Fizika Nizkikh Temperatur, 2011, v. 37, No. 7, p. 708-714

Green’s function method to the ground state properties of
a two-component Bose—Einstein condensate

Chen Liang, Kong Wei, B.J. Ye, H.M. Wen, X.Y. Zhou, and R.D. Han

Department of Modern Physics, University of Science and Technology of China, Hefei 230026, China
E-mail: phychl@mail.ustc.edu.cn

Received November 25, 2010

The elementary excitation spectrum of a two-component Bose—Einstein condensate is obtained by Green’s

function method. It is found to have two branches. In the long-wave limit, the two branches of the excitation

spectrum are reduced to one phonon excitation and one single-particle excitation. With the obtained excitation

spectrum and the Green’s functions, the depletion of the condensate and the ground state energy have also been

calculated in this paper.
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1. Introduction

The realization of Bose—Einstein condensation (BEC)
[1,2] has attracted much interest in the past years, because
it provides the unique opportunities for exploring quantum
phenomena on a macroscopic scale. The Bose—Einstein
condensation for noninteracting particles is characterized
as the macroscopic occupation number for one of the sin-
gle-particle energy levels. For interacting systems, the cri-
terion for BEC is generalized by Penrose and Onsager and
by Yang as off-diagonal long range order [3,4]. The experi-
mentally realization of BEC is in dilute atomic gases, in
which mean field theory is well applied in the nearly zero
temperature [5,6]. The condition for diluteness is nag <<1,
where 7 is the density of the gas and a; is the s-wave scat-
tering length. The interaction between atoms is characte-
rized by the s-wave scattering length g, which can be
manipulated by the use of lasers and magnetic fields. The
transition between repulsive and attractive interaction can
be controlled by a Feshbach resonance. The properties of a
gas in a trap are usually studied by Thomas—Fermi approx-
imation. When the length scale of the trap is much greater
than the coherence length &, the gas is assumed to be ho-
mogeneous.

The subject of two-component Bose—Einstein conden-
sate has attracted many experimental and theoretical stu-
dies [7-15]. Much work has been devoted to the case of
double-well trapping [9—13], which is similar to the Jo-
sephson junctions of superconductors. The recent experi-
ments have directly observed the phenomena of plasmon
oscillation and macroscopic quantum self-trapping
(MQST) [12,13], which have been theoretically predicted

earlier [9—11]. Another possible case is the mixtures of the
same isotope, but in different internal spin states, such as

"Rb [7,8]. In this case, atoms can undergo transitions be-
tween hyperfine states by an external field, which corres-
ponds to the tunneling effects in the double-well case. The
two-body interaction between the atoms of the same state
may be different from the interaction of the different
hyperfine states. The dynamics of this case is similar to the
double-well condensate [11]. The thermal effects can act as
the damping term and the system under damping will
evolve into a stationary state of two equivalent components
[10]. The mt phase difference of the two components corres-
ponds to the energy minimum in the mean field theory in
the zero temperature [14].

In this paper we will study the ground state properties
of a two-component BEC. The concept of elementary exci-
tations is important for the ground state BEC, and it can be
studied by several ways. The excitation spectrum can be
achieved by linearizing the hydrodynamic equations de-
rived from the Gross—Pitaevskii equation [6,15]. However
for a quantum Bose gas, the excitation spectrum was first
obtained by Bogoliubov by a special transformation [16],
which has been well extended for many quantum theories.
It is well known that the method of Green’s function can
be applied to find the elementary excitations in many fields
of condensed matter physics [17]. In this paper, we will
extend the method developed by Beliaev [18] to the Bose—
Einstein condensate of two equivalent components. In the
mean field approximation, the elementary excitation spec-
trum is found to have two branches. In the long-wave limit,
the two branches of the excitation spectrum are reduced to
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one phonon excitation and one single-particle excitation.
By use of the obtained excitation spectrum and the Green’s
functions, we have also calculated the depletion and the
ground state energy of the condensate.

In Sec. 2, we introduce the Green’s method for a homo-
geneous Bose—Einstein condensate in the mean field ap-
proximation. In Sec. 3, we apply the method to find the
elementary excitation spectrum for a two-component BEC.
The depletion of the condensate and the ground state ener-
gy have also been calculated in this section. In Sec. 4, we
make a conclusion of the paper.

2. Green’s function method to Bose—Einstein condensate

The ground-canonical Hamiltonian for a homogeneous
Bose gas in a volume V is often written as [17]

+ Yo
K Z(__“Ja a +2V Z k1+q k2 q klakZ’ (1)

kikaq

where U, characterize the two-body interaction,
u="Upny is the chemical potential used to keep the con-
servation of the total number of particles, and a; and a,
are the Bose creation and annihilation operators in the
momentum representation. In zero temperature the conden-

sate is well described by a field. For simplicity, the phase

of the condensate can be assumed to be zero [17], and we
can get the useful average < ay >=<a," >= \/N—o .

