
�iz ���������������������

��������	
����������������������
����������������������������������

{� s� b�p�kz|{� ��¯ �Ë²Ó� ÓÈ�}� v� l� sk�lpqz|� ÒÓÎ� �jÓ�� ªãË}�¯º°mÈ¯}Ò Òä� p� |� �È�ºÓÈ sks �}¯ÈÒÓ©�

¬¿ À¿ÆÄ ÑÄÍÏÇÇ ¡¿Ì�ª¿¿Ï¿ Ç ËÄÑÍÃ¿ «ÄÊÁÇÌ�´ÛÝÆ¿ Ï¿ÆÏ¿ÀÍÑ¿Ì¿ ËÄÑÍÃÇÉ¿ ÍÕÄÌÉÇ ÃÇÌ¿ËÇÖÄÐÉÍÈ ÁÞÆÉÍÐÑÇ ÑÏÄÔÉÍË�

ÎÍÌÄÌÑÌÚÔ ÐÍÊÄÍÉÐÇÃÌÚÔ ÐÇÐÑÄË� ®ÍÉ¿Æ¿Ì¿ ÁÍÆËÍÅÌÍÐÑÛ ÎÏÄÃÁ¿ÏÇÑÄÊÛÌÍÂÍ ÑÄÍÏÄÑÇÖÄÐÉÍÂÍ ÇÐÐÊÄÃÍÁ¿ÌÇÞ ÁÞÆÉÍÐÑÇ

×Ê¿ÉÍÁÚÔ ÐÇÐÑÄË�

zã
� Ë m © Ë ° ã º m È � m«Ï}º°�	� äÓº�º}ºä¹ºÓËÓ�Ó©Ë �ãÈ}º�
m©Ë °Ò°�Ëä©� ¹º¯º�}ºm©Ë ¹¯ºmºãº}Ò� �Ëº¯Ò« {ÈÓ��ÈÈ¯È� äË�
�º� lËãmÒÓ�t	
ÏÈ� m«Ï}º°�	 �ãÈ}È� ÓËÈ°°º�ÒÒ¯ºmÈÓÓ©Ë
ÎÒ�}º°�Ò

�¯Ò ���ºmº® °mÈ¯}Ë m«Ï}º°�	 �ãÈ}ºm©² ¯È°¹ãÈmºm
�È°�º ÒäËË� º¹¯Ë�Ëã«
�ËË ÏÓÈ�ËÓÒË ¹¯Ò Áº¯äÒ�
¯ºmÈÓÒÒ °mÈ¯Óº�º �mÈ Ò Ë�º }È�Ë°�mÈ� �¯Ë�°�Èm�
ãËÓÒË mÏÈÒäº°m«ÏÒ �°ãºmÒ® ¹ºã��ËÓÒ« �mÈ ° º°�
ÓºmÓ©äÒ ÁÒÏÒ}º�²ÒäÒ�Ë°}ÒäÒ °mº®°�mÈäÒ �ãÈ}ºm
º�º¯ÈÎËÓº m ¯«�Ë ¯Èº� >�Ü�@� �°�ÈÓºmãËÓº� ��º
m mË¯�Ò}Èã	Óºä Ò ¹º�ºãº�Óºä ¹ºãºÎËÓÒ«² Ò ¹¯Ò
°mÈ¯}Ë }ºã	�Ëm©² �mºm �ËãË°ºº¯ÈÏÓº Ò°¹ºã	ÏºmÈ�	
}º¯º�}ÒË �ãÈ}Ò ° ¹ºm©�ËÓÓº® m«Ï}º°�	
� }º��È
�ãÈ} �mË¯�ËË� ©°�¯º Ò ÓÈ�ËÎÓº ��Ë¯ÎÒmÈË� °mÈ�
¯º�Ó�
 mÈÓÓ� º� ¯È°�Ë}ÈÓÒ«� { ¹¯º�ÒmÓºä °ã��ÈË
�ãÈ} m ¹¯º�Ë°°Ë °mÈ¯}Ò °�Ë}ÈË�� m ¯ËÏ�ã	�È�Ë º�
¯ÈÏ�
�°« ¹ãº²º °Áº¯äÒ¯ºmÈÓÓ©Ë ��¯Ò°�©Ë �m© °
ÓÈ�Ë}ÈäÒ äË�ÈããÈ� ¹º�¯ËÏÈäÒ Ò �¯��ÒäÒ �ËÁË}�ÈäÒ�
{ �º ÎË m¯Ëä« ¹¯Ò °mÈ¯}Ë m ÓÒÎÓËä ¹ºãºÎËÓÒÒ
�ã« ¹ºã��ËÓÒ« ¯ºmÓº® Ò �ãÈ�}º® ¹ºmË¯²Óº°�Ò °mÈ�
¯º�Óº�º �mÈ ÓËº²º�Òä© �ãÈ}Ò� ÒäË
�ÒË º�Óº°Ò�
�Ëã	Óº ÓÒÏ}ÒË ÏÓÈ�ËÓÒ« m«Ï}º°�Ò ¹¯Ò �Ëä¹Ë¯È��¯Ë
¹ãÈmãËÓÒ« °�ÈãÒ ��ãÈ} �°¹ËmÈË� ¯È°�Ë}È�	°« ¹º ¹º�
mË¯²Óº°�Ò�� Ò ©°�¯ºÏÈ�mË¯�ËmÈ
�ÒË �}º¯º�}ÒË �ãÈ�
}Ò� ¹¯Ò °ÓÒÎËÓÒÒ �Ëä¹Ë¯È��¯© �º ����…���� Åv�
�È}Òä º¯ÈÏºä� ÏÓÈ« �Ëä¹Ë¯È��¯Ó�
 ÏÈmÒ°Òäº°�	
m«Ï}º°�Ò �ãÈ}È� äºÎÓº ¹¯º�ÓºÏÒ¯ºmÈ�	 °mÈ¯º�Óº�
�Ë²Óºãº�Ò�Ë°}ÒË °mº®°�mÈ ¹º¯º�}ºm©² ¹¯ºmºãº}
¹º ¹º}ÈÏÈ�Ëã«ä }¯º
�Ë® °¹º°ºÓº°�Ò�ãÈ}È Ò Áº¯�
äÒ¯ºmÈÓÒ
 �mÈ ÓÈ mË¯�Ò}Èã	Óº® ¹ãº°}º°�Ò�

w}°¹Ë¯ÒäËÓ�Èã	ÓºË º¹¯Ë�ËãËÓÒË m«Ï}º°�Ò �º°�
�È�º�Óº �¯��ºËä}º� �È°�º ¹¯È}�Ò�Ë°}È« °�º¯ºÓÈ m©�
º¯È �ãÈ}È ÓË ��Ò�©mÈË� ÒÏäËÓËÓÒ« ¯«�È °mº®°�m�
|�ÓÒä ÒÏ Èã	�Ë¯ÓÈ�ÒmÓ©² äË�º�ºm «mã«Ë�°« °ºÏ�
�ÈÓÒË äÈ�ËäÈ�Ò�Ë°}Ò² äº�ËãË® ° �Ëã	
 ¹¯Ë�°}È�
ÏÈÓÒ« �Ëä¹Ë¯È��¯Óº® ÏÈmÒ°Òäº°�Ò m«Ï}º°�Ò �ãÈ�
}ºm©² °Ò°�Ëä� lÓº�ÒË ÒÏmË°�Ó©Ë äÈ�ËäÈ�Ò�Ë°}ÒË
äº�ËãÒ °ãºÎÓ© Ò ÈÏÒ¯�
�°« ÓÈ ºã	�ºä }ºãÒ�
�Ë°�mË ª}°¹Ë¯ÒäËÓ�Èã	Ó©² �ÈÓÓ©² >�Ü�@� { �ÈÓÓº®
°�È�	Ë ¹¯Ë�ãÈ�ÈË�°« äË�º� ¯È°�Ë�È m«Ï}º°�Ò �¯Ë²�
}ºä¹ºÓËÓ�Ó©² °Ò°�Ëä ÓÈ ÈÏË �Ëº¯ÒÒ {ÈÓ��ÈÈ¯È
Ò äË�º�È lËãmÒÓ�t	
ÏÈ >�@�

�Ëº¯Ò« {ÈÓ��ÈÈ¯È ¯È°°äÈ�¯ÒmÈË� ¯È°¹ãÈm©� °º°�
�º«�ÒË ÒÏ äºãË}�ã ¹¯ÒãÒÏÒ�Ëã	Óº º�ÒÓÈ}ºm©²
¯ÈÏäË¯ºm� ²Èº�Ò�Ë°}Ò ¹Ë¯ËäË�ÈÓÓ©² Ò º¹¯Ë�ËãËÓ�
Ó©ä º¯ÈÏºä mÏÈÒäº�Ë®°�m�
�Ò² �¯�� ° �¯��ºä�
w�º� äË�º� mË�Ë� } �ºmºã	Óº °ãºÎÓ©ä �¯ÈmÓËÓÒ«ä�
ÒÏ }º�º¯©² mÒ�Óº� ��º ªÓË¯�Ò« mÏÈÒäººäËÓÈ ÏÈ�

mÒ°Ò� º� }ºº¯�ÒÓÈ�ÒºÓÓº�º �Ò°ãÈ Ò ªÓË¯�Ò® mÏÈÒ�
äº�Ë®°�mÒ« 4LM� °mº®°�mËÓÓ©² ¯ÈÏãÒ�Ó©ä ¹È¯Èä

