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Fragmentation of thin plates by dot impact
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In this paper we study the case of two-dimensional single-impact fragmentation,
namely the fragmentation of the circular thin plate by dot impact. The distribution
density of the fragments by mass was obtained analytically in the case of the central strike
and numerically for arbitrary random point of impact. The study was conducted for
different values of the number of fissures, the dependence of the distribution parameters
on that number was obtained.
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Wccnemopan cayuail AByMepHON OZHOYAZAPHOU (hparMeHTanuu, a UMEHHO (P)parMeHTaIlud
KPYIVION TOHKOH IIJIACTHHBI TOUEeUHBIM yaapom. [losydyeHa ILIOTHOCTb PACIIPELEIEHUS OCKOJI-
KOB II0 MaccCe, aHAJNTUYECKU B CJIydYae [EHTPAJBHOrO yIapa W YHCJIEHHO AJS IPOU3BOJBLHOTO
cayuaiiHoro mecra yaapa. McciiegoBanue HpoOBeAeHO [Jis PASHBIX 3HAUEHUI YMCJIA TPEIUH,
IIOJIyYeHa 3aBHUCHUMOCTh IIapaMeTPOB PACIIPEeNeIeHUs OT ITOr0 UKCJIA.

®parmMenTania TOHKMX HJIACTHH TOUYKOBuM ygapom. P.€.Bpodcvruii, T.B.Kynik.

Hocaim:xeHo BunmajgoK ABOMipHOI ogHOyZapHOI parmeHnTarii, a came (pparmMeHTaIisT KPyTr-
JI0I TOHKOI ILIACTUHM TOYKOBUM yiapoMm. OTpuMaHO I'yCTHMHY PO3HOALIY yJIaMKiB 3a Macolo,
AHANITHYHO y pasi HMeHTPaJbHOro yAapy i uMceabHO IJA AOBLILHOIO BUIIAAKOBOIO MicIa
yaapy. HocaigmeHHsa IpoBeLeHO AJA PiBHMX 3HAUEHb YKCJA TPIIIUH, OTPUMAHO 3aJIEKHICTH
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napaMerpiB posIOAiIy Bif IIbOr0 UHCIA.

1. Introduction

Fragmentation or crushing of material —
one of the most widely used in engineering
processes and one of the most common in
nature [1]. Fragmentation processes are
classified according to the characteristics of
destructing objects and mode of action. In
particular, one of the most common charac-
teristics is the dimension of the destroyed
object — one-, two- and three-dimensional
material fragmentation [2]. An example of a
one-dimensional fragmentation is cutting of
long molecules or fragmentation rods, two-
dimensional fragmentation — the fragmen-
tation of plates [2], three-dimensional —
volumetric bodies [3—-10]. By the method of
action one distinguishes the single-impact
"weak” and many-impact "strong” (long-
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term) fragmentation [11]. In the case of sin-
gle-impact fragmentation the result depends
on initial shape of the sample and the
method of striking, long-term fragmenta-
tion is often characterized by "forgetting”
the initial conditions of the system [12].

In this paper we explore one of the cases
of the two-dimensional fragmentation. The
two-dimensional (or quasi-two-dimensional)
fragmentation takes place, in particular, for
any destruction of solid walls and, thus, study
of the two-dimensional fragmentation is im-
portant from a practical point of view [13].

In the work we investigated the two-di-
mensional single-impact fragmentation.
Namely, the fragmentation of plates under
dot impact. The result of the destruction in
such process depends on the plate shape,
we studied the fragmentation of circular
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Fig. 1. Destruction of the circular plate by dot im-
pact. The number of cracks on the figure n = 5.

plates, this form is convenient for the study
because of its symmetry.

In the paper we consider destruction of
the circular plate of constant thickness by
fissures, which form in the single dot
strike. Cracks are direct, i.e. represent
chords, intersect at the strike point. This
point is randomly selected, its coordinates
are uniformly distributed over the plate.
We consider separately the case of strictly
central impact, in this case an exact ana-
lytical solution was obtained.

On the plate it introduced the Cartesian
coordinate system and the direction of fis-
sure propagation is defined by the angle
between the crack-chord and horizontal
axis. This angle is uniformly distributed in
the range [0,27).