In order to get the excitation spectrum, we introduce two
single-particle Green’s functions in zero temperature [17]:

G(p,t—t") =i <Ta,(a,(t) >, ®))

F(p,t—t")=—i<Ta’,(Na}(t)>. 3)

Where the 7 denotes the chronological product and the
operators are in the Heisenberg picture. The first one is the
normal Green’s function and the second is abnormal. We
will try to derive their dynamical equations. For example:

8 ’ r . + 1
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The brackets of four operators in the interaction term
must be reduced to products of pair operators by Wick’s
theorem [17]:
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To deduce (5), we have made mean field approximation
and the condensate density #n is replaced by n. If we make
Fourier transformation of (5) into energy representation,
we can get

2

=2nUyG(p,t—t")+nUyF(p,t—t"). %)
nU
F(p,0)=——5———, ©)
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where
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oG(p,®) = 1+[{§—— u} 2nU0}G(p,(n) +nUyF(p, o).
m
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Similarly, we can get another equation for the abnormal
Green’s function as

2
OF (p,®) = —[{ﬁ—m—uJ+2nU0:|F(p,w) —nUyG(p,®). (7)

From (6) and (7), we can get the two Green’s functions as

2
w+p—+nU0

G(p, o) =—52"——, ®)
" —g” +i0
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The result (10) is the well-known elementary excitation
spectrum. In the long wave-length limit p — 0, the excita-
tion (10) can be reduced to the phonon form € = sp, where
s =,/nUy / m is the sound speed.

From the obtained Green’s function (8), we can get the
density of the noncondensate atoms as [17,19]

My = lim ; j — e G(p,w) =

(2nh)

Y2, (a0
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And the energy density of the condensate can be calcu-
lated as

£=1U0n2 1+mU0lZ:L2 +
Vo2 Vv 220 D
3 .
+ lim d p3 j dmLe_"Ms(p)G(p,m):
t—>-0" (2nh) 21
2 3/2
Uyn 8 m
ZOT+E2—h3(U0n)5/2. (12)
T

To deduce the result (12), we have replace the bare coupl-
ing constant

2
4 pz0 P

U, = 4nh’a by Uy = 4nh’a [1+ 4nh’a z LJ
m m
[17,20], where a is the scattering length. The first part of
(12) is the interaction energy of the condensate, and the
second part comes from the contributions of the noncon-
densed atoms. The result (12) was first obtained by Lee
and Yang [20].

The Green’s function method used here was first intro-
duced by Beliaev [18], which is base on the mean-field
approximation. The excitation spectrum can also be ob-
tained by the method of Bogoliubov transformation. For a
homogeneous BEC, the Hamiltonian should be simplified
before the transformation [16,17]:

The above Hamiltonian (13) is deduced by mean field ap-
proximation and the fact that the fluctuation in the particle
number is small. This was first done by Bogoliubov [16],
and the method of Bogoliubov transformation is to con-
struct new Bose operators to make the simplified Hamilto-
nian (13) into diagonal form. However, if we begin from
the above simplified Hamiltonian, we will be easier to get
the dynamical equations of the Green’s functions. The ex-
citation spectrums obtained by the two methods are com-
pletely same in the form [17]. The Bogoliubov transforma-
tion method and the Green’s function method in this paper
are all based on mean field approximation, which is the
first order approximation to the many-body theory [17,19].
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3. Excitation spectrum and the ground state of a two-
component BEC

The Hamiltonian for a homogeneous two-component
Bose gas in a volume V' can be written in the form [14]

2
K= (i—m—p]a;alp +Zn(al+pa2p +a2+pa1p)+
p

+ +
Y 2 Ustit, +q%iy—q%ik %iky *

L > Uxa1+,q+qa2+k2_qalkla2k2, (14)
kikag

where m is a coupling parameter which shows the transi-
tion between the two kinds of particles, U; and U, cha-
racterize the two-body interaction of the same kinds of
particles and two different kinds of particles, p is the
chemical potential used to keep the conservation of the
total number of particles, and a;;, and a;, are the Bose
creation and annihilation operators in the momentum re-
presentation.