äºãË}�ã� �Ëº¯Ò« m ÒÏãºÎËÓÓºä mÒ�Ë ��Ò�©mÈË�

�ºã	}º mÏÈÒäº�Ë®°�mÒË ãÒÎÈ®�Ò² °º°Ë�Ë® Ò ÓË

¹¯ÒÓÒäÈË� m ¯È°�Ë� ¹¯Ò�«ÎËÓÒË } äºãË}�ãÈä� ÓÈ�

²º�«�Òä°« mÓË ¹Ë¯mº�º }ºº¯�ÒÓÈ�ÒºÓÓº�º °ãº«�

�¯ÈmÓËÓÒ«� º¹Ò°©mÈ
�ÒË ÒÏäËÓËÓÒË m«Ï}º°�Ò�

¹¯ÒäËÓÒä© �ºã	}º �ã« ÓËÈ°°º�ÒÒ¯ºmÈÓÓ©² ÎÒ��

}º°�Ë®� �� Ë� �ã« °ºãËº}°Ò�Ó©² �ãÈ}ºm©² °Ò°�Ëä�

ÒäË
�Ò² ÒºÓÓ�
 ¹¯Ò¯º��� vº�ãÈ°Óº �Ëº¯ÒÒ {ÈÓ�

�ÈÈ¯È Ò äË�º�� lËãmÒÓ�t	
ÏÈ >�@� }ºªÁÁÒ�ÒËÓ�

m«Ï}º°�Ò m ÒÓÈ¯Ó©² ¯Ë��ã«¯Ó©² ¯È°¹ãÈmÈ² ° ��Ë�

�ºä ÒºÓÓº® ¹¯Ò¯º�© °Ò°�Ëä ÒäËË� mÒ�

η =
[
�
[
�

[
�

+ [
�








�

�πU
�
'

∂µ
�

∂O Ü
�

�πU
�
'

∂µ
�

∂O







∂O
∂[

�

�
���

��Ë [
�
� [

�
Û äºã	Ó©Ë �ºãÒ }ºä¹ºÓËÓ�ºm � Ò �

m ¯È°¹ãÈmË� U
�
� U

�
Û ¯È�Ò�° äºãË}�ã °ºº�mË�°�mËÓÓº

}ºä¹ºÓËÓ�ºm � Ò �� Óä� ' Û }ºªÁÁÒ�ÒËÓ� �ÒÁ�

Á�ÏÒÒ� µ
�
� µ

�
Û ²ÒäÒ�Ë°}ÒË ¹º�ËÓ�ÒÈã© }ºä¹º�

ÓËÓ�ºm � Ò � m ¯È°¹ãÈmË� O Û ¯È°°�º«ÓÒË äËÎ��

äºãË}�ãÈäÒ� ÒÏäË¯ËÓÓºË m ÓÈ¹¯ÈmãËÓÒÒ� ¹Ë¯¹ËÓ�

�Ò}�ã«¯Óºä } ÓÈ¹¯ÈmãËÓÒ
 �mÒÎËÓÒ«�

�Ëº¯Ò
 {ÈÓ��ÈÈ¯È �ã« �m�²}ºä¹ºÓËÓ�Ó©² °Ò°�

�Ëä ¹¯ÒäËÓÒä �ã« �¯Ë²}ºä¹ºÓËÓ�Ó©² °Ò°�Ëä� �º��È

m«Ï}º°�	 äºÎÓº m©¯ÈÏÒ�	 m mÒ�Ë

η =
[
�
[
�

[
�

+ [
�

+ [
�








�

�πU
�
'

∂µ
�

∂O Ü
�

�πU
�
'

∂µ
�

∂O







∂O
∂[

�

+

+
[
�
[
�

[
�

+ [
�

+ [
�








�

�πU
�
'

∂µ
�

∂O Ü
�

�πU
�
'

∂µ
�

∂O







∂O
∂[

�

+

+
[
�
[
�

[
�

+ [
�

+ [
�








�

�πU
�
'

∂µ
�

∂O Ü
�

�πU
�
'

∂µ
�

∂O







∂O
∂[

�

�

���

zºÓ}¯Ë�Ó©Ë ÏÈmÒ°Òäº°�Ò }ºªÁÁÒ�ÒËÓ�È m«Ï}º°�Ò
º� °º°�ÈmÈ °º�ãÈ°Óº �¯ÈmÓËÓÒ
 ��� äºÎÓº ¹ºã��Ò�	�
Ë°ãÒ ÒÏmË°�Ó© ²ÒäÒ�Ë°}ÒË ¹º�ËÓ�ÒÈã© Ë�ÒÓÒ� �Ë�
}��Ë°�Ò� sÈ º°ÓºmÈÓÒÒ �ÈÓÓ©² �ã« �mº®Ó©² °Ò°�Ëä
m ¹¯ÒãÒÎËÓÒÒ �°ãºÎÓËÓÓº® äº�ËãÒ �Ëº¯ÒÒ ¯Ë���
ã«¯Ó©² ¯È°�mº¯ºm ¹ºã��ËÓ© m©¯ÈÎËÓÒ« ²ÒäÒ�Ë°}Ò²
¹º�ËÓ�ÒÈãºm �ã« �¯Ë²}ºä¹ºÓËÓ�Óº® °Ò°�Ëä©�

µ
}

= µ
}

� + 57OQ[
}
Ü ∑
M = �

}

([L[M4LM
′ + �[L[M

�
4LM

′′ ) +

+ ∑
M = �

} Ü �

([L4L}
′ + �[L[}4L}

′′ ) + ∑
M = } + �

Q
([M4}M

′ + [M
�
4

}M
′′ )�

���

� {� s� bãË¹È}ºm� v� l� sÈ�äË®}º� ����

������ ��



��Ë µ
}
Û ²ÒäÒ�Ë°}Ò® ¹º�ËÓ�ÒÈã }ºä¹ºÓËÓ�È ½}�

m ¯È°¹ãÈmË� µ
}

�
Û ²ÒäÒ�Ë°}Ò® ¹º�ËÓ�ÒÈã �Ò°�º�º

ÎÒ�}º�º }ºä¹ºÓËÓ�È ½}�� [
}
� [L� [ M Û äºã	Ó©Ë

�ºãÒ }ºä¹ºÓËÓ�ºm� 4LM
′
� 4LM

′′
� 4L}

′
� 4L}

′′
� 4

}M
′
� 4

}M
′′
Û

ªÓË¯�ÒÒ äËÎ�È°�Ò�Óº�º mÏÈÒäº�Ë®°�mÒ«� º¹¯Ë�Ë�

ã«Ëä©Ë ¹º �ÒÈ�¯ÈääÈä °º°�º«ÓÒ« ÒÓÈ¯Ó©² ¯È°�

¹ãÈmºm� iÎ� 5 Û �ÓÒmË¯°Èã	ÓÈ« �ÈÏºmÈ« ¹º°�º«Ó�

ÓÈ«� 7 Û �Ëä¹Ë¯È��¯È �ãÈ}È� .�

tÒäÒ�Ë°}ÒË ¹º�ËÓ�ÒÈã© }ºä¹ºÓËÓ�ºm �� � Ò

� m ¯È°¹ãÈmË ÒäË
� °ãË��
�Ò® mÒ��

µ
�

= N7OQ[
�

+ ([
�

� + [
�
[
�
)4

��

′ + ([
�

� + [
�

�[
�
Ü [

�
[
�

�)4
��

′′ +

+ ([
�
[
�

+ [
�

�)4
��

′ + ([
�
[
�

� + [
�

�
Ü [

�
[
�

�)4
��

′′
Ü

Ü [
�
[
�
4
��

′
Ü �[

�
[
�

�
4
��

′′
�

���

µ
�

= N7OQ[
�

+ ([
�

� + [
�
[
�
)4

��

′ + (�[
�

�
[
�

+ �[
�
[
�
[
�
)4

��

′′
Ü

Ü [
�
[
�
4
��

′
Ü �[

�
[
�

�
4
��

′′ +

+ ([
�
[
�

+ [
�

�)4
��

′ + ([
�
[
�

� + [
�

�
Ü [

�
[
�

�)4
��

′′
�

���

µ
�

= N7OQ[
�
Ü [

�
[
�
4
��

′
Ü �[

�
[
�

�4
��

′′ + ([
�

� + [
�
[
�
)4

��

′ +

+ (�[
�

�
[
�

+ �[
�
[
�
[
�
)4

��

′′ +

+ ([
�
[
�

+ [
�

�)4
��

′ + (�[
�
[
�
[
�

+ �[
�

�
[
�
)4

��

′′ �

���

��Ë N Û ¹º°�º«ÓÓÈ« rºã	�äÈÓÈ� ¯ÈmÓÈ«

����⋅��Ü�� iÎ�z�
�¯º�ÒÁÁË¯ËÓ�Ò¯�Ëä m©¯ÈÎËÓÒ« ��������� ¹º O

∂µ
�

∂O
=

∂µ
�

∂[
�

Ü
∂µ

�

∂[
�

Ü
∂µ

�

∂[
�

=

= N7
















�

[
�

Ü (�[
�

+ [
�
)
4
��

′

57
+ (�[

�
[
�
Ü �[

�
[
�
Ü �[

�

�)
4

��

′ ′

57
+ ([

�
+ [

�
)
4

��

′

57
+

+�[
�
([
�

+ �[
�
)
4

��

′′

57
Ü (�[

�
+ [

�
)
4

��

′

57
+ (�[

�
[
�
Ü �[

�
[
�
Ü �[

�

�)
4

��

′′

57
















∂[
�

∂O
�

���

∂µ
�

∂O
=

∂µ
�

∂[
�

Ü

∂µ
�

∂[
�

Ü

∂µ
�

∂[
�

=

= N7






















�

[
�

Ü (�[
�

+ [
�
)
4
��

′

57
+ �([

�

� + [
�
[
�
Ü [

�
[
�
Ü �[

�
²
�
)
4

��

′′

57
Ü

Ü (�[
�

+ [
�
)
4

��

′

57
+ (�[

�
[
�
Ü �[

�

�
Ü �[

�
[
�
)
4

��

′′

57
+ ([

�
+ [

�
)
4

��

′

57
+

+ �([
�

� + �[
�
[
�

�)
4

��

′′

57






















∂[
�

∂O
�

���

∂µ
�

∂O
=

∂µ
�

∂[
�

Ü

∂µ
�

∂[
�

Ü

∂µ
�

∂[
�

=

= N7






















�

[
�

+ ([
�

+ [
�
)
4

��

′

57
+ �([

�

� + �[
�
[
�
)
4

��

′′

57
Ü ([

�
+ �[

�
)
4
��

′

57
+

+ �([
�

� + [
�
[
�

+ [
�
[
�
Ü �[

�
[
�
)
4

��

′′

57
Ü (�[

�
+ [

�
)
4

��

′′

57
+

+ �([
�

� + [
�
[
�
Ü [

�
[
�
Ü �[

�
[
�
)
4

��

′′

57






















∂[
�

∂O
�

���

�¯Ò �°ãºmÒÒ ²
�
� ²

�
� ²

�
 °ºQVW Ò U

�
≈ U

�
≈

≈ U
�
� m«Ï}º°�	 �Ò°�©² }ºä¹ºÓËÓ�ºm

η
�

� = N7

�πU
�
'
� η

�

� = N7

�πU
�
'
� η

�

� = N7

�πU
�
'
�

����

�º�°�Èmã«« ÏÓÈ�ËÓÒË ¹¯ºÒÏmº�Ó©² ��������� m

Áº¯ä�ã� ��� Ò ��Ò�©mÈ« ����� äºÎÓº º¹Ò°È�	 m«Ï�

}º°�	 ¯È°¹ãÈmºm� Ë�ÒÓÒ�© �Ë}��Ë°�Ò }º�º¯©² ãÒº

mºº�Ë ÓË ÒÏäËÓ«
�°« ãÒº ¹¯Ë�Ë¯¹ËmÈ
� ÓËÏÓÈ�

�Ò�Ëã	Ó©Ë ÒÏäËÓËÓÒ«�

cÈ°°äº�¯Òä °ºãËº}°Ò�Ó�
 °Ò°�Ëä� &D2Ü&D)
�
Ü

$O
�
2

�
� |�Ëä Ò ¯È�Ò�° �©¯º}� mºÏÓÒ}È
�Ò² ¹¯Ò

¹ãÈmãËÓÒÒ �ãÈ}ºm �°º°�Èm© �ãÈ}ºm �}ÈÏÈÓ© m

�Èã� ��� äºÎÓº º�ËÓÒ�	 ¹º �¯ÈmÓËÓÒ
 >��@

9
�

= ����



N7
σ





� ⁄ �

= �

�
πU

�

�� ����

��Ë σ Û ¹ºmË¯²Óº°�ÓºË ÓÈ�«ÎËÓÒË �ãÈ}ºm� s�ä�

U
�
Û ¯È�Ò�° �©¯º}� ÒäË
�Ò® mÒ�

U
�

� =
�⋅����(N7 ⁄ σ)� ⁄ �

�π �ä�� ����

�ºmË¯²Óº°�ÓºË ÓÈ�«ÎËÓÒË �ãÈ}ºm σ
�
 �����

σ
�
 ����� σ

�
 ���� s�ä ¹¯Ò �Ëä¹Ë¯È��¯Ë ���� z

>�@� �È}Òä º¯ÈÏºä� ¹º º¹©�Ó©ä �ÈÓÓ©ä ¹ºmË¯�

²Óº°�Óº�º ÓÈ�«ÎËÓÒ« Ò Áº¯ä�ãË ���� ÓÈ²º�Òä ¯È�

�Ò�° �©¯º} U
�
� ÓËº²º�Òä©² �ã« m«Ï}º�º �Ë�ËÓÒ«

��Èã� ���

� m°Ë² °º°�Èmºm�ãÈ}ºm ÏÓÈ�ËÓÒ« ¯È�Ò�°È �©¯º}

º}ÈÏ©mÈ
�°« ãÒÏ}ÒäÒ �U
�
 �����…���� Óä� ¯ÈÏ�

äË¯Èä ÒºÓÈ }Ò°ãº¯º�È �U  ����� Óä�� Ë�ÒÓÒ�ÈäÒ

m«Ï}º�º �Ë�ËÓÒ« «mã«
�°« º�ÓºÈ�ºäÓ©Ë ÒºÓ©� �� Ë�

�ÈÓÓ©Ë �ãÈ}Ò º�Óº°«�°« } ÓËÈ°°º�ÒÒ¯ºmÈÓÓ©ä

ÎÒ�}º°�«ä Ò } ÓÒä ¹¯ÒäËÓÒäÈ �Ëº¯Ò« {ÈÓ��ÈÈ¯È�

�º°}ºã	}� �Ëº¯Ë�Ò�Ë°}ÒË Ë�ÒÓÒ�© m«Ï}º�º �Ë�

�ËÓÒ« ÓËÒÏäËÓÓ© ¹¯Ò m°Ë² �Ëä¹Ë¯È��¯È²� ÏÈmÒ°Ò�

äº°�	 }ºªÁÁÒ�ÒËÓ�ºm m«Ï}º°�Ò Á�º¯Ò�È Ò º}°Ò�ºm

äºÎÓº ¹ºã��Ò�	 ª}°�¯È¹ºã«�ÒË® ¹ºãÒ�Ë¯ä m«Ï}º°�

�Ò �Ò°�©² }ºä¹ºÓËÓ�ºm� ¹º°�¯ºËÓÓ©² m °Ò°�ËäË

}ºº¯�ÒÓÈ� OJ η  I���7��

�ºã��ËÓÓ©Ë ª}°�¯È¹ºã«�ÒË® ÏÓÈ�ËÓÒ«

OJη
&D2

� = ����

7
Ü �����

����

OJη
$O

�
2

�

� = �����

7
Ü �����

����

OJη
&D)