As a result, the plate is cut by fissures
into many pieces. The aim of the work was
to determine the distribution density of
these fragments by mass. This density was
found analytically for the case of the cen-
tral strike and numerically for the arbitrary
random position of the point of striking.

In expression for the density parameter,
depending on the number of cracks is in-
cluded. From a series of numerical experi-
ments it was obtained an expression for this
dependence.

2. Problem statement

Let’s consider destruction of a circular
plate of radius R by dot impact. Let’s intro-
duce coordinate system with the origin at
the center of the plate. Let the impact is
made at the point with coordinates (x,y). As
a result of the impact the plate will split by
n fissures passing through the point (x, y).
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Fig. 2. Fragmentation of round plate by dot
central impact.

We assume that the fissures lines, i.e. rep-
resent the chords (Fig. 1).

At the destruction 2n fragments are pro-
duced (if two cracks are not the same).

In this paper we assume that the coordi-
nates of the point of impact (x, y) are ran-
dom and uniformly distributed over the
plate, the angle between the fracture and
the horizontal are random and uniformly
distributed in [0,2m).

The aim of work is to obtain the distri-
bution of fragment masses. The fragment
mass is obviously proportional to their area.
For convenience, we assume that the sur-
face density of the plate equal to 1/nR2
thus, the mass of the fragment will be equal
to the part of its area by the total area of
the plate.

In this paper, the plate thickness and its
density is considered as independent of the
coordinates.

The number n of the fissures we suppose
to be greater than one, the case n =1 was
considered in [14].

3. The case of ceniral impact

In general, the expression for the frag-
ments masses is rather cumbersome, so the
solution should be sought in an approximate
form (using different approximations for
the "narrow” and "broad” fragments) or ob-
tain the solution numerically. However,
when the impact acts at the center (Fig. 2),
it can obtain an exact solution for the mass
distribution of the fragments explicitly.

Areas of the fragments in the case of the
central impact are directly proportional to
the angles o; between the cracks, which
form this fragment. One (any) fissure di-
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vides the plate into two halves, each of
which is split up by the remaining n —1
fissures into the fragments-sectors. Thus,
the problem of splitting the circular plate
by n fissures by the central impact is analo-
gous to the problem of cutting a segment of
length © by n — 1 points on it.

Let’s assume that the angle at which the
crack goes evenly distributed in [0,271). For
N points distributed uniformly over the
unit interval the distribution density of
lengths [ of segments between them is [15]

p() = N(L — )N-1,

In our case N = n — 1, and interval is not
unit, and it has "length™ m. Thus, the dis-

tribution density of the angle oo between two
cracks is

p(o) = (n — 1)(m — a)»2/m1,

So the distribution density of fragments
by mass m = 1/nR2 - aR2/2 = a/2m is

p(m) = (n - 1)2n-11 — m)n-2,

It can see that this expression has sense
only when the number of cracks n > 2. In-
deed, in the case of the central strike only
one fissure will always divide the plate ex-
actly in half. For n = 2 distribution is uni-
form

p(m) =2

in interval (0, 1/2] of mass values.
At n > 2 distribution density has power
form. Let’s consider asymptotes. For the
small masses m << 1/2 the distribution den-
sity will have the form

p(m) = 2(n - 1)1 = 2(n - 2)m),

i.e., the density will be linear on m.
In the large-scale region m ~ 1/2 density
behaves as power function on small § = 1/2 — m,

p(m) = (n — 1271872 § = §(m).

4. Case of arbitrary position of
the impact point

In the case of fragmentation of circular
plate by strike at random position of the
point of impact, the problem was solved by
numerical simulation.

In the computer model a round plate with
center at the origin was cut by n chords pass-
ing through the selected point (x, y). Coordi-
nates (x, y) were chosen randomly, uniformly
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Fig. 3. Image of one of the simulated plates
generated by simulation program.

on the plate surface. Angle o between the
fissure and horizontal was also distributed
randomly and uniformly in [0,2m) (Fig. 3).
The number n of fractures was fixed, the
experiment was carried out with the num-
bers n =2...10. In the experiment the areas
of fragments were calculated. 300 experi-
ments were performed for each n.

Basing on the experiments results a his-
togram of distribution density of the frag-
ments was constructed. Fig. 4 shows the
histogram in logarithmic scale on the axis y
forn=2,n=5, n=10.