Bose-Einstein condensation occurs in a state of zero

momentum and the condensate wave function is
1 0.
‘Pi=—\/;<ai0 >=1H’lioe 1,

where 6, is the phase of the condensate and the angle
brackets denote averaging with respect to the ground state.
When the depletion is small in nearly zero temperature, the
condensate density #;, can be replaced by the density #;.
As in Ref. 14, the phase difference of w corresponds to the
minimum of the ground state energy of the system. In this
paper, we will consider the case of the phase difference
being . In zero temperature, the ground state energy den-
sity for the homogeneous two-component condensate with
volume V' is given as

Ey 1 s 1

—==U,+U,)n" ——nn.

y =~ Ut
In accordance with [14], the chemical potential can be
found as

(15)

n
u:—g+5(US+UX). (16)

For simplicity, we assume that the phase of the first kind of
condensate is zero and the second kind is m. On this as-
sumption, we can get

n + n
< ajpay >:—E, <dapo 4 >:—5. (17)

The Hamiltonian (14) is more complicated than the con-
densate of only one component. In order to get the excita-
tion spectrum, we introduce four single-particle Green’s
functions in zero temperature:

G(p,t—t") = =i < Tay, ()ay, (t') >, (18)

(19)
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H(p,t—t") = =i <Tay,()ai (1) >, (20)
L(p.t—t')=~i <Taj_,(O)ai,(t) >, @1

where the 7" denotes the chronological product and the op-
erators are in the Heisenberg representation. As the proce-
dure in last section, we will try to derive their dynamical
equations. For the normal Green’s function, we can get

a , I . + ’ _

ZEG(p,t—t):(S(t—t)—l<T[a1p,K]a1p(t)>—
r’ n
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The brackets of four operators in the interaction terms must
be reduced to products of pair operators by Wick’s theo-
rem [17,18]. Similar to the result (5), we will try to reduce
the following interaction term:

.1 ,
=i 2 Us < Taghg (g (0 (e (1) > =
kq

1 ,
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q
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q

1
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1 '
+;Ux < axpao >L(p,t—t):

= JUG(p.t =)= SUH(p.t =)+ Lp.t =00, (23)

To deduce (23), we have made mean field approximation
and the condensate density n;( is replaced by n;. We have
also made use of the assumption (17) andn; =ny =n/2.
All the interaction terms in (22) can be dealt with similarly.
If we make Fourier transformation of (22) into energy re-
presentation, we can get

2
oG(p,0)=1+ p——u +nUS+£Ux G(p,0)+
2m 2

+§USF<p,w)+(§—§UXJH<p,w)—%Uxup,m). (24)

As the same procedure, we can get three other equations:

2

n
oF (p,0) = —Héj—m—u}n% S Ux |F(p,0)=

n n n
—EUSG(P,Q)HEUXH(P,OJ)—(g—EijL(p,w), (25)

2
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m

u}+nUs +§Ux

22U L(p,0)-2U F(pw)+| 22U, |G(p,w),  (26)
2 2 2 2
2
p n
oL(p,0)=—|| —-u |[+rU;+=U, |L(p,®)—
2m 2

_n n _(h_r
zUsH(p,w)JrzUxG(P,w) (2 2UXJF(P,(D)- 27

By the use of the chemical potential (16), we can solve
the four algebra equations (24), (25), (26) and (27) with the
aid of Mathematica. And the solutions are given as

2 2,2 2 2
0)+p7+EUT+H mz_m _ n_ﬁUx u
2m 2 % 2 2 2 2 2
G(p,w)= , (28)
2 2 2 2
(0" —&{ (0" —£&3)
ng (2 @)y, -3
2°F 2 )
F(p,w)= , (29)

(0 —&f )0 —£3)
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2 2 22
ﬂ_ﬁ x mz_m — m+L+ﬁU§+ﬂ u
2 2 2 2m 2 2 2
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2 )
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2 2 2 2
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where

(32)

m

2 2
&(p) = \/Eg—mmJB—mm +n(U, —Ux)}. (33)

From the form of the denominator of the Green’s func-
tions, it is clear that the energy spectrum of the elementary
excitations has two branches €(p) and &, (p). It is possi-
ble for &,(p) to be imaginary, and this situation corres-
ponds to the instabilities as indicated in Refs. 14, 15.

In the experiments of the cold atomic gas Rb [5], the
scattering length is often in the range 85a, < agy, <1404y,
where a =0,5292 A is the Bohr radius. The density is
n~102-10" atoms/cm3, which can meet the condition of
diluteness na® << 0. And the sound speeds =nUy/m
is always in the order of 1 mm/s. In Fig. 1 we display
the two branches of the excitation spectrum (32) and

2 2
gl(p)z\/é’—mk +n(US+Ux)},

(33) with the parameters: the density of the Rb gas
n=410" atoms/cmB, the two scattering length
ag =120ay and a, =80a, (ag is the Bohr radius), and

80
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Fig. 1. Excitation energy as a function of the wave number £. The
solid line shows the excitation energy €, and the dash line re-
sembles the branch e, with the parameters: n = 410" atoms/cm3,
ag =120agy, a, =80ag and n=nU;-U,)/2.
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n=n{U;-U,)/2. From the selected parameters, we can
obtain the sound speed s=./n(Ug;+U,)/2m of the first
branch & (p) to be 1.5 mm/s. It is clear that the two
branches of excitation spectrum are of a single-particle
excitation and a phonon one.

The normal Green’s function (28) can be rewritten as

2 2
m+§—+g(Us+Ux) m+§—+n+g(Us—Ux)
G(p,0) =— 21—~ +—2

2(0° —&")+i0

2(0)2 - 822) +i0
(34)

Based on the results of excitation spectrum (32) and
(33), we can make some discussions about the ground state
properties of the system. In the long-wavelength limit and
0<<n,n(Us-U,), (32) and (33) can be reduced as

/n(U +U,.)
81(p)= —= = P, (35)
2m
2
- p
&2(p) = nn+nU, ~U)]+-—, (36)
2m
where the effective mass m™ is given by
2 +n(U, -U
e Jnn+nU; Il a7

n+nUg-U,)

It is clear that g (p) is the phonon excitations with the
sound speed /n(U; +U,)/2m and &,(p) corresponds to
the single-particle excitations with an effective mass and a
shift in the energy.

In the following, we will make some discussions for
two special cases:

1. If Uy =U,, the excitation spectrum will be simp-

lified as
2( 2
&1(p) = \/ﬁ—m[é’—m+ ZnUSJ, (38)
P
82(17):%“1, (39

and the Green’s function (34) can be reduced to
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2
c0+§—+nUs 1
G(p,w) = ——2" —.
2w? —g2)+i0 2(0—83)+i0

(40)

From the form of (39) and (40), we can see that the second
spectrum &, (p) acts only as the transition state such as a; ,
to a; p» and there is no particles really occupying on this
spectrum. From the Green’s function (40), we can get the
depletion from the condensate of the first kind of particles:

3 .
= tim [ -2 [ doc ' G(p,) -
t—>-0" (27th) 2n

1
23071

(mnU,)*2. (41)
The two components are equivalent and the results can be
applied to the second kind of particles. Similar to the result
(12), we can get the energy of the gases:

3 m3/2

E Un® 1
R +—
15 n2h3

n
vV 2 Zn

U @)
The results (41) and (42) are completely same to (11) and
(12) as the case of one-component condensate. The phase
difference makes no effect in this case. It is well known
that the mean field theory is well applied for the cold dilute
atomic gases [5,6]. In most experiments, the depletion of
the ground state is of the order of one percent. And the
energy from the contribution of the noncondensate atoms
is only a small part of the whole energy. However, the
mean field theory is not suitable to liquid He for its strong
interaction and high density [6].
2. If n=0, the excitation spectrum will be changed as

2 2 ]
g = \/p—{p—+n(Us+Ux) , (43)
2m| 2m
2 2 ]
&= 2| L vnw,-U,)|. (44)
2m| 2m ’

In this case the spectrum can be reduced to two phonon
branches as ¢ =s;p and &, =s,p, where the two sound

speeds are 51 =4nUs +U,)/ 2m and
5y =n(Ug =U,)/2m, respectively. The two phonon

speeds s; and s, can be different much from each other.
The normal Green’s function (34) can be reduced to

2 2
m+p—+ﬁ(Us+Ux) w+p—+£(US—UX)
_ 2m 2 2m 2
2(0” —g7)+i0 2(0” —g,7)+i0
(45)
Similarly we can get the depletion from the condensate of
the first kind of particles:
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(40)
The energy of the condensate can be calculated as
3/2
E Ly suy s 3m
2 15 243

5/2 B 5/2
[(uj [uj ] )
2 2

Comparing the results (41) and (46), we can see that the
density of excitation 7)., is reduced for the different inte-
ractions. The condition U, =0 corresponds to the mini-
mum of the excitation density (46), which is\/z /2 times
the one of the case Uy = U,. Comparing (47) with (42), the
part of the ground state energy from the contribution of the
noncondensed atoms is reduced correspondingly.

4. Conclusion

In this paper, we extend the Green’s function method to
the equivalent two-component Bose—Einstein condensate.
The elementary excitation spectrum is found to have two
branches. On the condition of strong coupling, the two
branches of the excitation spectrum are reduced to one
phonon excitation and one single-particle excitation in the
long wave-length limit. When the two different kinds of
interaction are equal, there is no particle really occupying
the branch of the single-particle excitation spectrum, which
acts only as a transition state between two different atoms.
The depletion of the condensate is same to the one of one-
component case. When the transition between the two dif-
ferent particles is forbidden, the excitation spectrum is re-
duced to two phonon forms in the long wave-length limit.
In this case the depletion of the condensate is reduced for
the two different kinds of interaction. With the obtained
excitation spectrum and the Green’s function, we have also
calculated the ground state energy in this paper.
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