�

� = ����

7
Ü ����

����

¹¯Ë�°�Èmã«
� °ºº® }ºªÁÁÒ�ÒËÓ�© m«Ï}º°�Ò �Ò�

¹º�Ë�Ò�Ë°}Ò² º}°Ò�ºm Ò Á�º¯Ò�ºm� °¹º°ºÓ©² º�

¯ÈÏºm©mÈ�	 ÎÒ�}ÒË ¯È°�mº¯© mº m°Ëä ÒÓ�Ë¯mÈãË

°º°�Èmºm ¹¯Ò �Ëä¹Ë¯È��¯È²� äËÓ	�Ò² �Ëä¹Ë¯È��¯

¹ãÈmãËÓÒ« ¯ËÈã	Ó©² º}°Ò�ºm� sË°äº�¯« ÓÈ ª�º�

Ò² Ò°¹ºã	ÏºmÈÓÒË ºË°¹Ë�ÒmÈË� ÓËº²º�Òä©Ë ÏÓÈ�

�ËÓÒ« }ºªÁÁÒ�ÒËÓ�ºm m«Ï}º°�Ò ¯È°¹ãÈmºm ¹¯Ò �Ëä�

¹Ë¯È��¯È²� äËÓ	�Ò² �Ëä¹Ë¯È��¯ ¹ãÈmãËÓÒ« �Ò°�©²

}ºä¹ºÓËÓ�ºm�

�ÈãÒ�È �� vº°�Èm �ãÈ}ºm Ò ¯È�Ò�° �©¯º}� mºÏÓÒ}È
�Ò²
¹¯Ò ¹ãÈmãËÓÒÒ �ãÈ}ºm

¢

°º°�ÈmÈ
vº�Ë¯ÎÈÓÒË }ºä¹ºÓËÓ�ºm� � äÈ°� U

�
� Óä

� ��&D)
�
Ü�&D2Ü��$O

�
2

�
�����

� ��&D)
�
Ü��&D2Ü��$O

�
2

�
�����

� ��&D)
�
Ü��&D2Ü��$O

�
2

�
�����

�� ������



�È¯ÈäË�¯© mÏÈÒäº�Ë®°�mÒ« �ã« ÒÓÈ¯Ó©² °Ò°�

�Ëä º¹¯Ë�Ëã«ãÒ ÒÏ �ÒÈ�¯Èää °º°�º«ÓÒ« ¹º �¯Èm�

ÓËÓÒ«ä�

57OQ
[
�

′

[
�

′′ + >([
�

′ )� Ü ([
�

′′ )�@ (4LM
′
Ü 4LM

′′ ) +

+ >([
�

′ )� Ü ([
�

′′ )�@ �4LM
′′ = ��

����

57
[
�

′′

[
�

′ + >([
�

′′ )� Ü ([
�

′ )�@ (4LM
′ + �4LM

′′ ) Ü

Ü >([
�

′′ )� Ü ([
�

′ )�@ �4LM
′′ = ��

����

��Ë [
�

′ + [
�

′ = �� [
�

′′ + [
�

′′ = �� [
�

′
Ò [

�

′′
Û äºã	Ó©Ë �ºãÒ

}ºä¹ºÓËÓ�ºm �mË¯²ÓÒ® ÒÓ�Ë}° Û ÓºäË¯ ÁÈÏ©� ÓÒÎ�

ÓÒ® Û }ºä¹ºÓËÓ�È��

{ �Èã� � ¹¯ÒmË�ËÓ© º¹©�Ó©Ë Ò ¯È°�Ë�Ó©Ë �ÈÓ�

Ó©Ë m«Ï}º°�Ò �ãÈ}ºm °Ò°�Ëä© &D2Ü&D)
�
Ü$O

�
2

�
�

|�}ãºÓËÓÒË ¯È°�Ë�Ó©² ¹ºãÒ�Ë¯ä m«Ï}º°�Ò �ãÈ}ºm

ksn�� Ò ksn��� º� ª}°¹Ë¯ÒäËÓ�Èã	Ó©² �ÈÓÓ©²

�È}ÎË º�°ãºmãËÓº �Ëä� ��º ¯ËÈã	Ó©Ë �ãÈ}Ò ksn�

� Ò ksn��� °º�Ë¯ÎÈ� m °mºËä °º°�ÈmË �º � �

6L2
�
� }º�º¯©® ÓË ��Ò�©mÈË�°« m ¯È°�Ë�È²� �È}Òä

º¯ÈÏºä ° ¹ºäº�	
