
ÓÄÊ 519.217; 519.718; 519.837

Â.Ê. ßÑÈÍÑÊÈÉ, È.Â. ÌÀËÛÊ

ÈÑÑËÅÄÎÂÀÍÈÅ ÊÎËÅÁÀÍÈÉ Â ÊÂÀÇÈËÈÍÅÉÍÛÕ
ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌÀÕ
Ñ ÏÎÑËÅÄÅÉÑÒÂÈÅÌ

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêàÿ äèíàìè÷åñêàÿ ñèñòåìà, ñèñòåìà ñ ïîñëå-

äåéñòâèåì, ïóàññîíîâñêîå âîçìóùåíèå.

Â ðàáîòå [1] äîêàçàíà íåïðåðûâíîñòü ïî ìàëîìó ïàðàìåòðó �� 0 ñèëüíîãî ðå-

øåíèÿ ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîãî óðàâíåíèÿ ñ ïóàñ-

ñîíîâñêèìè âîçìóùåíèÿìè (ÑÄÔÓÏÂ). Ýòî äàåò âîçìîæíîñòü çàìåíèòü ðåøå-

íèÿ ÑÄÔÓÏÂ íåêîòîðûì ìàðêîâñêèì ïðîöåññîì [2–4]. Êàê ñëåäñòâèå íåïðå-

ðûâíîé çàâèñèìîñòè ðåøåíèÿ ÑÄÔÓÏÂ îò ïàðàìåòðà �� 0 , â íàñòîÿùåé

ñòàòüå óñòàíîâëåíî óòâåðæäåíèå î áëèçîñòè ýòèõ ïðîöåññîâ íà àñèìïòîòè÷å-

ñêè áîëüøîì èíòåðâàëå âðåìåíè [ , / ]0 T � , êîòîðîå áóäåò áàçèðîâàòüñÿ íà ìåòî-

äå óñðåäíåíèÿ [5, 6]. Êðîìå òîãî, èçëîæåí ìåòîä ïðèâåäåíèÿ êâàçèëèíåéíîãî

ÑÄÔÓÏÂ âòîðîãî ïîðÿäêà ê ñòàíäàðòíîé ôîðìå è äîêàçàíà òåîðåìà îá óñðåä-

íåíèè äëÿ ýòîé ñèñòåìû. Îïèñàí ìåòîä ðàñùåïëåíèÿ, â êîòîðîì ïðîèçâîäÿ-

ùèé îïåðàòîð äåòåðìèíèðîâàííîé ÷àñòè ñòîõàñòè÷åñêîãî óðàâíåíèÿ íà âû-

áðàííîå ïðîñòðàíñòâî C ([ , ])�� 0 íåïðåðûâíûõ ôóíêöèé ïðåäñòàâëÿåòñÿ â âèäå

êîíòóðíîãî èíòåãðàëà êîìïëåêñíîé ïëîñêîñòè [7, 8].

Íà âåðîÿòíîñòíîì áàçèñå ( , , , )� � � � [9] çàäàí ñëó÷àéíûé ïðîöåññ

R R� � �� 1, êàê ñèëüíîå ðåøåíèå [10–12] êâàçèëèíåéíîãî ÑÄÔÓÏÂ
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Êðîìå òîãî, w t( ) — ñêàëÿðíûé âèíåðîâñêèé ïðîöåññ; ~ ( , ): ( , ) ( , )� � �t A t A t A� �� —
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Îáîçíà÷èì H t( ) ðåøåíèå äåòåðìèíèðîâàííîãî óðàâíåíèÿ [7, 15]
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Ýòî ðåøåíèå, ñëåäóÿ [7], áóäåì íàçûâàòü ôóíäàìåíòàëüíûì ðåøåíèåì (5).

Äëÿ óïðîùåíèÿ èçëîæåíèÿ äîêàçàòåëüñòâà áóäåì ñ÷èòàòü, ÷òî íà÷àëüíàÿ

ôóíêöèÿ (2) íåïðåðûâíà è äåòåðìèíèðîâàíà. Äëÿ ïåðâîãî óòâåðæäåíèÿ íåîáõî-

äèìî íà÷àëüíîå óñëîâèå

x0 0� . (6)

Ëåììà 1. Ïóñòü:

1) ñëó÷àéíûå ïðîöåññû �( ), ( )t f t è �( , )t u ñ âåðîÿòíîñòüþ åäèíèöà íåïðå-

ðûâíû ïî t T[ , ]0 ;

2) âûïîëíÿþòñÿ óñëîâèÿ (3), (4).

Òîãäà ðåøåíèå ÑÄÔÓÏÂ (1), (6) èìååò âèä
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Äîêàçàòåëüñòâî íåòðóäíî ïðîâåñòè, ïîäñòàâëÿÿ ñëó÷àéíûé ïðîöåññ (7)

â ÑÄÔÓÏÂ (1), èñïîëüçóÿ ïðè ýòîì îáîáùåííóþ ôîðìóëó Èòî [12].
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ãäå y t( ) óäîâëåòâîðÿþò óðàâíåíèþ (5) è íà÷àëüíûì óñëîâèÿì (2).
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Îáîçíà÷èì õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì îäíîðîäíîãî äåòåðìèíèðî-

âàííîãî óðàâíåíèÿ
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Çäåñü
�
y t( ) — ðåøåíèå (11), çàïèñàííîå â âèäå ñèñòåìû äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ íà÷àëüíûìè äàííûìè (10).

Ëåììà 2. Ïóñòü õàðàêòåðèñòè÷åñêîå óðàâíåíèå (12) èìååò n ïàð ïðîñòûõ

÷èñòî ìíèìûõ êîðíåé (13), îñòàëüíûå êîðíè ðàñïîëîæåíû â ïîëóïëîñêîñòè
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 � � 0 .
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L z
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, g t
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L z
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1
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2
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( )
Re

�
��
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.

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ ðàñùåïëåíèå ìàòðèöû H t( ) (15) è ñîîòíîøåíèå äëÿ

y t( ) , y t1 ( ) (16), ñèñòåìó (14) ìîæíî ðàñïèñàòü ïîêîîðäèíàòíî äëÿ x t( ) è x t1 ( ) :

x t B e B e y t
e

L
j

i t

j

n

j
i t

j

n i t s
j j

j

( ) ~ ( )
' (
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� � � �
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� �� �
�

1 1 i

e

L i
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m

j
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� �
�

�

�
�

�

�

�
�
�

�

� �

�
�	

10

� �� � � � �( , , ) ( , , ) ( ) ( , , , )~ (s x x ds s x x dw s s x x zs s s s s s
1 1 1� � ds dz

x t D e D e y t

U

j
i t

j

n

j
i tj j
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( ) ~ (
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�
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j
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j

j
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�
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� �
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j
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s s s s

�
�

�

�
�

�

�

�
�
�

� �

�
�	

� �� � 1 1) ( ) ( , , , )~ ( , ) .dw s s x x z ds dzs s

U

� � � ��
�

�

�
�

�

�

�
�
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!
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(17)
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Òîãäà äëÿ ïåðåìåííûõ u t t u t t i ni i( ), ( ), ( ), ( ), ,� � �1 , ïîëó÷èì 2 2n� óðàâíåíèÿ:

u t B e B e
e

L i

ej
j

i t
j

i t
i t s

j

i t s
j j
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� � �
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( , , ) ( , , )
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0

1 1 w s s x x z ds dz

t D e
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( ) ( , , , )~ ( , ) ,

( )
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��
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1

i t
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j
i t s
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D e
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� �
� �

�

�

�
� �

�
�

�

�
� � �( ) ( )

( ) (�

�

�

�
�

�

�

�
�
�

� �

	 i

m s x x ds s x x dw

j

t

s s s s

�

� � �� �

)

( , , ) ( , , ) (

0

1 1 s s x x z ds dz j ns s

U

) ( , , , )~ ( , ) , , ;�
�

�

�
�

�

�

�
�

�

�

�

!
!
!
!

	 � � �� 1 1

!
!

�

!
!
!
!
!
!

u t y t g t s m s x x ds g t s s xs s

t

s( ) ~ ( ) ( ) ( , , ) ( ) ( , ,� � � � �	� �� �1

0

x dw ss

t
1

0

) ( )� �	

� �		 g t s s x x z ds dzs s

U

t

( ) ( , , , ) ~ ( , )� � �� 1

0

;

� � �� �( ) ~ ( ) ( ) ( , , ) ( ) ( ,t y t g t s m s x x ds g t s ss s

t

� � � � �	
1

1
1

0

1 x x dw ss s

t

, ) ( )1

0

� �	

� �		 g t s s x x z ds dzs s

U

t

1
1

0

( ) ( , , , ) ~ ( , )� � �� .

Äàëåå ïðåîáðàçóåì ïîëó÷åííóþ ñèñòåìó òàê, ÷òîáû ïåðâûå 2n óðàâíåíèÿ èìå-

ëè âèä

du t t dt m t x x dt t x x dj j
j t s t s( ) ( ) [ ( , , ) ( , , )� � ��� � � �� �

2 1
1 1 w t

t x x z dt dz

d t u t

t s

U

j
j

j

( )

( , , , )~ ( , )],

( ) (

�

� � �

� �

�

�

�

� �

	
1

2 ) [ ( , , ) ( , , ) ( )

( ,

dt m t x x dt t x x dw t

t x

j t s t s� � �

�

� � � �

�

� �

�

2
1 1

t s

U

x z dt du, , )~ ( , )],1 � �	

�

�

!
!
!!

�

!
!
!
!

(18)

ãäå j n�1, , à êîýôôèöèåíòû � k , k n�1 2, , îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè

� �� � �2 1 2

2 2
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Â ðåçóëüòàòå ðåøåíèÿ ýòîé ñèñòåìû ïîëó÷èì

�
�

2 1 2
1

j
jL i

� �
�

�
�
!

�!

(
)
!

*!
Re

( )
, � �

�
2 2

1
j j

jL i
� �

�

�
�
!

�!

(
)
!

*!
Im

( )
. (19)

Ïîäñòàâèâ (19) â ìàòðè÷íóþ ñèñòåìó (18), ïîëó÷èì óòâåðæäåíèå òåîðåìû 1.

Òåîðåìà 1 äîêàçàíà. �

Çàìå÷àíèå 2. Â äàëüíåéøèõ âûêëàäêàõ áóäåì ñ÷èòàòü, ÷òî n �1 .

Òåîðåìà 2. Ïóñòü çàäà÷à (9), (10) èìååò îãðàíè÷åííîå â ñðåäíåì ðåøåíèå.

Òîãäà ñóùåñòâóåò C � 0 òàêîå, ÷òî äëÿ � � �( , )0 0 , ãäå �0— äîñòàòî÷íî ìàëîå, è

� �

��
�

��
t

T
0,

�
âûïîëíÿåòñÿ ñîîòíîøåíèå

|| ~ || || ~ ||/ /u y y CT T� � � 
� �� �1 , (20)

ïðè ýòîì

|| || : ( )
[ , ]

/

� �T
t h T

E t�
"

#
$
$

%

&
'
'

 �
sup 2

1 2

.

Äîêàçàòåëüñòâî. Îïðåäåëèì ñëó÷àéíûå ïðîöåññû:

u t y t t y t( ) ( )( ): ( ); ( ): ( );0 0 1� ��

u t y t g t s m s u un
s s

n
s s

n( ) ( ) ( )( ) ~ ( ) ( ) ( , , )� � � � �� �� � �� 1 1 1 1 ds

t

�	
0

� � � � �� �
	 g t s s u u dw ss s

n
s s

n
t

( ) ( , , ) ( )( ) ( )� � � �� 1 1 1 1

0

� � � �� �
		 g t s s u u ds dus s

n
s s

n

U

t

( ) ( , , ) ~ ( ,( ) ( )� � � � �� 1 1 1 1

0

) ;

� � � ��( ) ( ) (( ) ~ ( ) ( ) ( , ,n
s s

n
s s

nt y t g t s m s u u� � � � �� �1
1

1 1 1 1) )ds

t

�	
0

� � � � �� �
	 g t s s u u dw ss s

n
s s

n
t

1
1 1 1 1

0

( ) ( , , ) ( )( ) ( )� � � ��

� � � �� �
		 g t s s u u z dss s

n
s s

n

U

t

1
1 1 1 1

0

( ) ( , , , ) ~ (( ) ( )� � � � �� , )dz .

Ðàññìîòðèì ðàçíîñòü ìåæäó äâóìÿ ñîñåäíèìè èòåðàöèÿìè, îáîçíà÷àÿ

||• || || • || /� T � :

|| || || || ( ) ( )( ) ( ) ( ) ( )
•

u u G t s m s dsn n n n� � � 
 �� �
	

1 1

0

� � � �� � � �	G t s s dw s( ) ( ) ( )

•

�� ��

0

� �		 G t s s u ds du

U

( ) ( , ) ~ ( , )
•

�� � ��

0

,
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ãäå

G t g t g t( ) ( ) ( )� � 1 ,

�m s m s u u m s u us s
n

s s
n

s s
n� � �� �( ) ( , , ) ( ,( ) ( ) (� � � � �� �1 1 1 1 1 � ��2 1 2) ( ), )� �s s

n ;

�� � � � �� � �( ) ( , , ) ( ,( ) ( ) (s s u u s u us s
n

s s
n

s s
n� � � � �� �1 1 1 1 1 � ��2 1 2) ( ), )� �s s

n ,

�� � � � �� � �( , ) ( , , , ) ( ,( ) ( )s z s u u z s us s
n

s s
n

s� � � � �� �1 1 1 1 1 u zs
n

s s
n( ) ( ), , )� ��2 1 2� � .

Äàëåå, èñïîëüçóÿ óñëîâèÿ 1� è óñëîâèÿ îãðàíè÷åííîñòè (3), (4), ïîëó÷àåì

îöåíêó

|| || || || ( ||( ) ( ) ( ) ( ) ( ) (u u Ñ u un n n n n n� � � 
 �� � � �1 1
1

1 2� � � ) ( ) ( )|| || || )� �� �� �n n1 2 ,

ãäå C C T C K1 � � �( , , ) . Âûáåðåì � òàêèì, ÷òîáû âûïîëíÿëîñü óñëîâèå C1 1�� .

Òîãäà ìîæíî óòâåðæäàòü î ñóùåñòâîâàíèè ñëó÷àéíûõ ïðîöåññîâ u t( ) è �( )t ,

êîòîðûå çàäàþòñÿ ñîîòíîøåíèÿìè

u t u t
n

n( ) lim ( )( )�
��

, � �( ) lim ( )( )t t
n

n�
��

,

ïðè÷åì u t u t( ) ( )+ , � �( ) ( )t t+ .

Äàëåå ïîëó÷èì öåïî÷êó íåðàâåíñòâ

|| ~ || || ~ || || || ||( ) ( ) ( ) ( ) ( )u y y u u un n n n n� � � 
 � � �� �� 1 1 1 u u yn( ) ( )|| || ~ ||� � � � �2 1
�

� � � � � � � 
� � �|| || || || || ~ ||( ) ( ) ( ) ( ) ( )� � � � �n n n n y1 1 2 1 1
�


 � � � � � 

�

�[( ) ]( || ~ || || ~ || )( ) ( )C C u y y K
Cn

1
1

1
1 1 1 1

1
� � �

�
�

C
K

C

C1

1

11�

�

�
�

�
,

ãäå K u y y: || ~|| || ~ ||( ) ( )� � � �1 1 1� .

Òåîðåìà 2 äîêàçàíà. �

Ðàññìîòðèì ñèñòåìó ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dy t y t dt p m t y y dt p t y yi t t i t t
1 2 0 1 2 0 1 22 2( ) ( ) ( , , ) ( , ,� � �� � ) ( )

( , , , ) ~ ( , ),

( )

dw t

p t y y z dt dz

dy t

i t t

U

i

�

� � �

�

�

�

� �

	2 0 1 2

2 2 1 0 1 2 0 1 22 2y t dt q m t y y dt q t y y di i t t i i t t( ) ( , , ) ( , , )� �� � � � w t

q t y y z dt dzi i t t

U

( )

( , , , ) ~ ( , ),

�

� � � �

�

�

�

�

!
!
!

�

!
!
! 	2 0 1 2

(21)

êîòîðóþ èíîãäà íàçûâàþò ÷àñòè÷íî óñðåäíåííîé ñèñòåìîé îòíîñèòåëüíî ñèñ-

òåìû, ðàññìîòðåííîé â óòâåðæäåíèè òåîðåìû 1. Òîãäà ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 3. Ïðè âûïîëíåíèè óñëîâèé 1�– 3� èìååò ìåñòî îöåíêà

|| || || ||/ /x y x y CT T� � � 
1 1 2
1� � � .

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 2 äîñòàòî÷íî ïîêàçàòü, ÷òî

|| || || ||u y y Ct t t t
1 1 1 2� � � 
� � .

Ýòî íåòðóäíî âûïîëíèòü, èñïîëüçóÿ óñëîâèÿ1�– 3� è íåðàâåíñòâî Ãðîíóîëëà.

Òåîðåìà 3 äîêàçàíà. �
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Äëÿ ñèñòåìû ÑÄÔÓÏÂ (21) ñäåëàåì çàìåíó ïåðåìåííûõ

r t y t y t( ) ( ( )) ( ( ))� �1 2

1
2

2 21

�
; 	

�
�( )

( )

( )
t

y t

y t
t� � �arctg

2

1
1 1 .

Îïðåäåëèì ôóíêöèè

f x x x
x

1 1 2 1
2 2

2

1
2

( , ) � �
�

, f t x x
x

x
t2 1 2

1
2

1 2
2 1( , , ) � � �arctg

�
� .

Òîãäà ñîãëàñíî ôîðìóëå Èòî–Ñêîðîõîäà [9, 10] äëÿ ñëó÷àéíûõ ïðîöåññîâ r t( )

è 	( )t ïîëó÷èì ÑÄÔÓÏÂ
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x
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x
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�
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1
2

2( , ) (
( ), ( )

) �
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�
�

�
�
�

(
)
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�� �f x x dz dt

x y t x y t2 1 2
1

1
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2( , ) ( )
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�
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,
�

,

,

�

�
�

�

�
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b

x
f x x dw t

x y t x y t1
1

2
2

2 1 2
1

1
2

2( , ) (
( ), ( )

) �

� � �[ ( ( ) ( , , , ), ( ) ( , ,f y t p t y y z y t q t yt t t2
1

1
0 1 1 2

1 1
0 12 2� � � y zt

U

1, )) �	

� f y t y t dt du2
1 2( ( ), ( ))]~ ( , )� � ,

ãäå

a y t p m t y yi t t1
2 0 1 22� �( ) ( , , )� , a y t q m t y yi i i t t2

2 1 0 1 22� � �� � �( ) ( , , ) ,

b p t y yi t t1
0 1 22� � � ( , , ) , b q t y yi i t t2

0 1 22� �� � ( , , ) .

Ïîñëå íåñëîæíûõ âû÷èñëåíèé ñòîõàñòè÷åñêèå äèôôåðåíöèàëû dr t( ) è d t	( )

ïðèìóò âèä ïðè � �� 1 , p p� 1 , q q� 1:

dr t p t t q t t m t rt t( ) [ cos ( ( )) sin ( ( ))] ( , , )� � � � �2 1� � 	 � 	 	{

� � � � � �
1

2

2 2 2 2[ sin ( ( )) cos ( ( )) sin( ( ))p t t q t t pq t t� 	 � 	 � 	 ] ( , , )� 	
1
2 t rt t �

� � � �	
1

1
2 2 2 2 2

r t
t r z p t t q t
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t t
( )

( , , , )[ sin ( ( )) cos (� 	 � 	 � 	( ))t �

� � �pq t t dz dtsin ( ( ))] ( )� 	 � }

� � � � �2 1� 	 � 	 � 	 �( , , )[ cos ( ( )) sin ( ( ))] ( )t r p t t q t t dw tt t

� � � �2 1� 	 � 	 � 	 � �( , , , )[ cos ( ( )) sin ( ( ))]~ (t r z p t t q t t dtt t , )du

U

	 ,

d t
r t

q t t p t t m t rt	
�

� 	 � 	( )
( )

[ cos ( ( )) sin ( ( ))] ( ,� � � � �
2

1{ , )	 t �

� � � �
1

2 2 2 2 2
1
2 2 2

r t
t r p t t pq tt t

( )
( , , )[ sin ( ( )) cos(� 	 � 	 � 	( ))t �

� � � 	q t t
r t

t r p t

U

t t
2 2

1
2 2 22 2

1
2sin ( ( ))]

( )
( , , )[ sin (� 	 � 	 � � �2	( ))t

� � � � �2 2 22 2pq t t q t t n du dtcos ( ( )) sin ( ( ))] ( )� 	 � 	 � }

� � � � �
2

1
r

t r q t t p t t dw tt t� 	 � 	 � 	 �( , , )[ cos ( ( )) sin ( ( ))] ( )

� � � �
2

1
2

r
t r z q t t p t tt t� 	 � 	 � 	 � �( , , , )[ cos ( ( )) sin ( ( ))]~ ( dt dz

U

, )	 ,

ãäå

m t m t1 1 2
0

1 2( , , ): ( , , )� � � �� , � � � � � �1 1 2
0

1 2( , , ): ( , , )t t� ,

� � � � � �1 1 2
0

1 2( , , , ): ( , , , )t z t z� .
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Èñõîäíûå ïðîöåññû x t( ) è �( )x t âûðàæàþòñÿ ÷åðåç ïðîöåññû r t( ) è 	( )t ñëåäó-

þùèì îáðàçîì:

x t r t t t( ) ( )cos( ( ))� �� 	 , �( ) ( ) sin( ( ))x t r t t t� � �� � 	 .

Äëÿ äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà ðàáîòû ââåäåì îáîçíà÷åíèÿ

x x t st ( ): ( )� � �{ , s �[ , ]� 0 } , x x t s x tt : ( ) ( )� � �{ , s �[ , ]� 0 } ,

m t x t m t xt
� �( , ( )) ( , )� , � �� �( , ( )) ( , )t x t t xt� , � �� �( , ( ), ) ( , , )t x t z t x zt� .

Ðàññìîòðèì ñëåäóþùåå ÑÄÔÓÏÂ äëÿ � � 0 :

dx t m t x dt t x dw tt t
� � � � �� � � � � � �( ) ( , ( ( ))) ( , ( ( ))) ( )� � �

�	 � � � � �� �( , ( ( )), ) ~ ( , )t x z dt dzt

U

, (22)

êîòîðîå îïðåäåëÿåò «ìàëóþ» ÷àñòü óðàâíåíèÿ (9) è ÑÄÔÓÏÂ

dz t m t z t dt t z t dw t t z t� � � � � � �� � � �( ) ( , ( )) ( , ( )) ( ) ( , ( )� � � , ) ~ ( , )z dt dz

U

� �	 (23)

è çàäàåò íåêîòîðûé ìàðêîâñêèé ïðîöåññ.

Îñíîâíîé ðåçóëüòàò ðàáîòû ñôîðìóëèðóåì â ñëåäóþùèì óòâåðæäåíèè.

Òåîðåìà 4. Ïóñòü:

1) ôóíêöèîíàëû m� , � � è �� èç óðàâíåíèÿ (22) èçìåðèìû ïî âñåì ïåðåìåí-

íûì è óäîâëåòâîðÿþò óñëîâèÿì 1�– 3� ;

2) ðåøåíèÿ óðàâíåíèé (22) è (23) íåïðåðûâíû ñëåâà;

3) lim ( )
�

� �
�

�
0

0 è sup
�

� � � �E m s x ds Ks( ( , ( ( ))))2

0

�

	 � � � ;

4) ÑÄÔÓÏÂ (22), (23) ðàññìàòðèâàþòñÿ ïðè îäèíàêîâûõ íà÷àëüíûõ óñëîâèÿõ.

Òîãäà ïðè äîñòàòî÷íî ìàëîì çíà÷åíèè �� 0 èìååò ìåñòî îöåíêà

- .
sup

t T

E x t z t


� 

0

0 2
1

, /

| ( ) ( )| ( )
�

� � � , (24)

ãäå lim ( )
�

� �
�

�
0

1 0 .

Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìàì 2 è 3 äëÿ äîêàçàòåëüñòâà òåîðåìû 4

äîñòàòî÷íî äîêàçàòü, ÷òî

- .
sup

t T

E x t z t


� 

0

2
1

, /

| ( ) ( )| ( )
�

� � � � . (25)

Ðàññìîòðèì ðàçíîñòü

E x t z t E m s x m s z s dss| ( ) ( )| ( ( , ( ( ))) ( , ( )))� � � � � �� � �� 
 �3

0

t

	 �

2

� � �	3

0

2

E s x s z s dw ss

t

( ( , ( ( ))) ( , ( ))) ( )� � � � �� � � �

� �	3

0

E s x z s z s z dt dzs

U

t

( ( , ( ( )), ) ( , ( ), )) ~ ( , )� � � � � �� � � �
	 


2
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 �
"

#

$
$

%

&

'
'

�	C E m s x m s z s dss

t

1

0

2

� � �� � � �( ( , ( ( ))) ( , ( )))

� � �	 E s x s z s dss

t

( ( , ( ( ))) ( , ( )))� � � �� � � � 2

0

� �
%

&
		 E s x z s z s z dz dss

U

t

( ( , ( ( )), ) ( , ( ), )) ( )� � � �� � � � 2

0

� '
'

,

ãäå C1 � � — íåêîòîðàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò � .

Èñïîëüçóÿ óñëîâèå Ëèïøèöà 1� è óñëîâèå èíòåãðèðóåìîñòè 3� , ïîëó÷àåì

íåðàâåíñòâî

E x t z t KC C E x s s z
s

| ( ) ( )| | ( ) (
[ , ( )]

� �

� �

� ��� 
 � � �


1 2
0

1

1

sup s s ds

t

�	 1

0

)| ,

ãäå C C C K T2 2 1� � �( , , , )
 .

Ïîñëåäíåå íåðàâåíñòâî ïîçâîëÿåò ñäåëàòü çàêëþ÷åíèå, ÷òî

sup sup
t T t T

E x t z t KC C E x
 

� 
 �
[ , / ] [ , / ]

| ( ) ( )| |
0

1 2
0�

� �

�

�� ( ) ( )|t z t dt

T

�	
�

0

.

Èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëó, ïîëó÷àåì ñîîòíîøåíèå

sup
t T

C T
E x t z t KC e



� 

[ , / ]

| ( ) ( )|
0

1
2

�

� � � ,

÷òî äîêàçûâàåò (25) è óòâåðæäåíèå òåîðåìû 4.

Òåîðåìà 4 äîêàçàíà. �

Çàìå÷àíèe 3. Ñ ïîìîùüþ òåîðåì 3 è 4 óäàëîñü óñðåäíèòü ñíîñ è ïåðåéòè îò

äèôôóçèè � � ( , )t xt ê äèôôóçèè � 0 ( , ( ))t x t è îò �� ( , , )t x zt ê �� ( , ( ), )t x t z , êîòî-

ðûå çàâèñÿò óæå íå îò îòðåçêà òðàåêòîðèè xt , à îò x t( ) . Ýòî îçíà÷àåò, ÷òî ñèëüíîå

ðåøåíèå ÑÄÔÓÏÂ (22) ìîæíî çàìåíèòü ìàðêîâñêèì ïðîöåññîì [2–4].

Äëÿ óïðîùåíèÿ èçëîæåíèÿ áóäåì îïåðèðîâàòü ÷èñòî äèôôóçèîííûì

ÑÄÔÓÏÂ, ò.å. � 	( , , )t u + 0 .

Îáîçíà÷èì

m t r p t t q t t m t rr t t( , , ): {[ cos( ( )) sin ( ( ))] ( ,	 � 	 � 	� � � �2 1 t t

t t

t

r
t r pq t t

m t r

, )

( , , )[ cos ( ( ))]

( , ,

	

� 	 � 	

	

�

� � �
1

2 2
1
2 },

	 � 	 � 	 	t t t
r

q t t p t t m t r): [ cos ( ( )) sin ( ( ))] ( , , )� � � � �

�

2
1{

1
2 2 2 2 2

1
2 2

r
t r p t t pq t tt t� 	 � 	 � 	( , , )[ sin ( ( )) cos ( ( ))� � � � q t t

t r t r pr t t t t

2

1

2 2

2

sin ( ( ))] ,

( , , ): ( , , )[ cos(

� 	

� 	 � 	

�

�

}

� 	 � 	

� 	 � 		

t t q t t

t r
r

t rt t t t

� � �

�

( )) sin( ( ))],

( , , ): ( , , )
2

1 [ cos( ( )) sin( ( ))].q t t p t t� 	 � 	� � �

�

�

!
!
!
!
!

�

!
!
!
!
!

(26)

Ïåðåïèøåì äèôôåðåíöèàëû r t( ) è 	( )t â îáîçíà÷åíèÿõ (26):

dr t m t r dt t r dw t

d t m t

r t t r t t( ) ( , , ) ( , , ) ( ),

( ) (

� �

�

� 	 � 	 �

	 � 	 , , ) ( , , ) ( ).r dt t r dw tt t t t	 � 	 �	�

�
�
!

�!
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Ïðèìåíèâ òåîðåìó 4 ê äàííîé ñèñòåìå, ïîëó÷èì ñëåäóþùee ÷àñòè÷íî óñðåä-

íåííîå ÑÄÔÓÏÂ:

dr t m r t t dt t r t t dw t

d t

r r( ) ( ( ), ( )) ( , ( ), ( )) ( ),

( )

� �� 	 � 	 �

	 � �

�
�
� � 	 � 	 �	 	m r t t dt t r t t dw t( ( ), ( )) ( , ( ), ( )) ( ).

Ñîñòàâèì äëÿ ýòîé ñèñòåìû óðàâíåíèå Ôîêêåðà–Ïëàíêà–Êîëìîãîðîâà (ÔÏÊ)

äëÿ ñîâìåñòíîé ïëîòíîñòè ðàñïðåäåëåíèÿ � ñëó÷àéíûõ ïðîöåññîâ r è 	 [5, 12] :

,
� �

,

,
�
,

,
�

,

,
�

�
� 	 �

	
� 	 � � � �	

dt r
m r m r

r
tr r( ( , ) ) ( ( , ) ) ( (

2

2

2 , , ))

( , , ) ( , , ) (

r

r
t r t rr

	

�
	

� � 	 � 	 �
	

��	 	

�

�
,

, ,
�

,

,
2

2 2

2

2{ } { t r, , ) .	 }

Â ýòîì óðàâíåíèè óñðåäíÿåì ïî ÿâíî âõîäÿùåìó âðåìåíè t òå êîýôôèöèåíòû

ïðè � , êîòîðûå åùå ñîäåðæàò t [ ]14 , à èìåííî

,

,
� �

,

,
�
,

,
�

,

,

�
� 	 �

	
� 	 � � � �	 	

t r
m r m r

r
rr[ ( , ) ] [ ( , ) ] [ ( ,

2

2

2 	)]�

�
,

, ,
�

,

,
2

2 2

2

2�
	

� � 	 � 	 �
	

� � 		 	
r

r r rr[ ( , ) ( , )] [ ( , )] .

Îòìåòèì, ÷òî ýòîìó óðàâíåíèþ ñîîòâåòñòâóåò ñèñòåìà óðàâíåíèé äëÿ àì-

ïëèòóäû è ôàçû

dr m r dt r d t r d t

d

r� � �

�

� 	 � 	 � � � 	 � �

	 �

( , ) ( , ) ( ) ( , ) ( ),11 1 12 2

m r dt r d t r d t	 	 � 	 � � � 	 � �( , ) ( , ) ( ) ( , ) ( ),� �

�
�
� 12 1 22 2

ãäå �1 è � 2 — îäèíàêîâûå íåêîððåëèðîâàííûå «áåëûå øóìû» [ ]12 , à êîýôôè-

öèåíòû �11 , �12 , � 22 îïðåäåëÿþòñÿ èç ìàòðè÷íîãî ðàâåíñòâà

� �

� �

� � �

� � �

	

	 	

11 12

12 22

2 2

2

�

�
�

�

�
� �

�

�

�
�

�

�

�
�

r r

r

.

Ýòó ñèñòåìó íàçîâåì ïîëíîñòüþ óïðîùåííîé äëÿ ñèñòåìû (21).

Â íàñòîÿùåé ðàáîòå èçëîæåíû ñëåäóþùèå ðåçóëüòàòû: äîêàçàíî óòâåðæäå-

íèå î áëèçîñòè èñõîäíîé ñèñòåìû (9), «÷àñòè÷íî» óñðåäíåííîé ñèñòåìû (21) è

íåêîòîðîãî ìàðêîâñêîãî ïðîöåññà, çàäàííîãî (23) ïðè äîñòàòî÷íî ìàëûõ � íà áåñ-

êîíå÷íî âîçðàñòàþùåì èíòåðâàëå âðåìåíè [ , / ]0 T � .

Òàêèì îáðàçîì, ìîæíî óòâåðæäàòü, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ (9), íå òåðÿÿ

îáùíîñòè, ìîæåò áûòü çàìåíåíà íà íåêîòîðûé ìàðêîâñêèé ïðîöåññ ïðè ñîîòâåò-

ñòâóþùèõ óñëîâèÿõ, íàëîæåííûõ íà êîýôôèöèåíòû m� , � � , �� è ïàìÿòü � �( ) .

Îòìåòèì, ÷òî ýòîò ïîäõîä ïðèìåíèì òàêæå è ê äèñêðåòíûì ñèñòåìàì ñî

ñëó÷àéíîé ïàìÿòüþ [4].
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