Low Temperature Physics/Fizika Nizkikh Temperatur, 2012, v. 38, No. 7, pp. 808-814

NMR relaxation rate of a quantum spin chain

with an impurity

A.A. Zvyagin

Max-Planck-Institut fiir Physik komplexer Systeme, 38 Nothnitzer Str., Dresden D-01187, Germany

B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of Sciences of Ukraine
47 Lenin Ave., Kharkov 61103, Ukraine
E-mail: zvyagin@ilt.kharkov.ua

Received March 2, 2012

The relaxation rate of the nuclear magnetic resonance is calculated exactly for a model spin-1/2 chain with

the magnetic impurity. It is shown that the deviations of the impurity's coupling to the chain and the effective

impurity's g-factor from the values of the host chain yield special features in the temperature and magnetic field

behavior for the relaxation rate.
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75.10.Pq Spin chain models;

76.60.-k Nuclear magnetic resonance and relaxation.

Keywords: nuclear magnetic resonance, spin chain, magnetic impurity.

The interest in quasi-one-dimensional quantum systems
has substantially grown recently due to progress in synthe-
sizing materials with quasi-one-dimensional electron sub-
systems, as oxides of transition metals, or organic com-
pounds. On the other hand, theory of one-dimensional
quantum spin models permits to calculate in many cases
exactly their characteristics. Moreover, in the last decade
one-dimensional quantum spin models are often used to
realize the ideas of the quantum information. Also, inter-
esting phenomena in those systems, like anisotropic
heat/spin transport, or a large anisotropy of magnetic inte-
ractions, have a perspective to be realized in technological
applications.

The one-dimensional model with antiferromagnetic in-
teractions between neighboring spins 1/2 is one of the best
studied models of the modern physics. However, in real
low-dimensional spin systems we often deal with a system
with imperfections, e.g., impurities. Due to peculiarities in
the one-dimensional density of states, impurities can dras-
tically change the behavior of one-dimensional spin sys-
tems, in particular, the presence of impurities in an electron
chain can yield a localization of eigenstates. Hence to take
into account the effect of impurities in one-dimensional
systems we need a non-perturbative approach. It is possible
to realize in the framework of integrable spin models with
impurities [1]. Many static characteristics, like the magnet-
ic susceptibility and specific heat were exactly calculated
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for spin chain models. However, the calculation of dynam-
ical characteristics is more difficult, and only few exact
results were obtained for spin chains with impurities.

Important low-energy dynamical characteristics of the
spin system can be measured in the nuclear magnetic re-
sonance (NMR) experiments. NMR experiments on quasi-
one-dimensional magnets have been performed since their
first realization in 70s up to the present time [2]. Their high
sensitivity to the static and dynamic local hyperfine fields
allows to perform detailed studies of magnetic impurities.

We start with the considertion of the Hamiltonian of the
inhomogeneous semi-infinite spin 1/2 chain with the mag-
netic impurity situated at the edge of the chain [1]

N-1 N
9 =—J 3 (Sy Sy + Sy Sy )~ gupH Y.S; -
n=1 n=1

~J(SEST+ Sy~ g'ugHSE (1)

where S;»>? are the operators of the spin-1/2 projections
at the site n (impurity is situated at n=0), J (J') de-
scribes the strength of spin—spin interactions between
neighboring spins in the host chain (between the chain and
impurity situated at the site 0), g (g') denotes the effec-
tive g-factor for the host chain (impurity), ngz is Bohr's
magneton, H is the external magnetic field, and N is the
number of sites in the chain (we consider N odd; in the
thermodynamic limit we take N — o). The local renorma-
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lization of some exchange couplings between spins and/or
g-factors of some spins in a spin chain can be caused
in real magnetic systems, e.g., by substitution of ligands,
like Ge instead of Si in a spin-1/2 chain compound
BaCu, (Si;_,Ge,),07 [3], and Ca instead of Sr in
Sr_,Ca CuO, [4].