 �Ëº¯Ë�Ò�Ë°}Ò² Áº¯ä�ã äºÎÓº

º¹Ò°©mÈ�	 m«Ï}º°�	 º}°Ò�Óº�Á�º¯Ò�Ó©² ¯È°¹ãÈ�

mºm� |�ËmÒ�Óº� ��º m«Ï}º°�	 ¯È°¹ãÈmÈ ÏÈmÒ°Ò� }È}

º� ¯ÈÏäË¯È Ò Áº¯ä© º��Ëã	Ó©² äºãË}�ã Ò º¯È�

ÏºmÈÓÓ©² ÒäÒ }ºä¹ãË}°ºm� �È} Ò º� ¹¯º�Óº°�Ò

äËÎäºãË}�ã«¯Ó©² °m«ÏË®� È m °ã��ÈË º¯ÈÏºmÈÓÒ«

}ºä¹ãË}°ºm �È}ÎË º� °ºº�Óº�ËÓÒ« ¹¯º�Óº°�Ò °m«�

ÏË® äËÎ�� äºãË}�ãÈäÒ mÓ��¯Ò Ò mÓË }ºä¹ãË}°È�

iã« Ò°°ãË��Ëäº® °Ò°�Ëä© &D2Ü&D)
�
Ü$O

�
2

�
¹º �ÈÓ�

Ó©ä m«Ï}º°�Ò äºÎÓº ¹¯Ë�¹ºãºÎÒ�	� ��º m m©�

¯ÈÓÓ©² �º�}È² °Ò°�Ëä© }ºä¹ãË}°ºº¯ÈÏºmÈÓÒË ÓË

¹¯ºÒ°²º�Ò��

{ ÏÈ}ã
�ËÓÒË °�ºÒ� º�äË�Ò�	� ��º �Ëº¯Ò« {ÈÓ�

�ÈÈ¯È Ò äË�º�lËãmÒÓ�t	
ÏÈ ¹ºÏmºã«
� ¹¯ºmº�Ò�	

º�ËÓ}� �ÒÓÈäÒ�Ë°}º® m«Ï}º°�Ò �¯Ë²}ºä¹ºÓËÓ�Ó©²

°ºãËº}°Ò�Ó©² °Ò°�Ëä� v¯ÈmÓÒ�Ëã	ÓÈ« º�ËÓ}È ¯È°�

�Ë�Ó©² Ò ª}°¹Ë¯ÒäËÓ�Èã	Ó©² �ÈÓÓ©² °mÒ�Ë�Ëã	°��

m�
� º ¹¯Ò�º�Óº°�Ò Ò°¹ºã	ÏºmÈÓÒ« ¯ÈÏ¯Èº�ÈÓÓº®

äË�º�Ò}Ò �ã« ¹¯Ë�mÈ¯Ò�Ëã	Óº�º �Ëº¯Ë�Ò�Ë°}º�º Ò°�

°ãË�ºmÈÓÒ« m«Ï}º°�Ò �ãÈ}ºm©² °Ò°�Ëä�

�� �º¹Ëã	 v� j� �Ëº¯Ò« äË�Èãã�¯�Ò�Ë°}Ò² ¹¯º�Ë°°ºm� Û l��
{jsj�j� ����� Û ��� °�

�� �º¹Ëã	 v� j�� �Èmãºm {� {� �Ë¯äº�ÒÓÈäÒ�Ë°}Ò® ¯È°�Ë�
¹ºmË¯²Óº°�Óº�º ÓÈ�«ÎËÓÒ« ¯È°�mº¯ºm �� �ºmË¯²Óº°�Ó©Ë
«mãËÓÒ« m ¯È°¹ãÈmÈ² Ò mºÏÓÒ}È
�Ò² ÒÏ ÓÒ² �mË¯�©² ÁÈ�
ÏÈ²�Û sÈã	�Ò}� zÈÈ¯���rÈã}È¯� }Ó� ÒÏ��mº� ����� Û
v� ��Ü���

�� jÏ��ËÓÒË °mº®°�m �ãÈ}ºm©² ¯È°¹ãÈmºm ¹¯ÒäËÓÒ�Ëã	Óº }
ºº°ÓºmÈÓÒ
 °º°�Èmºm °mÈ¯º�Ó©² Áã
°ºm�  � �� v�¯�}��¯È
� {� �� z�Ï	äËÓ}º� {� j� �ÈãÒÓÒ�� {� v� �º}È¯Ëm Ò �¯�
�� km�ºäÈ�� °mÈ¯}È� Û ����� Û ¢ ��� Û v� ��Ü���

�� �º��ÈË�}Ò® {� {�� z�Ï	äËÓ}º {� �� vmÈ¯º�Ó©Ë �ãÈ}Ò� Û
zÒËm� sÈ�}� ��ä}È� ����� Û ��� °�

�� vº}ºãºm �� s�� rÈ®�ºm {� {�� z�ÓÒÓ �� �� | º°ºËÓÓº°�
�«² °�¯ºËÓÒ« ¹ºmË¯²Óº°�Óº�º °ãº« �ãÈ}ºm©² ¯È°¹ãÈmºm
�� �Ëº¯Ò« äË�Èãã�¯�� ¹¯º�Ë°°ºm� Û ����� Û ¢ �� Û
v� ��Ü���

�� �
Òäºm k� ��� �mºÏ�ËmÈ �� j� �Ëº¯Ò« °mºº�Óº�º
º�ËäÈ �� y�¯Ó� ÁÒÏ� ²ÒäÒÒ� Û ����� Û ¢�� Û
v� ���Ü����

�� �ãË°°�ºÓ v�� �Ë®�ãË¯ z�� w®¯ÒÓ� �� �Ëº¯Ò« È°ºã
�Ó©²
°}º¯º°�Ë® ¯ËÈ}�Ò®� Û l�� jÏ��mº ÒÓº°�¯� ãÒ��� ����� Û
��� °�

�� 0F$OOLVWHU 5� $� $SSOLFDWLRQ RI HLULQJ�V WKHRU\ IRU HYDOXDWL�
RQ RI NLQHPDWLF YLVFRVLW\ RI ELQDU\ V\VWHPV �� -� $QDO\WLF
&KHPLVWU\� Û ����� Û �� ¢ �� Û 3� ����

�� lËãmÒÓ�t	
Ï w� k� nÒÏÒ�Ë°}È« ²ÒäÒ«� zÓ� � � �Ë¯� °
ÈÓ�ã� ¹º� ¯Ë�� Ð� j� �Ë¯È°ÒäºmÈ� Û l�� jÏ��mº ÒÓº°�¯�
ãÒ��� ����� Û ���� °�

��� p°ÒÓ |� k�� �Ëã	� �� {� nÒÏÒ�Ë°}È« ²ÒäÒ« ¹Ò¯ºäË�Èã�
ã�¯�Ò�Ë°}Ò² ¹¯º�Ë°°ºm�  � �� {ÏÈÒäº�Ë®°�mÒË ° ��È°�ÒËä
¯È°¹ãÈmºm� Û l�� lË�Èãã�¯�Ò«� ����� Û ��� °�

��� yäº®�ÒÓ �� j�� lºã�Èm°}Ò® |� i� {«Ï}º°�	 Á�º¯°º�Ë¯�
ÎÈ�Ò² ¯È°¹ãÈmºm �� jÏm� ks vvvc� vË¯� lË�Èãã©� Û
����� Û ¢ �� Û v� ��Ü���

9DQ�/DDU WKHRU\ DQG 0HOYLQ�+XVH PHWKRGV ZHUH WKH EDVLV WR GHYHORS WKH SURFHGXUH RI HYDOXDWLRQ RI G\QDPLF YLVFRVLW\ RI

WKUHH�FRPSRQHQW VDOW�R[LGH V\VWHPV� 7KH SRVVLELOLW\ RI SUHOLPLQDU\ WKHRUHWLFDO LQYHVWLJDWLRQ RI WKH YLVFRVLW\ RI VODJ V\VWHPV
LV GHPRQVWUDWHG�

�º°��¹ÒãÈ m ¯Ë�È}�Ò� ����������

�Ëä¹Ë¯È��¯Ó©Ë ÏÈmÒ°Òäº°�Ò �ÒÓÈäÒ�Ë°}º® m«Ï}º°�Ò η °mÈ¯º��
Ó©² �ãÈ}ºm °Ò°�Ëä© &D2Ü&D)�Ü$O�2� �ã« Áã
°È °º°�ÈmÈ
ksn�� �}¯ÒmÈ« ��� ksn��� ��� Ò �� � &D)�Ü�� � &D2Ü���
$O�2� ���� °¹ãº�Ó©Ë }¯Òm©Ë Û ¯È°�Ë�Ó©Ë �ÈÓÓ©Ë ¹º Áº¯ä�ãË
���� �º�Ë�Ó©Ë Û ª}°¹Ë¯ÒäËÓ� ¹º >��@

�ÈãÒ�È �� |¹©�Ó©Ë Ò ¯È°�Ë�Ó©Ë �ÈÓÓ©Ë m«Ï}º°�Ò �ãÈ}ºm
°Ò°�Ëä© &D2Ü&D)�Ü$O�2�

vº°�Èm�

äÈ°°ºmÈ« �ºã« ªãËäËÓ�ºm�

�

�Ëä¹Ë¯È��¯È�
º
v

{«Ï}º°�	� �È⋅°

¯È°�Ë�ÓÈ« º¹©�ÓÈ«

��&D)�Ü�&D2Ü��$O�2�

�ksn���

���� ������ ���� >��@

���� ������ ���� >��@

���� ������ ����� >��@

��&D)�Ü��&D2Ü��$O�2� ���� ����� ���� >�@

���� ����� ���� >�@

���� ������ ���� >�@

��&D)�Ü��&D2Ü��$O�2�

�ksn����

���� ����� ���� >��@

���� ������ ���� >��@

���� ������ ���� >��@

������ ��


