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O peryasgpHbIX penieHusx 3agaqu Jlnpuxie
NJs ypaBHeHuii beabrpamun

(IIpedcmasaeno waenom-koppecnondenmom HAH Yrpaunw B. 5. Dymasncrum)

Yemanasausaromesn kKpumepul CYwecmeo8anus peeysapuoir peuwenud 3adavwu Jupuxae 0as
evipodtcdennoir ypasHenuti Beavmpamu nepeozo poda 68 NpoudcosbHBLT HCOPOGHOBHLT 00AaAC-
MAL € 2PAHUTHOMY PYHKUUAMY, JONYCKAOUUMU He BOACe CHEMHO20 YUCAL MOYEK PA3PBIGA.
B wacmnocmu, yemano8aeHo CYUWECMBOBAHUE PELYAAPHBIT PEULEHUT, 04 NPOUSBONOHBLT 2DA-
HUMHOLE PYHKYUT 02DAHUYEHHOT 8APUALUL.

Hanuast pabora siB/ISIETCsl €CTeCTBEHHBIM TIPOJIOJIZKeHIeM Hamux crareit |1, 2|, rie MoxkHO HalTH
HCTOPHIO BOIIpOCa U pererne 3a1a4qu Jlupuxiie st cydasi HePEPBIBHBIX I'PAHUIHBIX (DYHKITHIA
(cm. rakxke [3]). Mbl ycranaBiauBaeM KpUTEPHUU CYIIECTBOBAHUSI PETYJISIPHBIX DEIeHUi 3a/adu
Jlupuxiie B MPOU3BOJIBHBIX YKOPIAHOBBIX 00JIACTSX JIJIsi TPAHUIHBIX JAHHBIX, JOIYCKAIOIIUX HE
DoJiee CYETHOrO YMCJIa Pa3PBIBOB, U B YACTHOCTHU JIIsT IPOU3BOJIBHBIX (DYHKIIUN OrpaHUIeHHOI
BapUAIWH.

[Iycts D — xopaanoBa 006/1acTh B KOMILIEKCHO! mtockoctu C, mycts p: D — C — usmepumast
dyukuus ¢ |pu(z)| < 1 n.B. Ypasuenuem Beavmpamu nepozo poda Ha3bIBaeTCsl ypaBHEHUE BUA

fz= ,U(Z)fZa (1)

rie fz = 0f = (fe +ify)/2, f-=0f = (fa—ify)/2, 2 = x+1y, fo u fy — HacTHBIE IPOU3BOIHBIE
oTobpaxkeHns f 1o T 1 3 cooTBeTcTBeHHO. OYHKIMS [ HABLIBACTCS KOMNACKCHBM KOIPPUUUEH-
mom, a

1+
= |u(2)

dunamayueti ypasaenns (1). Ypasuenne (1) HaspiBaercs 6biposicdernvim, ecin punaranus K,

Ku(z)

SIBJISIETCsl CYIIECTBEHHO HeorpaHm4ueHHoi, T.e. K, ¢ L*°(D).

3adaua Jupuzse nius ypashenuit Beabrpamu (1) B orpanndennoii obaacru D KOMILIEKCHOM
mwitockoctu C jiyist HenpepbIBHO# rpaHnydHoil pyHKIunm @: 0D — R cocrosiia B HaXOXKJIEHUN
HenpepbiBHO dyakimu f: D — C, uMmeromell 9acTHbIE IPOU3BOJHBIE IIEPBOIO IOPSIKA II. B.
U yJIOBJIETBOPSIONIEl ypaBHeHuto (1) I B., & TaKyKe IPAHUYHOMY YCJIOBHIO

limRef(z) =¢(¢) V(€D (2)

JUIsT TIPEJIIIUCaHHOl HenpepbiBHO# (yukimu ¢: 0D — R.

IIpu ¢: 0D — R, ¢(¢) # const, monyckaoleil He Gosiee CUETHOIO YHUCJIA TOYEK Pa3phIBa,
HOJ, Pe2YAAPHLILM Pewenuem Takoil 3agadn OyjaeMm HnoHuMarTh HenpepbiBHoe B C, muckpernoe
u oTKpbITOe oTobpazkenue f: D — C kiracca Cobosea VVli)’Cl c sixobmanom Jy(z) = |f.|* — | fz|* #
# 0 1. B., yJOBJIETBODSIOIIEe yCJIoBUIO (2) B TOYKax HemnpepbiBHOCTH @ 1 1. B. (1). Hamomuunm,
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aro orobpaxkenue f: D — C duckpemno, ecau npoobpas f _1(y) kaxko#t Toukn y € C cocrour
U3 M30JIMPOBAHHBIX TOYEK, U OMKPbIMO, ecin 0bpas3 J1ioboro orkpbiroro muoxkecrsa U C D sB-
JIIeTCsA OTKPBIThIM MHOXKecTBoM B C.

Hanomunm, uro B ciaydae p(z) = 0 Teopema CymiecTBOBaHUs pelleHust 3aiadn Jlupuxiie
B KOPJAHOBBLIX O0JIACTAX I MPAHUYHBIX (DYHKIUH, MOIyCKAIOMUX HE 6OJIEE CYETHOrO YUCIa
TOYEK Pa3pbiBa, XOPOIIO u3BecTHA (CM., Hanpumep, ceknuio 3 ri. VI B [4]).

Cuentyst pabore [5], rosopum, uro dyuknus ¢: D — R umeer xoneunoe cpeduee xonebarue
B Touke 29 € D, mumem ¢ € FMO(z), ecin

Ty £ 16() = bl dm(z) < o, 3)
B(ZQ,E)

rie B(zo,¢) = {z € C: |z — 2| < €}, a ¢ — cpeauee snaucrue ¢ B kpyre B(z,¢). umen
¢ € FMO(D), ecim (3) BBINOTHEHO /s Kaxioi Toukn 2o € D. Taxske mmmem ¢ € FMO(D),
ec/m ¢ 3amana B HekoTopoil obmactn G B C, coneprxameit D, u ¢ € FMO(zy) mis Beex zg € D.
1. OcuoBHas jiemma. Haunem ¢ 001iero Kpurepusi CymeCcTBOBAHUSI PETYJISPHBIX DeleHui
sagaun JQupuxite (2) mius ypasaenust Besbrpamu (1) B IPOM3BOJIBHBIX KOPJIAHOBBIX O0JIACTSIX.
Jasnee u, B yacTHOCTH, B ycjoBun (4) Mbl IpejmonaraeM, 4ro K, npojgoikena HysiteM Bae D.
Jlemma 1. Ilycmo D — owcopdarnosa obaacms 6 C, p: D — C — usmepuman Gyrkuyus ¢
u(2)| <1 n.6 u K, €L"D). Ipednorostcum, wmo dan kascdozo zy € D evinoaneno ycaosue

| K e adme) = o) w0 (@

e<|z—z0|<e0
ons cemeticmea usmepumuir yrryut Py o2 (0,00) — (0,00), € € (0,0(20)), maruzx, wmo

d(zo0)

0<1I,(e) = / Y,e(t) dt < 0.

Tozda ypasrenue Beavmpamu (1) umeem peeyaaproe pewenue f zadawu Jupuxae (2) das 410600
oeparuuennot pyrxuuy @: 0D — R, donyckarowet ne boaee cuemmnozo “ucas movex pa3puiea.

HeiicrBurenbho, nmycrs F' — peryssipuoe romeomopdHoe pelienne ypasrenusi besbrpamvu (1)
KJIacca, VVllocl, KOTOPOE SBJISIETCSl KOJILIEBBIM (Q-roMeoMOpdPU3MOM B DcQ = K, n xoropoe
cymecTByer 1o jemMe 4.1 u3 [6] B cuity yesoBus (4). Samernm, uro C\ D, rie D* = F(D), ne
MOYKET COCTOSITh M3 €JMHCTBEHHON TOYKM 00, TaK KAK B IPOTUBHOM CJiydae rpanuma D* sBisiach
661 cs1a00 1I0CKOi# U 110 JiemMmaMm 6.6 u 6.7 B [7| orobparkenue F' 10712KHO OBbLIO IMETH TOMEOMOPdh-
HOe TIPOJIoJIZKeHne B D, 4TO HEeBO3MOXKHO, HOCKOJILKY Ipanmna D cocTout Gojee 4eM n3 OIHOi
trouku. Kpome toro, obsmacrs D* omnocssizua (cMm., nanpumep, jgemmy 5.3 B [5] wiu jgemmy 6.5
B [8]). Takum o6pasom, o Teopeme Pumana (cum., Hanpumep, 11.2.1 8 [4]), D* MoxkHO 0TO6pasuTh
na equnngnblii kpyr D = {z € C: |z| < 1} ¢ nomompio koudopmuoro orobpaxkenns: R. Beury
MHBAPUAHTHOCTU MOJTY/IsI TIPY KOH(OPMHBIX OTOOparKeHusX, ¢ := R o F' BHOBb SIBJISIETCSI DEry-
JISIPHBIM TOMEOMOPHBIM pellleHneM ypaBHeHusi Besbrpamu (1), KOToOpoe sIBJISIETCsI KOJIBIIEBBIM
Q-romeomopdusmom B D ¢ Q = K u 1 orobpazkaer D na . Bosnee Toro, no nemmam 6.6 u 6.7
B [7], g momycKaeT mpojosAKenHue 10 roMeoMopdusMa gy D — D, nockoneky I mveer ciabo
IJIOCKYIO TPAHUILY, a YKOpJaHoBa objactb [ JOKaJIbHO CBsI3HA HA TDAHUIIE.
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Bynem uckarp pemtenue ucxouoil 3anaun Jupuxie (2) B Buge komnosunuu f = ho g, re
h — anasimrudeckasi hyakinys B D ¢ rpaHUYHBIM yCJIOBUEM B TOYKAX HEIPEPBIBHOCTH

lin Re(z) = (g (0).
CymecrBoBanue rapmonndeckoit dynkmnu Reh nssectHo (cM., Hampumep, ceknmio 3 11 VI
u3 [4]), u anamurunueckas dyHkiws h BoccranaBiuBaercss B D 10 ee JieHCTBUTENLHON dacTu
C TOYHOCTBIO JI0 YUCTO MHUMOIT a/InTUBHOMN nocTosiHHoi. Kak jerko Bujers, dynkius f = hog
JlaeT MCKOMOe DeryJisipHoe perenne 3a1aau Jupuxie (2) s ypasuenns Besnbrpamu (1).

2. OcHoBHbBIe pe3ynbrarbl. Beibupas B semme 1 crenuasibHyo GyHKIUO 1, -(t) =
= 1/tlog (1/t) (cm., mampumep, semmy 5.3 B [7]), mosywaem:

Teopema 1. [lycmo p: D — C — usmepumasn 6 scopdanosoti obracmu D dynruyus maxas,
wmo [u(2)] <1 n.6 uKu(z) < Q(2) n.6. dasn dynxyuu Q: C — [0, 00] xaacca FMO(D). Tozda
dar mobotl ozparuvernol pynryuu p: 0D — R, donyckarowet ne boaee cuemmozo wucia mouer
paspwisa, ypasnenue Besvmpamu (1) umeem pezyasproe pewenue sadawu Jupuzae (2).

Cnencrsue 1. B wacmmocmu, saxmovenue meopemv. 1 ocmaemcs 6 cune, ecau K, (z) <
< Q(2) n.6. daa dynxyuu Q: C — [0, 00] xaacca BMO(D).

Kpowme Toro, B cuity pocrarounsix yeiaosuit FMO (cum., Hanpumep, npejiozkenne 2.2 U CrejicT-
Bue 2.1 B [7]), nmeem Taxxe:

CnencrBue 2. 3akmouenue meopemo, 1 ocmaemca 6 cune, ecau K, (z) < Q(z) n.s. das
aoxaavno unmezpupyemoti dynxyuu Q: C — [0, 00] maxoti, wmo ece mowxu z € D asamomes
ee moukamu Jlebeza.

CiuencrBue 3. 3akaouerue meopemv. 1 makotce umeem Mecmo, ecau

e—0

lim sup ][ K, (z)dm(z) < oo V2o € D.
)

B(ZO ,€

Teopema 2. [Tycmo p: D — C — usmepumasn 6 sorcopdanosoti obaacmu D dynkyus ¢ |pu(z)] <
< 1 n.6. maxan, wmo K, € L'(D), u

d(zo0)

dr —
.- 0 _ D
O/ [Rleounl() 2 70D

2de | K, ||(z0,7) = [ K,.(2)|dz| — nopmw 6 Lt dymwyuu K, na oxpyscnocmaz S(z0,7) = {2 €

Yr
€C:|z—z|=r},0<r<d(z0) <d(z0), d(z0) = sup |z — 29|. Tozda ypasrernue Beavmpamu (1)
zeD
umeem pezyaaproe pewenue 3adavwu Jupurae (2) das 110600 oepanuvenrol gynrkyuu @: 0D —

— R, donycrarowets ne bosee cuemmnozo wucsa movex pa3pulea.
Teopema mosmyuaercsa u3 jemMMel 1 ¢ ¢, (t) = 1/||K,||(20,t), t € (0,0(20)).
CaencrBue 4. B uwacmmuocmu, 3aKA0M€HUE MEOPEMbL 2 UMEETM MECTNO, E€CAU

1 —
k() = O<10g E> npu e—0 Vzy €D,

ede k(e) — cpednee snavenue pynxuuu K, na oxpysrcnocmu S(zg,€).
Haxkower, 1o Teopeme 2.3 u 2.4 B |7], nosydaem cJie{yIoILyio T€OPEMy U3 TEOPEMBI 2.
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Teopema 3. [Tycmo p: D — C — usmepumasn 6 sorcopdanosoti obaacmu D dynkyus ¢ |pu(z)] <
< 1 n.e. maxas, wmo

/@(Ku(z))dm(z) < 00,

D

2de ®: Ry — Ry — neybuisaiowas 6unykias GyHKULL ¢ YCAOGUEM

o0

das mwexomopozo 6 > ®(0). Tozda ypasrerue Beavmpamu (1) umeem pezyaaproe pewerue 3adaru
Jlupuzae (2) das 110601 oepanuvernnots gynrkyuu ¢: 0D — R, donyckarowets ne boaee cuemrozo
YUCAL MOYEK PA3PHIEE.

CaencrBue 5. B wacmnocmu, 3aKA0UEHUE MEOPEMBL 3 UMEET, MECTNO, ECAU NPU HEKOTODOM
a >0

/eO‘K“(z) dm(z) < 0.
D

3ameuanue 1. B yacTHOCTH, BCE MPUBEIEHHBIE TEOPEMBI UMEIOT MECTO JiJisi (DYHKITHIT (o orpa-
HUYCHHOI Bapualuu.
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Hremumym npukaadHoti Mamemamury Hocmynuao 6 pedaryuro 24.09.2013
u mexanuku HAH Yrxpauwno, JJoneuyx

. O. KosToHIOK, I. B. IleTkoB, B. 1. Pa3zanos
IIpo peryssipui po3s’saizku 3aja4i lipixJse puasa piBHaHb Beabrpami

Bemanosaeno kpumepii ichyeaHHA Pe2YAAPHUT Po36°A3Ki6 3adayi lipirie 0is 6UPOOHCEHUT DPi6-
HAHL Beavmpami nepuwozo pody 6 d08INVHUT HCOPOIGHOBUT 00AGCTMAT 3 2PAHUMHUMUY PYHKUTAMU,
wWo Jdonyckaromsd He 6iabULE 3ATHEHH020 YUCAG MOUOK PO3PUBY. 30KPEMA, BCTNAHOBAECHO ICHYBAHHA
PE2YAAPHUL PO3B’°A3KIG ONA Q0GIALHUT 2PAHUMHUL GYHKUIT 0OMedHCENHOT Bapiayii.
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D. A. Kovtonyuk, 1. V. Petkov, V.I. Ryazanov

On the regular solutions of the Dirichlet problem for Beltrami equations

The criteria of existence of reqular solutions of the Dirichlet problem for degenerate Beltrami
equations of the first kind in arbitrary Jordan domains with the boundary functions admitting at
most a countable number of discontinuity points are established. In particular, the existence of
reqular solutions for arbitrary boundary functions of bounded variation is proved.
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