It is known [1] that thermodynamic properties of the
host chain do not depend on the sign of J. After the Jor-
dan—Wigner transformation [5]

257 =1-2a}a

n*n »

= [1(-24},a,)a, .
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S, =ay [1(1-2a}a,),
m<n
2
where a, and aZ are Fermi operators of creation and de-
struction, the Hamiltonian Eq. (1) is exactly transformed to
the quadratic form of Fermi operators

IN i f i
H=—— Z (anan+1 +an+1an)+gHBHZanan -

n=1 n=1

J' T ,
—7(agal tajag)t+g p.BHagaO -

This quadratic form can be diagonalized by the unitary
transformation

an:Zun’;\ax,nZO,l,...,N. 4
A

For the considered semi-infinite chain with the impurity in
the thermodynamic limit we can exactly write the eigen-
functions u, ; in the co-ordinate representation and ei-
genvalues g, . There are two kinds of contributions. The
first one is related to the extended states (continuous spec-
trum) of the spin chain

e = gnpH —J cos (k) )

with the wave functions [6

/ (2 [x+cos (k)] sin (nk)—
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and

where
A, =[4x+ cos(k)]2

I1=J'"/J measures the relative strength of the impurity-
host coupling, x=pp(g'—g)H/J measures the relative
difference between the local magnetic moments of the im-
purity and the host due to the difference of the effective
g-factors. Extended states, associated with the continuous
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spectrum, are present, naturally, in the homogeneous spin
chain, too, and the impurity renormalizes the parameters of
extended states. For 1> >2F2x local levels, caused by
the impurity, are split off. These impurity local levels have
the energies

e1p = gugH —J(iy +1)/ 211 5, ©)

with the wave functions in the co-ordinate representation [6]
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For I =1, i.e., for the situation, in which the impurity dif-

fers from the host chain only by the value of the g-factor,
we have only one local level with »=-1/2x and the
energy €= gugH +J(1+ 4x2) /4x . Obviously, local le-
vels exist for |7, [<1, (|r[<1 for J'==£J), ie., their
wave functions decay with the growth of the distance from
the impurity position.

Important low-energy dynamical properties of a spin
system can be measured in NMR experiments. The main
NMR characteristics are the shift of the position of the
NMR due to interactions, and the linewidth. The shift of
NMR position is proportional to the magnetic susceptibili-
ty of the system. The NMR linewidth is related to the
NMR relaxation rate. For the latter, Tl_l, the main contri-
bution from the position of the impurity in the spin chain
can be presented as (cf. [7])

= (€ ubvy /21 [FESE (0n) + FiS§™ (o)1, (13)

where 7y, is the gyromagnetic ratio of the nuclear spin,
oy is the resonance frequency of the nuclear spin, F;*
are hyperfine form-factors of the nuclear spin, parallel and
perpendicular to the static magnetic field H at the impurity
site, S(*)W (op) (nv=x,z) are the components of the ten-
sor of the dynamical structure factor of the spin chain at
the impurity site, also parallel and perpendicular to H. The
(resonance) frequency of the rf field in the NMR experi-
ments is much smaller than the exchange interactions in
the chain and the dc magnetic field, which acts on the elec-
tron spins of the chain, hoy < J,J',gupH,g'ugH be-
cause of the difference between the electron and nuclear
masses. The rotational symmetry of the system perpendi-
cular to the dc field direction yields for the transverse
components of the dynamical structure factor S5* = S3”.
The fluctuation-dissipation theorem, see, e.g., [8], relates
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the dynamical structure factor with the imaginary part of
the dynamical magnetic susceptibility x"(w), which for
our case yields

2nyp (o)
1—exp (hoy /kgT)’

