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ONE PROBLEM OF TORSION OF PIECEWISE
HOMOGENEOUS ELASTIC BODIES

By means of method of hybrid integral transform of Legendre-
Fourier-Fourier type integral representation of exact analytical so-
lution of the problem of torsion of semi-bounded piecewise homo-
geneous elastic cylinder is obtained.
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Introduction. The problems of the theory of torsion of elastic bodies
with different geometric structure are of considerable theoretical and practi-
cal interest [1-3]. One of the effective methods for solving such problems in
the case of piecewise-homogeneous environments is a method of hybrid
integral transforms. The hybrid integral transform of Legendre-Fourier-
Fourier type is constructed in this paper, and this transform is applied for
solving the problem of torsion of semi-bounded piecewise homogeneous
elastic cylinder with different physical and mechanical characteristics.

Formulation of the problem. Let’s consider a semi-bounded piece-
wise homogeneous elastic cylinder with radius R, which is composed of
different materials. Physical and mechanical properties of this cylinder are
changed according to the law

G(z) = Gishz0(z)0(l, — z) + G,0(z - 1)0(l, —2) + G30(z - 1),

Gj = const, j=l,_3,

here @(x) is the Heaviside step function.

We consider inhomogeneous areas of cylinder be soldered together, and
the bottom end z =0 is free from stress. We consider that the movement is

limited if z = 400, and lateral surface of the cylinder is loaded efforts f(z) .

The problem of torsion of such cylinder mathematically is reduced to
a construction bounded on the set

D ={(r,z):re(0,R);z € (0,)) U (l},1,) U (ly,+)}

solution of differential separate system of partial differential equations [1]
(Bl +Aq —%] u(r,z)=—-F(r,z), z€(0,1),
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2
{31 +aaz_ZJLzz(r,z) = —Fy(r.2), z < (I.1y), M

2
[Bl +§—2] us(r,z) =-F;(r,z), ze(l,,+),
Z

with boundary conditions

Al -0, 2L <o, [‘ _Lu,] @ 113, @

0z 220 or 0 or r R Gj(z)
and conditions of mechanical contact

(1), =0, (1 )|, =0,

(3)
Gshz 2, 2 o ][ 6,2, P o,
oz oz . oz Oz o
2 2
here B, :8_+li_L is Bessel operator, A, = 0 om0 .1 s
ot ror 022 oz 4

Legendre operator.

The main part. Let’s construct the exact analytical solution of the
boundary value problem of conjugation (1)—(3) by the method of hybrid
integral transform of Legendre-Fourier-Fourier type.

1. The hybrid integral transform of Legendre-Fourier-Fourier
type. Let’s consider the singular spectral Sturm-Liouville problem of the
structure of solution, which is limited on the set

Iy :{r:re (O,Rl)U(Rl’Rz)U(RZ’JFOO)}

of separate system of ordinary differential Legendre and Fourier equations
of the 2-nd order

Liv1=(A, +bla )i(r) =0, 7 € (0,Ry), )

m m

2
LV, ]—[ +b2a _zij(r):O, re(R, ,R,); m=23; Ry=+w
}"

with the conjugate conditions

H +,3/le/¢(”) ( +,512ij+1(7)}

. S TN k gk
here a; > 0; ajk_O ﬂijO b; —(12+y§)2; 7;20; cp=ay B -

=0; jk=12 ()

r=R,

k ok d? d 1 1 .
- B 20, A, =——+cthr—+—— ; p>——; A, is Legendre
ljﬁZj u d}"z dr 4 shzr H 7 u° g

operator [4].
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The fundamental system of solutions for the equation L;[}{]=0 is

formed by attached Legendre functions P,  (chr) and L,  (chr)[4],

-5+, —+ig,
2 2
and for equation L, [V, ]=0 — by trigonometric functions cosgq,,» and
sing,, [51; q; =a;'b,(A7).
It is directly verify that functions
Vi (r,d) = 2162242 (A)q3(A) P = (chr),

——+i
> 4,

V,a(r ) =cngs (,1){21 W 11(chR1 )P (@R or) —
7 14,5

(6)
-z lf#_ 5 (chR, )t (‘12R1,72”)},

—2+1q‘ ;21

V,3(r,4) =, ,(A)cosqsr — @, (A)singzr
are the solution of the boundary value problem (4), (5).
We use such denotation in equalities (6):

5
@, ;(A) = vy3 (93R2){Z”fy, . (chR)61 (92 Ry, 42 Ry) — 651 (9o Ry, g5 Ry ) %
——+iq;
2

xZ' b (chRo}—vf{(quz)[&u(qul,quz)Z o (ehR)= (T)

,Eﬂq‘ ;11 ,5 +ig,;2
—0n (Q2R1,Q2R2)Zuf'u. (ChR1)}, J=L2
—Eﬂq,;ll
8 (%, 3) = Vi Wi () =via GV (1), jok=1,2;
k k.
v l-(quk) = _aqus sing Ry + 3, sing Ry

Vi (quk) (xm]qs sing R, +ﬂ1m sing R, ;

' 1 .
Z){", (chqiR) = a}yshR, - BY{ (chR)+ B, P{ (chR,), v; = — s

bar means the derivative of the argument.
Let's define values and functions:

)

¢ Cn a c

11612 9 12 -2 -2,
=——h » Oy =——0 ,03=0a3,
Cy1Cy ShR €2
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3 (D0 = Ry); Q, () = 245" ([0, (D +[@, (D),
o(r)=oshr@(r)0(R, —r)+o,0(r —R))O(R, —r)+030(r —R,). (8)
Theorem 1. If the function
g(r) = f(NshrO(r)O(R, —r)+0(r - R)O(R, —r)+0(r - R,)]
is piecewise continuous, absolutely summable and has bounded variation
in the interval (0;+o0), then for r € I, integral representation is true

S0+ f+0)]- % [V, QW[ 10V, (0. o (p)d p. (9)
0 0

Proof. Functions V), ;(r,4) and V, .(r,3) are the solutions of dif-

ferential equations

[A# ca (2247 )] V(1 2) =0,
A+ (82 472) [Pt p =0

2
{5_+ a; (/12 +7§ )} Vy(r4)=0,
¥

(10)-(11)

pe (12)-(13)
|:W+aj2 (ﬂZ +y}? )}V#,j(r,ﬂ) =0, j=2,3.

Let’s multiply the equality (10) on the function V, ,(r, B)shr, and

equality (11) — on the function V, ,(r,4)shr and subtract second from

the first. We obtain:
Via (r, /I)V#’l (r, B)shr =

Pod av,,(r,B) 1 (1, 2) (14)
:Aa—lﬂzd {shr[ #,l(r,/l)%_ G ﬁ)l—rﬂ

Let’s multiply the equality (12) on the function ¥, ;(r, £) , and equality
(13) — on the function V', ;(r,4) and subtract second from first. We obtain:

2

X

V#,j(r,/I)V#’j(r,,H) = 5
-5 (15)

d av, ;(r,B) av, (r,2)
X_F{Vﬂ,,(r,/l);—r—r/#,j(r,ﬁ);—r .
Let’s set a fairly large number R > R,. Let’s multiply the equality

(14) on o,dr and integrate from 0 to R;, and equality (15) let’s multiply
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on o,dr and integrate from R; to R, (j=12; Ry=+00). At the re-
sult of adding the integrals we have, that

T 1
£ DV Bo ) =25 [;,,(r D=V,3(r.B) -

(16)
d
_Vy,3 (l", ﬂ)% V#,j (V, /1)1| L
Let’s calculate the double integral
wod
2

1== j j gV, (r, ), (A AV, (r, f)o(r)dr (17)

0c

for arbitrary positive numbers ¢ and d (c <d) and arbitrary finite func-
tion g(A), which is defined on the segment [c,d ] .

Due to the equation (16) double integral (17) can be rewritten as:

g(g [ﬂs(R DLV, (R.p)-

I = llm— >
R—w JT ﬂ

(18)
- y,g(R,ﬂ)EVy,3(R,A)}2ﬂ(,1)dz.

As a result of elementary transformations we obtain that

Vs (R,/l)%V,,,z (R.B)-V, s (R,m% Vi (R,/i)} (D - (D¢

x{ @, (D0, 2 (B) =@, (D, (B)}sin R{g5 (1) + a5 (B) [+ 4:(A) +45(8) Jx

x{@,,1 (D0, (B)+ @, (D, (B sin R (A =g (B) [+ (19)
{a:(D = 45(B) }{ 0,1 (D@, (B) + 0,1 (B, (D)} cos R g3 (D) +43(B) J+
(D) + 45 (B) | 0,1 (D@, (B =0, (B, o (D)} cos R g3 (D) - 43(B) |

If to assume that the function g(1) is continuous, absolutely integrable

and has bounded variation on [c,d], then substituting (19) into (18), with
further using Dirichlet and Riemann lemmas [6] leads to the equality

g(p), Peled];
=2 ! j W, (r, DR, (AN AV, (r, f)o(r)dr = { 0. Beled

If the function g(A) has properties on the interval (0,+c0), which

(20)

discussed above, then we obtain that
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gB). Beledl )

2 00 00
;Mg(ﬂ)t/ﬂ(r,ﬂ)gﬂ(ﬂ)dﬂyﬂ (r, B)o(r)dr _{ 0. peled

Let now the function
2 o0
f0) == [V, (1, )0, (A)d A (22)
0

Let’s multiply the equality (22) on V,(r, B)o(r)dr , where [ is arbi-

trary positive number and integrate by » from =0 to » =+ . Due to
equation (21) we have that

jf (W, (r, Bo(r)dr = g(f). (23)
0

Let’s substitute the function g(1)= I SV, (p.Ho(p)dp to
0
equality (22). We obtain the integral representation
2 0 0
f@) == [V 0Q,(0dA[ (P, (o o(p)p. (24)
0 0

Rejection from continuity of the function f(») in the point » leads
to the integral representation (9). The theorem is proved.
The integral representation (9) defines the direct

H o Lf (1= [ £, (r, 2)a(r)dr = [ (2) (25)
0
and inverse
LT =2 [ FA,0.00,(00d2 =210+ fr+0)]  (26)
0

hybrid integral transform of Legendre-Fourier-Fourier type.
Algebra of hybrid differential operator
2 2 d 2 d 2
M, =aj o(r)60(R, - A, +a; 6(r—R)O(R, - r)?+ a;0(r — RZ)P
can be constructed due to the main identity.
Theorem 2. If the function f(r) is a twice continuously differenti-
able on the set I, , satisfies the conjugation conditions and conditions of

the limited

r—»0

lim {shr (% Vya(r,2) —f(r)%V#J (r, ﬂ)ﬂ =0,
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df dv, ,
lim 22 1=, 27
ram[ # 3 dr 27)
then the basic identity of integral transform of hybrid differential operator
M, is true:

~ 3 &
Ho [ MO == F =277 | F0W, (. )e,0,()dr,  (28)
=R,
Ry =0, Ry =+00; o (r)=shr; ¢,(r)=p3(r)=1.
Proof. Let's define the values:

SR = im0, TR = lim 10

kK _k _k k _k k _ _k pk k pk
Q=010 — 01y, Qp =41 Py — 1 B
k _ pk Kk k _k k ok
0y = P11%» — P12, azz _:BIIIBZZ PP

From the conjugate conditions we find the relations:

df (R, e A
M:L{agli(&yra{zﬁ@,)}
dr ey, dr (29)
f‘(R,-)=—Ci{a G (R)y+abf* (R, )} =12
1j

The components V), ;(r, 1) of the spectral function V), (r,1) have the
same connections:
VR, A)=-—1]a
G
dV/u,](R 7/1) _ 1 |:aj dV[u,j+l(R‘7/l)
- 200
»

AV, (R
1{/% alV, ,+1(Rja/1)}
r
(30)

a0 o, +ai, ViR, /1)}

From equations (29) and (30) the identity follows

df (R, R
fd(r ) ,Ll/(R]’ﬂ‘) . (R )M:

€1y
2y df+(Rj) . av, ia(R;,4) |
== Ty (R,A) - fH(R) 22,
Clj[ dr /l,j+l( j ) f ( j) dr J

The proof of the theorem is obtained by integration by parts under
the integral with following using of the limited conditions (27), identity

(31), the properties of functions V), ,V,,,V,5,f(r) and structures of

0,,0,,03. The theorem is proved.
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The identity (28) makes it possible to apply the introduced hybrid in-
tegral transform of Legendre-Fourier-Fourier type to the solving of singu-
lar problems of mathematical physics of inhomogeneous structures.

2. The solution of the problem (1)—(3). Let's write the system (1)
and boundary conditions (2) in matrix form:

(B4 Ay =i (r.2)
o’ hi(r.2) 32
B+ (r,2) | == Fy(r,2) |, (32)
0z
52 Fs(r,z)
I (Bl+az_2)”3(",z) ]
u, 0 ” £1(2)(G,shz)™
0 o 1 O
5| =10}, [___j U, = £(2)G; . (33)
r 0 or r .
U3 r=0 U r=R fz(Z)G3

Listed by equations (6)+8) values and functions for this case
(alkl =/’72k1 =alkz =ﬂ2k2 =0, ﬂ1k1 =,31k2 =1, k=12 0‘51 = Gyshly, 0‘%2 =
=G, =03, a3»=G;, p=0) we denote by ,55,55, ¥ (z,4),
V51(z,A) and V3(z,A4). In this case ¢, =Gshl, c¢,=c =G,,
¢y, =Gy, G; =const. Spectral density for this case we denote by Q;(1).
Let’s represent the integral operator H,,,, which acts by the formula
(25) as an operator matrix-row
l, I3 +00
Hy,l..]= [J....V“(Z,A)Elshzdz [V Gdz [ V(2 40dz | (34)
0 I I,
Let's apply the operator matrix-row (34) to the problem (32), (33) ac-
cording to matrices multiplication rule. As a result of main identity (28)

1
(when of =a; =a3 =1, 31 =0, 75 =73 =Z) we get a boundary value

problem: to construct a limited in the interval (0,R) solution of Bessel
equation for modified functions

> 1d , 1) - , o, 1
—t———| ¢ +— A)==F(r,A), ¢ =A"+— 35
er - (q rzﬂw )=-F(r.2); g . 09
with boundary conditions
LUl p—t (i—l]a - 7(A). (36)
dr|,_, dr r) |
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It is possible to verify that the desired solution of the boundary value
problem (35), (36) is a function

R
a(r, ) =W(r,A)f(A)+ jE(r, P, A)F(p, ) pd p. (37)
0

In the formula (37) there are the Green's function

W(r,A) = RI,(qr)(qoRI,(gR) —21,(qR)) ™" =

and fundamental function
B {11 (@ADL (p) + A, (DK (gp)l. 0<r<p<R;
A (D) [ Li@n[A, (DI (gr)+A(DK (gr)], 0<p<r<R,
here A,(A)=qRK,(qR)+2K,(qR); I,(x), K, (x) are modified Bessel
functions of the first and second kind.
For resuming the function u(r,z) = {u,(r,z);u, (r,2);u3(r,z)} by its

E(r,p,A) =

image u(r,A) let’s apply the operator matrix column to the matrix-
element [ﬁ(r, /1)] (function u(r,A)is defined by the formula (37)) accord-

ing to matrices multiplication rule

2 j V(2 )Q(A)dA
an

Hy,[]= %j...V21 (2, )Q) (2)d A
0

2 j Vi (2, )Q(A)d A
70 ]

as the inverse operator of the operator which is defined by (34).
As a result of elementary transformations we obtain unique solution
of the conjugate boundary value problem (1)—(3):

3| b
u (r,2) = 2| [ W (1,2, 8) £ (9)0, (£)dE +

m :1 lmfl

R,
+J‘ J‘ Hjm(r’p’Z’g)Fm(p’é:)Emwm(é:)dézpdp 5
0l

here [, =0, L=+, @z)=shz, ¢,(z2)=p3(z)=1, 05 = G;lGlshl1 ,
&, =G;'G,, &, =1, Green's functions
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W (7. 2.8) = [ (1. AV jy (2. AWV 0 (. D) (A)d A
0
and the influence functions
H_jm (}”, ,0, z, 5) = I E(}", pa ﬂ’)le (Zn A)le (é:a /’i')QO(//l)d/l
0

of the boundary value problem (1)—(3).
If f;(z) and F;(r,z) are given then the position of cylinder which

is discussed becomes known.

Conclusion. By means of method of hybrid integral transform of
Legendre-Fourier-Fourier type integral representation of solution of the
problem of torsion of semi-bounded piecewise homogeneous elastic cylin-
der is obtained.
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MetooM TiOpUAHOTO 1HTErpaJbHOTO MepeTBOpeHHs THIy JlexaHnapa-
Dyp’e-Dyp’e oxepxaHO iHTErpaIbHE 300paKEHHSI TOYHOTO aHATITHIHOTO
PO3B’S3Ky 3ajadi KpY4YEHHs HalliBOOMEXEHOro KyCKOBO-OJHOPITHOTO
NPYXKHOTO HUITIHJpA.

KawuoBi cnoBa: pisnanus Jlesxcanopa, pienauna @yp’e, 3adaua
UImypma-Jliysinna, 2ibpudne inmespanivHe nepemeopeHHs, siopuoHuil Ou-
depenyianvHuli onepamop, 20106Hi P36 A3KU.

Otpumano: 12.05.2014
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