It can see that the histogram of the distri-
bution density of the fragments in these coor-
dinates is close to a straight line. Thus, a
good approximation of the distribution den-
sity is an exponential dependence of the form

p,(m)=A, exp(-y,m), v,>0.

Graphs of the exponential approximation
also shown in Fig. 4. The coefficient A, —
normalizing, density p,(m) is normalized to
unity.

1
| pmyam =1,
0

whence
A, =7,/ —en).

The exponent vy, for n = 2...10 is respec-
tively equal to

n, Y,

2, 3.0001370

3, 4.4445229

4, 6.1403539
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Fig. 4. Distribution density of the fragments by mass, numerical experiment for the number of
fissures n =2, n =5, n = 10.
¥n
5, 7.2494787
6, 7.7284575 107
7, 8.0978331
8, 8.7964132 8
9, 10.354894
10, 10.533272 6T
Fig. 5 shows the values of y, for n = al
2...10. In previous work [14] we analytically
calculated the distribution density of the oL
fragments in the case of the single crack
under the same assumptions about distribu- 0 L L L L L
0 2 4 6 8 10 n

tion of the position of the impact point and
angle o between the fracture and the hori-
zontal. This density was constant

py(m) = const.

At the modeling program used above the
numerical experiment for the case n=1
was also carried out. Distribution obtained
in the experiment coincided with the found
analytically that confirms the correctness of
the simulation. We can supplement the val-
ues of y,, obtained above by value of y; = 0.
This point is also shown in Fig. 5.
Thus, the behavior vy, as function of n
should be sought in the form of the func-
tion for which y; = 0. It was found that the
experimentally determined values of the ex-
ponent vy, is very well approximated by the
function of the form vy, = Cln(n) (Fig. 5),
where C = 4,5. Thus, the distribution den-
sity of the fragments can be written as

py(m)=A,nC M  C=const,

where A, =v,/(1 —e ) =Clnn/(1 - nCatn > 1.
The corresponding probability distribution
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Fig. 5. Values of the exponent y, of exponential
approximation of distribution density of frag-
ments by mass in dependence on n, n =1...10.
Dots show the experimental values, solid line
— approximation y, = C In(n).

1-nCm

Py(m) = [p,(m)dm = =" —

0

Numerical experiment was also carried
out for the case of the central impact, i.e.
fixed coordinates (x, y) = (0,0). Histogram for
this case is shown in Fig. 6. Also in Fig. 6 it
is shown the distribution density, found
analytically above. It can be seen that the
distribution resulting in the numerical
simulation agrees very well with the expres-
sion obtained analytically, that confirms the
correctness of the simulation.

5. Conclusions

Thus, in this paper we obtain distribu-
tion density of masses of the fragments at
the fragmentation of circular thin plate by
single dot impact.

373



R.Ye.Brodskii, T.V.Kulik /| Fragmentation of thin ...

p(m)
101

0.01 L
0 0.25 m

Fig. 6. Distribution density of the fragments
by masses in the case of the center impact.

In the case of the central strike the ex-
pression for the density was obtained ana-
lytically and had the form

1
, ME |:07 2:|’

where n — number of cracks. Density has a
linear asymptotic behaviour at the low masses
and the power in the large-scale area.

In the case of arbitrary random position
of the point of impact the density was ob-
tained numerically. Good approximation of
the data is the exponential function

n-2
pm)=(n - 1>2n-1(§ : m]

pp(m) = A exp(-y,m), vy, >0, m € [0,1],

were ¥, =C - 1n n.

This result is consistent with the expres-
sion obtained in [14] for the distribution
density of the fragments in fragmentation
of the plate by one fissure, i.e, for n=1.
This density has the form p,;(m) = const.

With the substitution y,, = Cln(n), C = 4.5
obtained from the numerical experiment, and
the normalization factor 4, = C Inn/(1 - n=C)
the distribution density at n > 1 is equal to
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_ Inn _C.
p,(m)=C ﬁ n m,

The probability distribution thus equals
1-pCm

Palm) =

The numerical experiment was carried
out for the case of the central strike. The
results fully consistent with the analytical
solution, that confirms the correctness of
the simulation.
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