5o (on) = (14)
where T is the temperature, and kg is the Boltzmann's
constant. It means that the NMR relaxation rate is propor-
tional to the imaginary part of the local dynamical mag-
netic susceptibility of the impurity spin. For small
hoy < kgT, which is the usual case for NMR experi-
ments in spin chain compounds, that relation can be re-
written as

< ZkTxo(on)

S5 (@y)
Oy

15)
First we calculate the longitudinal contribution to the dy-
namical structure factor at the impurity site as the Fourier
transform of the spin—spin longitudinal autocorrelation
function at the position of the impurity

S5 (@)= [ di(S5(1)S5(0)) ",

—00

(16)

where the averaging is taken with the density matrix of the
spin chain, and S§(¢) = exp(—i#t/h)SG (0)exp (iHt/h).
Performing standard calculations (for this model we know
all eigenvalues and eigenfunctions of the Hamiltonian ex-
actly), we obtain

SE (@) = 2m8(0)(S§)* + A(0) (17)
where
A()=2m)_ | U, * x
M
<y D lugn, [P (1=m, )8([e, — 1,1/ Bt @), (18)

Ay

ny =[1+exp(ey /kBT)]_1 , and (Sg) is the average value
of the z -projection of the spin moment at the impurity site
at ¢ =0 . Taking into account that &, >¢g; >¢g; it becomes
clear that the contributions to A(®) come from the states

for which the following conditions exist: (i) The resonance
of the local levels 7w=¢g,—¢g;, which contributes to

A(w) with the term 2mug ug ym (1-1,)8([e; — 51/ T+ w);

(ii) The resonance of the lower local level with the ex-

tended state hm:skl* —g;, which contributes to A(w)

with the term 2nu§1u2 M (1=n)0([e) —€ ]/ i+ ) ;
0k K k

(iii) The resonance of the upper local level with the ex-

tended state Ao =g, _Sk;’ which contributes to A(w)

with the term 2nu§2u2 My (1=n +)0([e » —e7]/ i+ @) ;
0,k ky ky
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finally (iv) the resonance of the extended levels

hu):sk2 —E€p with the contribution to A(w) equal to

2 2
2szk1 | o py "1tk |” g (1=114, )3([Ef) =8, 1/ =) .

* .
Here the values of wave vectors k; , are determined from

the resonance conditions.

Since the nuclear magneton is much smaller than the
electron one, one may take the limit w, — 0. In this limit
the only (iv) process contributes to A(0). Then the longi-
tudinal component of the dynamical structure factor of the
impurity can be written as

4r* 1
o, =557 (@=0)=2n|(S5)* +—5 [ dyx
T
exp [(y+gnpH)/ kpT]
(1+exp[(y+gugH)/ kpT])’
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, 19
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where (c.f. [9])
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and ©O(x) is the Heaviside step function.

In the homogeneous spin chain in the ground state the
quantum second order phase transition takes place at
H_=J/gug [8]. At this value of the field the system un-
dergoes the transition into the spin-polarized phase with
the nominal value of the z-projection of the total moment,
and the magnetic field behavior of the z-projection of the
magnetic moment shows a cusp at 4 = H_ in the ground
state. The magnetic field behavior of the impurity spin is
more complicated [9]. The magnitudes of the wave func-
tions of the local levels have to be smaller than 1, which is
the reason for the presence of the Heaviside step functions
in the above expressions. Step functions can produce
jumps (in the ground state) of the z-projection of the local
magnetic moment of the impurity at the critical field
H, =J12/2gu3\/y(12 —v), where y=g'/g. Such a jump
exists for /% > 2y.For I 2= 2y the magnitude of the jump
vanishes and we have H, — H, with the cusp in the field
behavior of the z-projection of the impurity's magnetic mo-
ment in the ground state. Notice that for y <1 the z-projec-
tion of the impurity's magnetic moment can be negative.
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Fig. 1. The magnetic field dependence of the z-projection of
the impurity's spin for g'=1.2, I=22. Lines show: solid
T=0.1J, dotted 7T =0.5J, dashed T =J, long-dashed 7 =3J.

The behavior of the z-projection of the impurity's spin
My =(Sj) is presented in Figs. 1 and 2. Notice that in all
following figures we use units in which kg =pp=J=g=1.
Figure 1 shows the field behavior of M at /=22 and
g'=1.2 for several values of temperature. Temperature, as
it must be, “smears out” the features related to the quantum
phase transition (jump) at A = H(y. Figure 2 manifests the
temperature behavior of M|, for several values of the ap-
plied magnetic field.

Now let's turn to the results of calculations for the contri-
bution of the longitudinal dynamical structure factor at the
impurity site to the NMR relaxation rate A(0). Figure 3
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Fig. 2. The temperature dependence of the z-projection of the
impurity's spin for g'=1.2, I =2.2. Lines show: solid H=0.1J,
dotted H =0.5J, dashed H =J, long-dashed H =2J.
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Fig. 3. The magnetic field dependence of the contribution to
the longitudinal part of the dynamical structure factor of the im-
purity for g'=1.2, I=2.2. Lines show: solid 7'=0.1J, dotted
T =0.5J, dashed T =J, long-dashed 7' =3J.

shows the magnetic field dependence of A4(0) for g =1.2
and /=22. For comparison we present results for the
edge spin of the homogeneous spin chain in Fig. 4. It is
clear that the main quantitative differences caused by the
impurity are manifested at low field values at low tempera-
tures.

The temperature dependence of A(0) for the impurity
and for the edge spin in the homogeneous chain are pre-
sented in Figs. 5 and 6. One can see that at low values of
the field this contribution to the dynamical structure factor
of the impurity is a convexing function the temperature,
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Fig. 4. The magnetic field dependence of the contribution to the
longitudinal part of the dynamical structure factor of the edge
spin in the homogeneous chain (for y=1, I =1). Notations are
the same as in Fig. 1.
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Fig. 5. The temperature dependence of the contribution to the
longitudinal part of the dynamical structure factor of the impurity
for g'=12, I=2.2. Lines show: solid H =0.1J, dotted
H =0.5J, dashed H =J, long-dashed H =2J.

while for larger values of H > H|, it is a concaving func-
tion of 7. Impurity again produces only quantitative
changes to this characteristic.

Figures 7-9 present the dependencies of this contribu-
tion to the longitudinal dynamical structure factor of the
impurity as the function of the relative strength of the im-
purity-host coupling / (for 7 =0.1J at various values of

A(0)

177

Fig. 6. The temperature dependence of the contribution to the

longitudinal part of the dynamical structure factor of the edge
spin in the homogeneous chain (for y=1, [ =1). Lines show:
solid H =0, dashed-dotted H =0.1J; dotted H =0.5J, dashed
H =J, long-dashed H =2J.

A(0)

Fig. 7. The dependence of the contribution to the longitudinal
part of the dynamical structure factor of the impurity for g’'=1.2
on the relative strength of the impurity-host coupling / at
T=0.1J. Lines show: solid H =0.1J, dotted H =0.5J,
dashed H =J, long-dashed H =2J.

the field, Fig. 7, and for H =0 at various values of tem-
perature, Fig. 8), and on the value of the effective g-factor
of the impurity (Fig. 9). This contribution to the dynamical
structure factor of the impurity decays with the growth of
the impurity-host coupling for small values of the magnetic
field, but it shows a maximum in /-dependence (for rela-
tively small /) at higher fields. The features at I’ ~2

0.5 1.0 1.5 2.0 2.5

Fig. 8. The dependence of the longitudinal part of the dynamical
structure factor of the impurity on the relative strength of the
impurity-host coupling / at H =0 . Lines show: solid 7 =0.1J,
dotted 7'=0.5J, dashed T =J, long-dashed T =2J.
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0.25F i
0.20f

0.15F -

A(0)

0.10!

0.05

—T T T T T

0 0.5 1.0 1.5 2.0 2.5
Fig. 9. The dependence of the contribution to the longitudinal
part of the dynamical structure factor of the impurity for 7 =1.1
on the value of the impurity's effective g-factor g’ at 7'=0.1J.
Lines show: solid H =0.1J, dotted H =0.5J, dashed H =J,
long-dashed H =2J.

in Fig. 8 at zero field (where M =0) are caused by the
local impurity level. The nonmonotonic behavior in Fig. 9
takes place for intermediate values of g’ <1 at interme-
diate values of the external field.

Now consider the contribution to the NMR relaxation
rate, perpendicular to the dc magnetic field. Here we can
use the results for the electron spin resonance of the impur-
ity in a spin chain [10]. In the paper [10] the dynamical
magnetic susceptibility of the impurity was calculated as
the response to the rf magnetic field with the rotational
polarization perpendicular to the dc field

K@) =1y |ug; F (1-2m)8(ey, — o).

We have

hm
2kpT

xg(m)—tanh( ]{212®(J——gu3i1+huﬂ x

<\~ (gugH —ho)? x
x [4(g'uBH—h(D)2 —412(g'uBH—h(o)><
-1
x(ngH—h(;))+I4J2:| +
1*J% —4(g'ugH - ho)? .
I*J? +4(1%7 < 1)(g'ugH — ho)?
X[S@I—M@@UQ—2x—m+5@2—hmy)ua+2x—zﬂ}
(21)
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Fig. 10. The dependence of the transverse part of the dynamical
structure factor of the impurity for g'=1.2 on the relative
strength of the impurity-host coupling / and the external mag-
netic field.

The contribution to the NMR relaxation can be obtained
via the component of the local dynamical structure factor,
perpendicular to the dc magnetic field, as Sy* (0 =0)=
= 1im0)N_,02kBTx6(0)N)/mN. It turns out that for small
oy this components of the dynamical structure factor for
the impurity does not depend on the temperature. The
magnetic field dependence of this component of the dy-
namical structure factor o, =Sg (0) are presented in
Figs. 10 and 11.
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Fig. 11. The dependence of the transverse part of the dynamical
structure factor of the impurity for 7 =2.2 on the effective g-
factor of the impurity g’ and the external magnetic field.
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Fig. 12. The dependence of the transverse part of the dynamical
structure factor of the edge spin of the homogeneous spin chain
on the external magnetic field.

For comparison, Fig. 12 presents the magnetic field de-
pendence of the transverse dynamical structure factor for
the edge spin of the homogeneous spin chain, i.e., the case
I=y=1.

We can see that the magnetic field dependence of the
transverse part of the dynamical strucrure factor of the im-
purity and the edge spin of the homogeneous chain decay
with temperature (except of special regions of / and g')
and becomes zero at H > H,.. On the other hand, from
Figs. 10 and 11 it is clear that in the regions 1> ~2 and
y ~1 the magnetic field dependence of the transverse
component of the dynamical structure factor of the impuri-
ty is non-monotonic.

In summary, in this paper we have investigated how the
NMR relaxation rate of the spin chain with a magnetic
impurity depends on the parameters, which distinguish the
impurity: the local exchange interaction between the im-
purity and the host chain and the effective g-factor of the
impurity. We have shown that the temperature and the
magnetic field dependencies of the NMR relaxation are
strongly affected by the impurity. In particular, the field
dependence of the NMR relaxation rate at the impurity site
can manifest jump-like features at low temperatures,
caused by local levels. On the other hand, the temperature
dependencies of the NMR relaxation can show non-
monotonic behavior caused by the impurity. We believe
that such features are characteristic for the NMR in spin
chains with magnetic impurities, and they can be observed
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in NMR experiments in organic and nonorganic quasi-one-
dimensional magnetic materials.
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