2): = % (6.3)

Thus, the results of the previous sections give the following consequences
for the reduced Beltrami equations (6.1).

Theorem 6.1. Let D be a domain in C and let A : D — C be a measur-
able function with |\(z)| <1 a.e. such that

_ L+ [AE)]

@ =150

< Q(z) € FMO(D). (6.4)

Then the Beltrami equation (6.1) has a regular solution.

Corollary 6.1. In particular, if
_— 14+ A
[ 14 De)

2T 1)
B(z0,¢)

dm(z) < o0 Vzo€ D (6.5)

then (6.1) has a regular solution.
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Theorem 6.2. Let D be a domain in C and let A : D — C be a measur-
able function with |\(z)| <1 a.e. and Ky € L\ (D). Suppose that

loc

8(z0) J
/ L —x  VxeD (6.6)
0

where §(zp) < dist(zg, D) and A, (r) is the mean of Kx(2) over |z—z| =
r. Then the Beltrami equation (6.1) has a regular solution.

Corollary 6.2. In particular, if
1
Ay (1) :O(log;) asr — 0 V2o €D (6.7)

then (6.1) has a regular solution.

From Theorem 5.3 we obtain the following consequence for the re-
duced Beltrami equations (6.1).

Theorem 6.3. Let D be a domain in C and let A be a measurable func-
tion with |A\(z)| < 1 a.e. such that

/(I)(K)\(Z)) dm(z) < o0 (6.8)

D

where ® : [0, 00] — [0,00] is a non-decreasing convex function. If ® sat-
isfies at least one of the conditions (4.4)—(4.9), then the reduced Beltrami
equation (6.1) has a regular solution.

Remark 6.1. Remarks 5.2 are valid for the reduced Beltrami equation.
Moreover, the above results remain true for the case in (1.4) when

v(z) = p(z) (6.9)

with an arbitrary measurable function 6(z) : D — R and, in particular,
for the equations of the form

fz=Az)Im f, (6.10)

with a measurable coefficient A\ : D — C, |[A\(z)| < 1 a.e.

Next, note that we have constructed the examples showing that the
conditions (4.4)—(4.9) are not only sufficient but also necessary for the
Beltrami equations with two characteristics (1.4) and, in particular, for
the reduced Beltrami equations (6.1) to have regular solutions.
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7. On ring ()-homeomorphisms

It is well-known that every quasiconformal mapping of a disk onto
itself can be extended to a homeomorphism of the closed disk. The situ-
ation is different if we study more general homeomorphisms. Indeed, the
homeomorphism f : D — D determined by

f(rew) _ zei log(1—|z|)

has no limit as |z| — 1. In Section 12 we will study the Dirichlet problem
for the degenerate Beltrami equation. There we find sufficient condi-
tions in terms of the Beltrami coefficient which guarantee the existence
of regular solutions to the degenerate Beltrami equation with a homeo-
morphic extension to the boundary. Below we consider the so-called ring
@-homeomorphisms whose boundary behavior have been studied in [59].

Recall that, given a family of paths I' in C, a Borel function p: C —
[0, 00] is called admissible for I, abbr. p € admT, if

[ o)1zl =1 (7.1)

Y

for each v € I'. The modulus of I' is defined by

M) = peiﬁxfnr p*(2) dm(z). (7.2)
C

Given a domain D and two sets E and F in C, ['(E, F, D) denotes
the family of all paths 7 : [a,b] — C which join E and F in D, i.e., y(a) €
E, v(b) € F and ¥(t) € D for a <t < b. We set I'(E, F) = I'(E, F,C)
if D = C. A ring domain, or shortly a ring in C is a domain R in C
whose complement consists of two components. Let R be a ring in C.
If C; and Cy are the components of C \ R, we write R = R(Cy,Cy). It
is known that M (I'(C1,Cq, R)) = cap R(C1,Cs), see e.g. [32]. Note also
that M (T'(C1, Ce, R)) = M(I'(C1,Cs)), see e.g. Theorem 11.3 in [106].
In what follows, we use the notations B(zp,r) and C(zg,r) for the open
disk and the circle, respectively, in C centered at zg € C with the radius
r > 0 and A(zo,r1,72) for the ring {z € C:r; < |z — 20| < ra}.

Motivated by the ring definition of quasiconformality in [33], we intro-
duced in [81], cf. also [80], the following notion that localizes and extends
the notion of a @-homeomorphism, see e.g. [63].

Let D be a domain in C, zgp € D, rg < dist(z9,0D) and Q :

B(zg,70) — [0, 00] a measurable function. A homeomorphism f : D — C
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is called a ring ()-homeomorphism at the point zy € D if

M(T(fC, fCy)) < / Q) - 72(1% — z0]) dm(2) (7.3)
A

for every ring A = A(zg,71,72), 0 < r1 <719 <719, C; = C(20,77),7=1,2,
and for every measurable function 7 : (r1,72) — [0, 00] such that

T2

/n(r) dr =1. (7.4)

T1

This notion was first extended to the boundary points in [85]. More
precisely, given a domain D in C and a measurable function @ : D —
[0, 0c], we say that a homeomorphism f : D — C is a ring Q-homeomor-
phism at a boundary point zg of the domain D if

M(A(fCh, fCa. fD)) < / Q) 1P(|z - %) dm(z)  (75)

AND

for every ring A = A(zp,71,72) and every continua Cj and Cy in D which
belong to the different components of the complement to the ring A in C,
containing zg and oo, correspondingly, and for every measurable function
n: (r1,r2) — [0, 00] satisfying the condition (7.4).

The following convergence theorem was first proved in [84], see also
[85].

Theorem 7.1. Let f,, : D — C, n=1,2,..., be a sequence of ring Q-
homeomorphisms at a point zg € D. If f, converge locally uniformly to
a homeomorphism f: D — C, then f is also a ring Q-homeomorphism
at 20-

8. On strong ring solutions

In this section we study the strong ring solutions which allow us to
study some boundary problems. In [85-87|, we have proved a series of
criteria for the existence of strong ring solutions, in particular, in terms
of finite mean oscillation majorants for tangential dilatations. Moreover,
we have derived an extension of the well-known Lehto existence theorem.
It is shown that the latter implies many known and new results on the
existence of ACL homeomorphic solutions to the degenerate Beltrami
equations, see Sections 8-10 and comments in Section 13.
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Below we will use the tangential dilatation with respect to a point
zo € D which is defined by

o 2
|1— 2=20(2)|
KT = 220 8.1
A Ok &
of. [4,37,38,57,80,81,88]. Note that
1
Ko(7) < Kg(z,zo) < Ku(z) ae. (8.2)

Thus, Kg(z, zp) # 0 and oo a.e. if K,(2) is locally integrable.

A homeomorphism f: D — C is called a strong ring solution of the
Beltrami equation (1.1) if f is a regular solution and, in addition, f is a
ring Q-homeomorphism at every point zy € D with Q(z) = Kg(z, 20).

We show that the strong ring solutions exist for wide classes of the
degenerate Beltrami equations.

Below we will use the tangential dilatation with respect to a point
29 € D which is defined by

Py 2
1 — 2220 p(z)|
KT(z,20) = 220 , 8.3
w2 =TGP -
of. [4,37,38,57,80,81,88]. Note that
1
%) < K (2,20) < Ku(z) ae. (8.4)

Thus, Kg(z, zp) # 0 and oo a.e. if K, (2) is locally integrable.

Theorem 8.1. Let i : D — C be a measurable function with |u(z)| <1
a.e. and K, € L (D). Suppose that every point zg € D has a neighbor-

loc

hood U, such that
Kg(z,zo) < Qy(2) ae. (8.5)

for some function Q,,(z) of finite mean oscillation at the point zo in the
variable z. Then the Beltrami equation (1.1) has a strong ring solution.

As a consequence we arrive at the following theorem.

Theorem 8.2. Let pn: D — C be a measurable function with |pu(z)| <1
a.e. such that

< Q(z) € FMO. (8.6)

Then the Beltrami equation (1.1) has a strong ring solution.
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Since every strong ring solution is a homeomorphic ACL solution and
since every BMO function is in FMO, the theorem strengthens earlier re-
sults about the existence of ACL homeomorphic solutions of the Beltrami
equation when the conditions involve majorants of the class BMO in the
previous papers [78] and [79].

Theorem 8.1 and Corollary 2.1 yield the statement.

Theorem 8.3. Let 1 : D — C be a measurable function with |u(z)| <1
a.e. and K, € Li. (D). Suppose that at every 29 € D

loc
_ 11— =2u(2))
n z—20
&11_{% B dm(z) < oo. (8.7)
B(zo,s)

Then the Beltrami equation (1.1) has a strong ring solution f,.
Corollary 8.1. If at every point zg € D

— 1
[ L)

LE B ]
B(Zo,s)

dm(z) < oo, (8.8)

then the Beltrami equation (1.1) has a strong ring solution.

The logarithmic mean of a function @) over the ring A(zo,e,20) =
{z€C:e<|z— 2| <ep} is defined by

€0 €0
1 dt
v = fawdost: = [a0T 59

where ¢(t) denotes the mean value of @ over the circle |z — 29| = t. The
following statement is formulated in terms of the logarithmic mean of the
tangential dilatation Kg(z, zp) for a fixed g9 = §(zp) < dist(z0,9D).

Theorem 8.4. Let pi: D — C be a measurable function with |u(z)| <1
a.e. and K, € Ll . If at every point zg € D the logarithmic mean of KE;

loc
over A(e) does not converge to co as € — 0, i.e.,

o KT
111511_}61f M, (€) < o0, (8.10)

then the Beltrami equation (1.1) has a strong ring solution.
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9. Extension of the Lehto existence theorem

In [57] Lehto studied the degenerate Beltrami equations in a special
case where the singular set

Sp={z€C:lim [Kulp(peee) = o0 (9.1)

of the complex coefficient p in the Beltrami equation (1.1) is of measure
zero. He showed that, if for every zg € C and every r1; and ry € (0, 00)
the integral

T2

dr
/ TS M 2

T1

is positive and tends to oo as either r;{ — 0 or r9 — oo where

1— —2119 iy |2
aZ / | wlzo 1) g9, (9.3)
o\ o 1 — Ju( zo—l—rew)P

then there exists a homeomorphism f : C — C which is ACL in C\ Sy,
and satisfies the Beltrami equation (1.1) a.e. Note that the integrand in
(9.3) is just the tangential dilatation Kg(z, 20).

We present now a generalization and strengthening of the Lehto exis-
tence theorem which enables to derive a series of other existence theorems
some of which are known and some are new. This extended version of the
Lehto theorem states the existence of a strong ring solution in a domain
D c C which by the definition is ACL in D and not only in D\ S,,. Note
that the situation where S;, = D is possible here and that the condition
(9.4) is weaker than the Lehto condition (9.2) because ¢l (r) can be ar-
bitrarily close to 0. See Remark 9.1 further for the case where co € D,
too.

Theorem 9.1. Let D be a domain in C and let p: D — C be a mea-
surable function with |u(z)| <1 a.e. and K,, € L, (D). Suppose that at

every point zg € D
6(z0) J
r
/ () =00 (9.4)
0

rql, (7

where §(z9) < dist(z0,0D) and qZ (r) is the mean of Kl:f(z, 20) over
|z — 20| = r. Then the Beltrami equation (1.1) has a strong ring solution

fu-
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A version of this theorem for the ring solutions was first published in
the preprint [80], and then in [81], see also [63|. The advanced version
for the strong ring solutions was publised in [85]. Note that the centers
zp are assumed to belong to the domain D in the case of a ring solution.
In the case of strong ring solutions zg can belong to the boundary of D.

Note that already in the work [67] it has been established the ex-
istence of homeomorphic solutions to the Beltrami equation (1.1) in the
class f,, € Wlif, s = 2p/(1+p), under the condition (9.4) with K, € L
p > 1, instead of Kg(z,zo) (the case p = 1 is covered thanking to a
new convergence theorem in Section 3). The Miklyukov—Suvorov result
was again discovered in the paper [21] whose author thanks Professor
F. W. Gehring but does not mention [67]. Perhaps, the work [67] re-
mains unknown even for the leading experts in the west because we have
found no reference to this work in the latest monograph on the Beltrami
equations under the discussion of the Lehto condition, see Theorem 20.9.4
in [5].

Theorem 9.1, side by side with lemmas in Section 4, is the main tool
for deriving theorems on existence of strong ring solutions for Beltrami
equations with various integral conditions in the next section.
Corollary 9.1. If K,, € L{ (D) and at every point zy € D

loc
1
qZ; (r) = O(log ;) asr — 0, (9.5)

then the Beltrami equation (1.1) has a strong ring solution.

Since Kg(z, 2p) < K, (%) we obtain as a consequence of Theorem 9.1
the following result which is due to Miklyukov and Suvorov [67] for the
case K, € L (D), p > 1.

loc

Corollary 9.2. If K,, € L? (D) for p > 1 and (9.4) holds for K,(z)

loc
instead of Kg(z, 20) for every point zyg € D, then the Beltrami equation

(1.1) has a WI})CS(D) homeomorphic solution where s = 2p/(p + 1).

Remark 9.1. A strong ring solution of the Beltrami equation (1.1) be-
longs just to the class W,"*(D) where s = 2p/(p+1) if K, € LY (D) for
p=> 1

All the above theorems can be extended to the case where oo € D C C
if one replaces (9.4) by the following condition at oo

7 dr
/rq(r) - (96)
5
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where 6 > 0 and

/ ’1 2u9 )’2 " (9 7)
T or 1- ]u ?”6“9)|2 ' )

In this case, there exists a homeomorphic I/VI})CI( ) solution f = f, in D
with f(oo) = oo and f, ! € Wlif(f(D)) Here f € Wlf)cl(D) in D means
that f € VVl '(D\ {oc}) and that f*(z) = 1/f(1/Z) belongs to Wh!
in a neighborhood of 0. The statement f~! € W;"?(f(D)) has a similar

loc
meaning.

10. Exixtence theorems with integral conditions

The following existence theorem is obtained from Theorems 4.2 and
9.1.

Theorem 10.1. Let i : D — C be a measurable function with |u(z)| < 1
a.e. and K, € Ll . Suppose that every point zg € D has a neighborhood
U., where

loc*

/ (I)ZO(KE(Z,ZQ)) dm(z) < oo (10.1)
Usg

for a non-decreasing convex function ®,, : [0, 00) — [0, 00] such that

T dr

[ 10.2
/ o) (10-2)
A(20)

for some A(zp) > ®,,(0). Then the Beltrami equation (1.1) has a strong
ring solution.

Remark 10.1. Note that the additional condition A(zg) > ®,,(0) is
essential, see also Remark 4.3. In fact, it is important only degree of
convergence CIDZ_Ol (1) — 00 as T — oo or, the same, degree of convergence
., (t) — 0o as t — oo.

Corollary 10.1. Let o : D — C be a measurable function with |u(z)| <1
a.e. and K, € Ll . Suppose that

loc®

/@(Kﬂ(z)) dm(z) < oo (10.3)

D
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for a non-decreasing convex function ® : [0, 00] — [0, 00| such that

7 dr
/ 57 = (10.4)
A

for some A > ®(0). Then the Beltrami equation (1.1) has a strong ring
solution.

In particular, the latter means that under the conditions (10.3) and
(10.4) there exists a homeomorphic solution f of (1.1) in the Sobolev
class I/Vlicl with the Jacobian J¢(z) # 0 a.e.

Some new criteria of the existence of strong ring solutions for the
Beltrami equation (1.1) which will be given further follow from Theo-
rems 4.1 and 10.1.

Corollary 10.2. Let u: D — C be a measurable function with |u(z)| <1
a.e. and K, € L{ .. If the condition (10.1) holds at every point zg € D
with a non-decreasing convex function @, : [0,00) — [0,00) such that

r dt
/ log @, (t) = (10.5)
A(20)

for some A(zg) > 0, then the Beltrami equation (1.1) has a strong ring
solution.

Corollary 10.3. Let u: D — C be a measurable function with |u(z)| <1
a.e. and K, € L{ .. If the condition (10.1) holds at every point zg € D
for a continuous non-decreasing convex function ®,, : [0,00) — [0, 00)

such that

[e o]

/ (log (IDZO(t))’% =00 (10.6)

A(zo)

for some A(zp) > 0, then (1.1) has a strong ring solution.

Corollary 10.4. Let u: D — C be a measurable function with |pu(z)| <1
a.e. and K, € Ll . If the condition (10.1) holds at every point zy € D
for @, = exp H,, where H, is non-constant, non-decreasing and convez,
then (1.1) has a strong ring solution.

Corollary 10.5. Let u: D — C be a measurable function with |u(z)| <1
a.e. and K,, € L{ .. If the condition (10.1) holds at every point zy €

loc*
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D for ®,, = exp H,, with a twice continuously differentiable increasing
function H,, such that

HI (1) 20 Vt=>t(z) € [0,00), (10.7)
then (1.1) has a strong ring solution.

Theorem 10.2. Let i : D — C be a measurable function with |u(z)| < 1
a.e. and K, € Li._ such that

loc

/ B(K,u(2)) dm(z) < oo (10.8)

D

where ® : [0, 00) — [0, 00] is non-decreasing and convexr such that

[e.e]

/ log ®(t) = = oo (10.9)

A

for some A > 0. Then the Beltrami equation (1.1) has a strong ring
solution.

Corollary 10.6. Let u: D — C be a measurable function with |u(z)| <1
a.e. and K, € Li . If the condition (10.8) holds with a non-decreasing
convez function ® : [0,00) — [0,00) such that

/(log d(t)) % = o0 (10.10)

to

for some to > 0, then (1.1) has a strong ring solution.

Corollary 10.7. Let yu: D — C be a measurable function with |ju(z)| <1
a.e. If the condition (10.8) holds for ® = el where H is non-constant,
non-decreasing and convezx, then (1.1) has a strong ring solution.

Corollary 10.8. Let pu: D — C be a measurable function with |u(z)| <1
a.e. If the condition (10.8) holds for ® = e where H is twice continu-
ously differentiable, increasing and

H'(t)>0  Vt>tye[l,00), (10.11)

then (1.1) has a strong ring solution.
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Note that among twice continuously differentiable functions, the con-
dition (10.11) is equivalent to the convexity of H(t), ¢t > to, cf. Corol-
lary 10.7. Of course, the convexity of H(t) implies the convexity of
d(t) = e"® t > ty, because the function expx is convex. How-
ever, in general, the convexity of ® does not imply the convexity of
H(t) = log®(t) and it is known that the convexity of ®(¢) in (10.8)
is not sufficient for the existence of ACL homeomorphic solutions of the
Beltrami equation. There exist examples of the complex coefficients u
such that K, € LP with an arbitrarily large p > 1 for which the Beltrami
equation (1.1) has no ACL homeomorphic solutions, see e.g. [78].

Remark 10.2. The integral condition (10.1) is replaced at co by the
following condition

< o0 (10.12)

/ @OO(KE(Z, 0))
|z|>d

where 0 > 0, &, satisfies the conditions of either Theorem 10.1 or equiv-
alent conditions from Theorem 4.1 and
. 1 Zut)
K, (z,00) S PEER (10.13)
We may assume in all the above theorems that the functions @, (t)
and ®(t) are not convex on the whole segments [0, c0] and [1, o], res-
pectively, but only on a segment [T, 00] for some T" € (1,00). Indeed,
every non-decreasing function ® : [1,00] — [0, 00| which is convex on a
segment [T, 00|, T' € (0, 00), can be replaced by a non-decreasing convex
function @7 : [0, 00] — [0, 00] in the way described in Section 5.

11. Necessity of integral conditions for solvability

The main idea for the proof of the following statement under smooth
increasing functions ® with the additional condition that t(log®)" > 1
is due to Iwaniec and Martin, see Theorem 3.1 in [46], cf. also Theo-
rem 11.2.1 in [45] and Theorem 20.3.1 in [5]. We obtain the same con-
clusion in Lemma 11.1 and Theorem 11.1 further without these smooth
conditions. Moreover, by Theorem 4.1 the same conclusion concerns all
conditions (4.5)—(4.9).

Theorem 11.1. Let ® : [0, 00] — [0, 00] be such a non-decreasing convex
function that, for every measurable function p : D — D satisfying the
condition

/@(Ku(z))dm(z) < 0 (11.1)

D
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the Beltrami equation (1.1) has a homeomorphic ACL solution. Then
there is 0 > 0 such that

o

/log(ID = 0. (11.2)

)

It is evident that the function ®(¢) in Theorem 11.1 is not constant
on [0, 00) because in the contrary case we would have no real restrictions
for K, from (11.1) except ®(¢) = co when the class of such p is empty.
Moreover, by the well-known criterion of convexity, see e.g. Proposition
5 in 1.4.3 of [17], the slope ®(¢)/t is nondecreasing. Hence the proof of
Theorem 11.1 is reduced to the following statement.

Lemma 11.1. Let a function ® : [0, 00] — [0, 00] be non-decreasing and
dH)>Ct  Vt>T (11.3)

for some C > 0 and T € (1,00). If the Beltrami equations (1.1) have
ACL homeomorphic solutions for all measurable functions p : D — D
satisfying the condition (11.1), then (11.2) holds for some 6 > 0.

Remark 11.1. Note that the Iwaniec-Martin condition t(log ®)’

implies (11.3) with C' = ®(T")/T. Note also that if we take 3,11 =&, —
0 as n — 00, i1 = bpeP™ — g7, and Yool = bpePn 1 [e,in the
construction of examples to Lemma 13.1, then we get (v, 1)/75 1 <
2ey. Thus, we arrive at examples of absolutely continuous increasing
functions ® with ®(t) — oo as t — oo satisfying the condition (11.2) and

such that Bt
lim inf ¥ =0. (11.4)

t—o00

Now we see that conditions of the type (11.3) are independent on the
conditions (4.4)—(4.9).

In view of its special importance, we give here the corresponding
example to Lemma 11.1. Let & fail to satisfy (11.2). Then there exists
a measurable function g : D — D such that (11.1) holds, however the
Beltrami equation (1.1) has no homeomorphic ACZ solution.

Example 11.1. Let us assume that the condition (11.2) does not hold
for any § > 0. Set to = supg)—ot, to = 0 if ®(¢) > 0 for all ¢ € [0, oc].
Then for all § > ¢g

o0

/1og<b < . (11.5)

6
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With no loss of generality, applying the linear transformation a® + 3
with &« =1/C and 3 =T, we may assume by (11.3) that

d(t) >t  Vtel0, ). (11.6)

Of course, we may also assume that ®(t) = t for all ¢ € [0,1) because
the values of ® in [0,1) give no information on K, in (11.1). Finally, by
(11.5) we have that ®(t) < oo for every ¢ € [0, 00).

Now, note that the function W(t) := t®(t) is strictly increasing,
V(1) = ®(1) and ¥(t) — o0 as t — oo, U(t) < oo for every t € [0, 00).
Hence the functional equation

V(K (r)) = (—)2 vre (0,1, (11.7)

where v = ®1/2(1) > 1, is well solvable. Its solution K : (0,1] — [1,00)
is a continuous non-increasing function such that K(r) — oo as r — 0
and K (1) = 1. Taking the logarithm in (11.7), we have that

2log r+log K(r) +log ®(K(r)) = 2log
and by (11.6) we obtain
log r+log K(r) <log~,

ie.,

K(r) < % (11.8)
By (11.7)

and hence by (4.2)

Thus,

t t
dr dr dr
w: =[x <[ mrm w0

X
t

where 7/t > v > 1 > ®(4+0) = 0. By the condition (11.5) and Theo-
rem 4.1

1
I(t) < I(1) :/TK(T) < 0. (11.9)
0
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Now consider the mapping

ﬂ@:%MM)

where p(t) = e!®. Note that f € C'(D\ {0}) and hence f is locally
quasiconformal in the punctured unit disk D\ {0} by the continuity of
the function K (r), r € (0,1), see also (11.9). Let us calculate its complex
dilatation. Set z = re”’. Then

e oK)z K(e) -1
1+ K(r) z K(z|)+1

1(2)

Consequently,
K, (=) = K () (11.10)

and by (11.7)

1
/ O(K,(z))dm(z) = 277/@(1((7“))7“ dr < 277?1(1) < oo.
D 0

However,

lim | f(2)] = lim p(t) = ¢'® =1,

z—0

i.e., f maps the punctured disk D\ {0} onto the ring 1 < |¢| < R = /().

Let us assume that there is a homeomorphic ACL solution g of the
Beltrami equation (1.1) with the given p. By the Riemann theorem
without loss of generality we may assume that g(0) = 0 and ¢g(D) = D.
Since f as well as g are locally quasiconformal in the punctured disk
D\ {0}, then by the uniqueness theorem for the quasiconformal mappings
f=hogin D\ {0} where h is a conformal mapping in D\ {0}. However,
isolated singularities are removable for conformal mappings. Hence h can
be extended by continuity to 0 and, consequently, f should be so. Thus,
the obtained contradiction disproves the assumption (11.5).

Remark 11.2. Theorems 4.1 and 11.1 show that each of the sufficient
conditions (4.4)—(4.9) for the solvability of the Beltrami equations (1.1)
with the integral constraints (11.1) and non-decreasing convex functions
® is also necessary.
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12. On the Direchlet problem

Boundary problems for the Beltrami equations (1.1) are due to the
famous dissertation of Riemann who considered a particular case of ana-
lytical functions when p(z) = 0, and to the works of Hilbert (1904, 1924)
who studied the corresponding system of Cauchy—Riemann for the real
and imaginary parts of analytic functions f = u + iv, as well as to the
work of Poincare (1910) on rising tides.

The Dirichlet problem for the uniformly elliptic Beltrami equations
was studied by many authors, see, e.g., [10] and [108|, Chapter 4, and the
references therein. For an approximate method for solving the Dirichlet
problem, see [68]. The same problem for two-dimensional quasilinear
differential equation of elliptic type was also investigated in a number of
papers, see, e.g., [24] and the corresponding references. Our goal here
is to show how to apply our new results on the existence of strong ring
solutions for the degenerate Beltrami equations to the study of some
boundary value problems.

Every analytic function f in a domain D satisfies the simplest Bel-
trami equation

f2=0 (12.1)

when p(z) = 0. Recall that if an analytic function f defined in the unit
disk D = {# € C : |2|] < 1} is continuous in its closure, then by the
Schwarz formula

£(2) = iIm £(0) —I——/Ref ng’zdf (12.2)
i¢j=1

see e.g. Section 8, Ch. III, Part 3 in [43], p. 346. Thus, the analytic
function f in the unit disk D is defined by its real part ¢(¢) = Re f(()
on the boundary of the unit disk up to a purely imaginary number ic,
¢ =1Im f(0).

Similarly, the Dirichlet problem for the Beltrami equation (1.1) in
a domain D C C is formulated as the problem on the existence of a
continuous function f : D — C which has partial derivatives of the first
order satisfying (1.1) a.e. in D and such that

lim Re f(z) = ¢(¢) V(e oD (12.3)

z—C

for a prescribed continuous function ¢ : 9D — R. It is obvious that if f
is a solution of such problem, then the function F(z) = f(z) +ic, ¢ € R,
is also a solution.
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The regular solution of the Dirichlet problem (12.3) with ¢(¢) = ¢,
¢ € 0D, for the Beltrami equation (1.1) is the function f(z) = ¢, z € D. If
¢ (€) # const, then the regular solution of such problem is a continuous,
discrete and open mapping f : D — C of the Sobolev class I/Vlicl with
the Jacobian J¢(2) = |f.12 = | fz]* # 0 a.e. satisfying the condition (12.3)
and (1.1) a.e. If D =D, where D stands for the open unit disk centered
at the origin, we in addition assume that Im f(0) = 0.

Recall that a mapping f : D — C is called discrete if the preimage
of f ! (y) consists of isolated points for every y € C and open if f maps
every open set U C D onto an open set in C.

In what follows, we prove that a regular solution to the Dirichlet
problem (12.3) in the unit disc D exists for every continuous function
¢ : 0D — R for wide classes of the degenerate Beltrami equations (1.1).
The Dirichlet problem in a bounded simply connected domain D in C is
reduced to the case of the unit disk by the Riemann mapping theorem.
Detailed proofs of the following theorems can be found in [29] and [30].

Theorem 12.1. Let p: D — D be a measurable function such that K,
has the BM O magjorant. Then the Beltrami equation (1.1) has a regular
solution of the Dirichlet problem (12.3) for every continuous function
p:0D — R.

Remark 12.1. In particular, we have that if

K. (2) < Q(2) € W,\2 (D), (12.4)

loc

then the conclusion of Theorem 12.1 holds because W2 (D) C
VMO (D), see e.g. [20]. Moreover, in this case f € VVkl)’CZ, see e.g. [61],
and the problem has the unique regular solution for every continuous

function ¢ : 0D — R.

This theorem admits the following generalization.
Theorem 12.2. Let p : D — D be a measurable function such that
K, € L*(D) and K;‘f(z, 20) < Q(z, z9) where the function Q(z, zg) belongs
to FMO(zy) in z for all zg € D. Then the Beltrami equation (1.1) has

a regular solution of the Dirichlet problem (12.3) for every continuous
function ¢ : 0D — R.

Corollary 12.1. Let pu: D — D be a measurable function such that

14 u()

1= |p(2)]
Then the Beltrami equation (1.1) has a regular solution of the problem
Dirichlet (12.3) for every continuous function ¢ : D — R.

K,(2) < Q(z) € FMO (D) . (12.5)
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Corollary 12.2. Let p : D — D be a measurable function with K, €
LY (D) such that

e 2
lim 1= 35 mCe)] dm(z) <oo  VzeD (12.6)
e—0 1= |u(z)2 ’ ‘
D(z0,e)

where D(zp,e) = DN B(z0,¢), B(z0,6) = {2z € C: |z— 2| < €}. Then the
Beltrami equation (1.1) has a regular solution of the Dirichlet problem
(12.3) for every continuous function ¢ : 0D — R.

Corollary 12.3. Let p: D — D be a measurable function such that
1 _
ks (e) = O(log g> VzpeD (12.7)

as € — 0, where k() is the average of the function Kg(z,zo) over
D S(z0, €), S(z0,¢6) = {z € C: |z — 29| = €}. Then the Beltrami
equation (1.1) has a regular solution of the Dirichlet problem (12.3) for
every continuous function ¢ : D — R.

Remark 12.2. In particular, the conclusion holds if

Kg(z, 20) = O(log

) as z — 29 V29 € D. (12.8)
|z = 2o

Theorem 12.3. Let p : D — D be a measurable function with K, €
LY(D) such that

6(z0) J
r —_
/ L —— V2 eD (12.9)
KT[(r) ’
| TREL®
where ||K;F||1(7‘) = f% KZ(z,zo)|dz| is the L' norm of the function

K} (z,20) over the arcs v, = DN S(z0,7) of the circles S(zo,7) = {z €
C:|z—20 =71}, 0<d(20) < 1. Then the Beltrami equation (1.1) has
a regular solution of the Dirichlet problem (12.3) for every continuous
function ¢ : D — R.

Remark 12.3. Of course, all the above results on the existence of regular
solutions to the Dirichlet problem for the Beltrami equation (1.1) can
be formulated in terms of the dilatation K,(z) because of the estimate
Kg(z,zo) < K, ().

On the base of Corollary 4.1 we obtain the following consequence of
Theorem 12.3.
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Theorem 12.4. Let p : D — I be a measurable function with K, €
LY (D) and such that

/ @ZO(KZ(Z’,Z())) dm(z) < oo Vzo €D (12.10)

D(zo)

where D(z9) = {z € D : |z — 29| < 0(20)}, 0 < 0(20) < 1 and D, :
[0, 00] — [0,00] is a non-decreasing convex function that satisfies at least
one of the conditions (4.4)—(4.9).

Then the Beltrami equation (1.1) has a reqular solution of the Dirich-
let problem (12.3) for every continuous function ¢ : 0D — R.

Next, since K[ (z,20) < K,(z), Theorem 12.4 implies the following
simple but very important consequence.

Corollary 12.4. Let u: D — D be a measurable function such that

/(I)(K#(z)) dm(z) < % (12.11)
D

where ® : [0, 00] — [0, 00] is a non-decreasing convex function that satis-
fies at least one of the conditions (4.4)—(4.9).

Then the Beltrami equation (1.1) has a reqular solution of the Dirich-
let problem (12.3) for every continuous function ¢ : 0D — R.

Remark 12.4. Note that the conditions (4.4)—(4.9) are not only suffi-
cient but also necessary to have a regular solution of the Dirichlet problem
(12.3) (under every continuous non-constant function ¢ : 9D — R) for
all Beltrami equations (1.1) with the integral constraints (12.11). Indeed,
by the Stoilow factorization, see e.g. [96] or [97], such a regular solution f
should have the representation f = hog where h is a conformal mapping
and ¢ is a homeomorphic solution of the class I/Vlicl (D) to the Beltrami
equation (1.1). However, the given conditions are necessary by Theorem
11.1 for the existence of such solutions to all Beltrami equations (1.1)
with the integral constraints (12.11).

Example 12.1. Let B

p(z) = k(|2])

where k(7) : R — (—1,1) is a measurable function such that

- (12.12)

1
1
/%k(ﬂﬁ < 00 Ve € (0,1) (12.13)
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and

1

1+ k(r)dr

—X— = o00. 12.14
/ 1—k(r) 7 > ( )
0

Then a regular solution to the Dirichlet problem (12.3) for the Beltrami

equation (1.1) can be written in the explicit form

0= [ Rept© 525 F a2
I¢1=1

1
e 1+ k(r)dr
w(z) = ] p < /71 R T ) (12.16)

|2l

where

is a regular homeomorphic solution of the Beltrami equation (1.1) with
p from (12.12), see Propositions 6.4 and 6.5 in [79], cf. [40].

Example 12.2. The example of a complex dilatation g which will be
given in (12.18) shows that the Dirichlet problem (12.3) for the Beltrami
equation (1.1) has no regular solution for every ¢ # const even in the
case of p € C*(D\ {0}), K, € L (D \ {0}) and K, € LP(D) for any
arbitrarily large p > 1. Moreover, K, has only one singularity at zero
and no one on the boundary 9.

In the monograph [63], it was given the following simple example of
the mapping

g(z) = ’—; (14 |2]%) = e (1 +79), (12.17)

2z =x+iy = re",a € (0, 1), that maps the punctured unit disk Dy =
D\ {0} ={2 € C:0< |z| <1} onto the ring A(0,1,2) ={z€C:1<
|z| < 2} and, thus, ¢g has the unremovable singularity at zero.

The complex dilatation of the mapping ¢ is given by

9z 29 1+ (1—a)r®
)= =—e"W. —— L
mz) g 1+ (1+a)re

If a € (0, 1), then the dilatation

(12.18)

I+ pz)] 14 1
"1 lu() T e " a

K,(z) (1+7r7%).

The dilatation function has only one singularity as » — 0 and, moreover,
K, € LP(D) for every p < 2/a. If o« — 0, we see that the degree of
integrability of K, can be arbitrarily large. Moreover, K, € L (D)

loc
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and p € C° (ﬁ\ {0}), i.e., g is locally quasiconformal in the punctured
disk Do.

It is easy to show that the Dirichlet problem (12.3) for (1.1) with p of
the form (12.18) has no regular solutions f with any continuous function
¢ # const. Indeed, by the Stoilow factorization theorem f = Aoh where
A is an analytic function and h is a homeomorphism. However, h is
a locally quasiconformal mapping outside of some discrete set of points
M in Dy, because branch points of the analytic function A are isolated,
and satisfies the Beltrami the Beltrami equation (1.1) a.e. Thus, by the
uniqueness theorem for quasiconformal mappings we have that h]DO\ M=
Y og|p,\ar, Where 1 is a conformal mapping in g(Do\ M) = g(Do)\ g(M).
Note that, since g is a homeomorphism in Dy, the set g(M) consists of
isolated points and, thus, is removable for the conformal mapping .
However, then M is removable for h and h = 9 o g. Consequently,
f = Ay o g where A, is an analytic.

By the definition, the regular solution f is continuous at zero. How-
ever, g~ (w) — 0 as |w| — 1. Thus A.(w) — £(0) = Re f(0) as |w| — 1
and by the Riemann—Schwarz symmetry principle, see, e.g., Theorem 3
in [43, Part 3, Ch. 4, ¥ 5], A, is extended through the unit circle |w| = 1.
Simultaneously A,(w) = f(0) on this circle and then A, = const, see,
e.g., Theorem 2 in [43, Part 3, Ch. 3, Section 2], that is not possible for

© # const.

Example 12.3. The example of the mapping (12.17) allows to construct
an another example of a complex dilatation p, see (12.19), of the class
C>(D) \ {0} with K, € L% (D), for which the Beltrami equation (1.1)
has no regular solutions of the Dirichlet problem (12.3) under ¢ # const.
K, has singularities only on OD.

Note that the relation (12.17) allows to define the homeomorphism
w = g(z) mapping C, = C\ {0} onto C\ D, g(co) = oo; in the polar
coordinates : R = |w| =1+ 1r%, § = argw = argz = . Consider the
mapping

G=jog 'oj

where j is the inversion with respect to the unit circle in C. By the
construction, £ = G(¢) maps D onto C and G(s) — oo as |[¢| — 1. In
view of the circle symmetry of the mapping g,

G:j*og_loj*

where j.(¢) = 1/ is a conformal mapping.
It is known that

_ -1 _ —
fg-1 = —VgOg ', Vg1 =—lgOyg
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where
_ 97 _ _ 2w 14+ (1 —a)r®

70 Trvape M

see, e.g., IC(4) in [1]. In view of the latter, ji;1 = vy—1 and then by
IC(7) and (9) in [1]

vg(2) :

pG = —pgog " o

o MU0 pr ()1 p)
hols) = e '1+<1+a>[§—q—62 Traraa—p 29

where p = || and v = arg. Consequently, we have that

)_1+(%—1)_ I 1
= 50T T alip) -k

Let us show that the Beltrami equation (1.1) has no regular solutions
f of the Dirichlet problem (12.3) for ¢ # const and p = pg. Assume
that there is a regular solution f. Then, arguing as in Example 5, we
obtain that f = Ao G in D where A is an analytic function in G(D) = C.
However, the cluster set

C(0D,Re f) = {w cC:w= nlirgoRef(Zn)v |2n| — 1} = ¢(0D)

is bounded and G(s) — oo if and only if [¢|] — 1. We see that Re A
is bounded and Re A = const by the Liouville theorem for harmonic
functions, see, e.g., Theorem 5 in [91, Ch. 5, Section 14]. The latter is
not possible for ¢ # const.

13. Historic comments and final remarks

In this section we give a comparison of our results with earlier results
of other authors.

The first investigation of the existence problem for degenerate Bel-
trami equations with integral constraints (10.8) as in Theorem 10.2 has
been made by Pesin [71]. He studied the special case where ®(t) = ! —1
with @ > 1. A theorem of Kruglicov [50] is a partial case of Corollary 10.8.
Next, David [25] considered the existence problem with measure con-
straints

HzeD: Ku(z) >t} < ot) vVt el o00) (13.1)

with special o(t) of the form a - e~ and Tukia [104] with the corre-
sponding constraints in terms of the spherical area. Note that under the
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integral constraints (10.8) of the exponential type ®(t) = ae’, a > 0, the
conditions of David and Tukia hold. Thus, the latter results strengthen
the Pesin result.

By the well known John—Nirenberg lemma for functions of the class
BMO the David conditions are equivalent to the corresponding integral
conditions of the exponential type, see e.g. [78] and [79]. More advanced
results in terms of FMO can be found in [83] and [85].

The next step has been made by Brakalova and Jenkins [18] who
proved the existence of ACL homeomorphic solutions for the case of
the integral constraints (10.1) as in Theorem 10.1 with K, (z) instead
of Kg(z, 20) and with

t+1

O, (1) = (1) = exp (@) (13.2)
2

Note that the condition (4.4) in Theorem 4.1 can be easy verified for the
function ®(t). Indeed,

t+1
log % 1

1
= ~ = t . 13.3
2(1+1log$l)2  2logt T el (13:3)

(log @(t))" =

Moreover, ®”(t) > 0 for all ¢t > T for large enough T' € (1,00) and hence
® is convex on the segment [T, 00], see e.g. [17] and Remark 10.2. Thus,
the result of Brakalova and Jenkins [18] is a partial case of Corollary 10.3.

Later on, Iwaniec and Martin [45, 46| have proven the existence of
solutions in the Orlicz-Sobolev classes for the case where

B, (1) = D(t) = exp (#fogt) (13.4)

for some p > 0. Here we see that

plogt p
(14 1logt)? logt

(log ®(t)) = as t — 00, (13.5)
and the convexity condition is also verified, cf. Corollary 10.6. Note that
in the both cases (13.2) and (13.4) for each A > 0

d(t) >t*  Vt>ty€[l,00). (13.6)

We would like to emphasize a remarkable results on the uniqueness and
Stoilow factorization for solutions of the Beltrami equations concerning
the case

D, (t) = (t) = exppt, (13.7)
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which is due to Astala, Iwaniec, Martin and David [5] and [25]. Note
that earlier a theorem on the existence and uniqueness in the class VV&)’C2
has been established under the condition K, (z) < Q(z) € Wif in the
work [61].

Corollary 10.2 is due to Gutlyanskii, Martio, Sugawa and Vuorinen
in [37] and [38] where they have established the existence of ACL homeo-
morphic solutions of the Beltrami equation (1.1) in W25, s = 2p/(1 +p),

loc
under K, € L with p > 1 for

loc
D, (t) = D(t): =expH(t) (13.8)

with H(t) being a continuous non-decreasing function such that ®(t) is
convex and

/ H(t) g ~ 0. (13.9)
1

It was one of the most advanced results in the field of criteria for the
solvability of the degenerate Beltrami equations because the condition
(13.9) is turned out to be not only sufficient but also necessary as it is
clear from Theorem 11.1, see also Remark 11.2.

Similar theorems on the existence and uniqueness of solutions in the
Orlich—Sobolev classes have been established subsequently in [5] under the
condition (13.9) with the smooth H and ¢H'(t) > 5, see Theorem 20.5.2
therein, cf. Lemma 11.1 and Remark 11.1. However, we have not found
the work [38] in the reference list in [5].

Recently Brakalova and Jenkins have proved the existence of ACL
homeomorphic solutions under (10.1), again with K,(z) instead of

Kg(z, 2p), and with

t+1)

D.0(t) = 0(t) = h(—

(13.10)
where they assumed that & is increasing and convex and h(z) > Cyz?
for any A > 1 with some C) > 0 and

T dr
1/7’h—1(7') ~ 0, (13.11)

see [19]. Note that the conditions h(x) > Cyz? for all A > 1, in particular,
under the above sub-exponential integral constraints, see (13.6), imply
that K, is locally integrable with any degree p € [1,00).

Some of the given conditions are not necessary as it is clear from the
results in Section 11 and from the following lemma and remarks.
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Lemma 13.1. There exist continuous increasing convex functions ® :
[1,00) — [1,00) such that

o0

/10g<1> = 00, (13.12)
1

log ®(t)

htrgg)lf logt =1 (13.13)
and, moreover,
O(t) >t Vit e[l 00). (13.14)

Note that the examples from the proof of Lemma 13.1 further can be
extended to [0,00] by ®(t) = ¢ for ¢t € [0,1] with keeping all the given
properties.

Remark 13.1. The condition (13.13) implies, in particular, that there
exist no A > 1, > 0 and T} € [1,00) such that

d(t)>Cy-t* Yt >Th. (13.15)

Thus, in view of Lemma 13.1 and Theorem 10.2, not one in the conditions
(13.15) is necessary in the existence theorems for the Beltrami equations
with the integral constraints of the type (10.8).
In addition, for the examples of ® given in the proof of Lemma 13.1,
log ®(t)

li = 13.16
msup = = %0 (13.16)

cf. Proposition 13.1 further. Finally, all the conditions (4.4)—(4.9) from
Theorem 4.1 hold simultaneously with (13.12) because the increasing
convex function ® is absolutely continuous.

Example 13.1. Further we use the known criterion which says that a
function @ is convex on an open interval I if and only if ® is continuous
and its derivative ®' exists and is non-decreasing in I except a countable
set of points in I, see e.g. Proposition 1.4.8 in [17]. We construct ® by
induction sewing together pairs of functions of the two types ¢(t) = a+5t
and 1 (t) = ae® with suitable positive parameters a, b and 3 and possibly
negative .

More precisely, set ®(t) = i (t) for t € [1,7]] and ®(¢) = 91(t) for
t € [y, m] where p1(t) = t, v5 = e, P(t) = e Vet 4, = e+ 1.
Let us assume that we already constructed ®(¢) on the segment [1,,]
and hence that ®(t) = a,e’! on the last subsegment [y},,] of the
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segment [yn—1,7n]. Then we set @n+1(t) = apt1 + Bnt1t where the pa-
rameters oy, +1 and fy,41 are found from the conditions ¢, 1(vn) = @(7n)
and SO;L—H(’YTL) > (I)/<7n —=0), ie., any1 + But1n = anebn’yn and fpy1 >
Unbpe® . Let Bri1 = anbpe® ™, apy1 = ane (1 — byy,) and choose
a large enough ~;, | > 7, from the condition

* 1 *
10g (Qtns1 + Bnr17p41) < <1 + 5) log V41 (13.17)

and, finally, set ®(t) = @©n11(t) on [vn, V51 1]-
Next, we set ¥ni1(t) = ang1e?+t where parameters a,;; and
bny1 are found from the conditions that v, 1(v),1) = @ny1(7541) and

V1 (Mma1) = P (Vmyr)s e,

1 Qi1+ .
bpi1 = —— log —*1 frt 1T (13.18)
Tn+1 Gn+1
and, taking into account (13.18),
by > Out1 (13.19)

Qnt1 + Bnr1V4q

Note that (13.19) holds if we take small enough ay,+1 > 0 in (13.18). In
addition, we may choose here b,11 > 1.

Now, let us choose a large enough 7,41 with e 1y,.1 > 41 from
the condition that

log ¥n+1 (6_17n+1) > 6_17n+17 (13.20)

ie.,

log ant1 + ane_l%H > e_l%ﬂ. (13.21)

Note that (13.21) holds for all large enough ~,4; because b,y > 1
although log a, 41 can be negative.
Setting ®(t) = ¢ 41(t) on the segment [, , 1, Yny1], we have that

log®(t) >t  Yte e i, Yt (13.22)

where the subsegment [e 'y, 11, Yn+1] € [V 1, Yn+1) has the logarithmic
length 1.

Thus, (13.14) holds because by the construction ®(¢) is absolutely
continuous, ®(1) =1 and ®'(¢t) > 1 for all ¢t € [1, 00); the equality (13.12)
holds by (13.22); (13.13) by (13.14) and (13.17); (13.16) by (13.22).
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Remark 13.2. Taking in the above construction 8,41 = 1 for all
n=12..., aps1 = bpet» — ~, and arbitrary Ypi1 > Yntl We ob-
tain examples of absolutely continuous increasing functions ® which are
not convex but satisfy (13.12), as well as all the conditions (4.4)—(4.9)
from Proposition 4.1, and (13.14).

The corresponding examples of non-decreasing functions ® which are
neither continuous, nor strictly monotone and nor convex in any neigh-
borhood of oo but satisfy (13.12), as well as (4.4)—(4.9), and (13.14) are
obtained in the above construction if we take 8,11 = 0 and ap11 > Y,
such that a1 > ®(v,) and ®(t) = apqq for all t € (v, 751, Yy =

Op41-

Proposition 13.1. Let ® : [1,00) — [1,00) be a locally integrable func-
tion such that

/10g<1> = 00. (13.23)
1
Then
li?iségp % =00 VAeR. (13.24)

Remark 13.3. In particular, (13.24) itself implies the relation (13.16).
Indeed, we have from (13.24) that there exists a monotone sequence
t, — o0 as n — 0o such that

B(ty) >, n=12... (13.25)
i.e.,
log ®(t
og®(tn) o 0 (13.26)
logt,

Indeed, it is sufficient to consider the case A > 0. Set H(t) = log ®(¢),
ie., ®(t) = e®. Note that e® > 2™/n! for all z > 0 and n = 1,2...,
because €* = >° (2™ /nl. Fix A > 0 and n > X. Then ¢: = A\/n belongs

0 (0,1) and
Ht)  (®t)\: .
— << (=Z)" - Vnl
4 —< A ) "
Let us assume that

)
C': =limsup % < 0. (13.27)
t—o0

Then

7 7 o YTal|® 2 Cnl
/H(t)%<2m/ i _ Cn Cn
A A

270" 1—q t9 |, 1-q A4

< o0
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for large enough A > 1 > 0. The latter contradicts (13.23). Hence the
assumption (13.27) was not true and, thus, (13.24) holds for all A € R.

Remark 13.4. Lemma 13.1 shows that, generally speaking, limsup in
(13.24) cannot be replaced by lim for an arbitrary A > 1 under the
condition (13.23) even if ® is continuous, increasing and convex.
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