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Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêàÿ äèíàìè÷åñêàÿ ñèñòåìà, ñèñòåìà ñ ïîñëå-

äåéñòâèåì, ïóàññîíîâñêîå âîçìóùåíèå.

ÂÂÅÄÅÍÈÅ

Ñèñòåìû ñ çàïàçäûâàþùèìè ñâÿçÿìè è ñ ïîñëåäåéñòâèåì èñïîëüçóþòñÿ âî

ìíîãèõ îáëàñòÿõ ñîâðåìåííîé íàóêè è òåõíèêè [9, 13, 15–22, 24]. Íàïðèìåð,

â ñèñòåìàõ àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ çàïàçäûâàíèåì ÿâëÿåòñÿ ïðîìåæó-

òîê âðåìåíè, êîòîðûé íåîáõîäèì ñèñòåìå äëÿ ðåàãèðîâàíèÿ íà âõîäíîé ñèã-

íàë. Ïðîöåññ ãîðåíèå òîïëèâà â æèäêîñòíûõ ðàêåòíûõ äâèãàòåëÿõ òàêæå ñî-

äåðæèò ñóùåñòâåííîå çàïàçäûâàíèå. Ñèñòåìû ñ çàïàçäûâàíèåì èëè ïîñëåäåé-

ñòâèåì ÷àñòî èñïîëüçóþòñÿ òàêæå â ýëåêòðîðàäèîñâÿçè, ðàäèîëîêàöèè,

ðàäèîíàâèãàöèè. Çäåñü çàïàçäûâàíèå îáóñëîâëåíî êîíå÷íîé ñêîðîñòüþ äâè-

æåíèÿ íîñèòåëåé ýëåêòðè÷åñêèõ çàðÿäîâ, à òàêæå íàëè÷èåì íåêîòîðîãî âðåìåíè

äëÿ ïðîõîæäåíèÿ ýëåêòðîìàãíèòíûìè âîëíàìè çíà÷èòåëüíûõ ðàññòîÿíèé. Â íèç-

êî÷àñòîòíûõ óñòðîéñòâàõ çàïàçäûâàíèåì îáû÷íî ìîæíî ïðåíåáðå÷ü, à â âûñîêî-

÷àñòîòíûõ óñòðîéñòâàõ, ãäå âðåìÿ çàïàçäûâàíèÿ óæå ñðàâíèâàåòñÿ ñ ïåðåõîäîì

êîëåáàíèé, ïðåíåáðå÷ü ýòèì çàïàçäûâàíèåì íåâîçìîæíî. Ñèñòåìû ñ çàïàçäû-

âàíèåì îïèñûâàþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ îòêëîíÿþùèìñÿ àð-

ãóìåíòîì [1, 9, 10, 13], à ñèñòåìû ñ ïîñëåäåéñòâèåì îïèñûâàþòñÿ äèôôå-

ðåíöèàëüíî-ôóíêöèîíàëüíûìè óðàâíåíèÿìè [12, 17, 19, 24]. Â íàñòîÿùåå âðåìÿ

äîñòàòî÷íî õîðîøî ðàçðàáîòàíà ëèøü òåîðèÿ ëèíåéíûõ óðàâíåíèé [1, 10], à äëÿ

íåëèíåéíûõ óðàâíåíèé òåîðèÿ íàõîäèòñÿ â çàâåðøàþùèé ñòàäèè [18, 19, 24]. Îäíà-

êî äëÿ ñïåöèàëüíîãî êëàññà íåëèíåéíûõ (êâàçèëèíåéíûõ) óðàâíåíèé ðàçðàáîòàí

ìåòîä ôóíêöèîíàëîâ Ëÿïóíîâà–Êðàñîâñêîãî [9, 10, 12, 20]. Äëÿ èññëåäîâàíèÿ

êîëåáàòåëüíûõ ïðîöåññîâ, îïèñûâàåìûõ êâàçèëèíåéíûìè óðàâíåíèÿìè, ðàçðàáî-

òàí ðÿä ïðèáëèæåííûõ ìåòîäîâ — ìåòîäîâ ìàëîãî ïàðàìåòðà [11, 13, 19].

Ñ óâåëè÷åíèåì ïîòðåáíîñòåé â îáëàñòè ðàäèîôèçèêè, ýëåêòðîíèêè, àâòîìà-

òè÷åñêîãî ðåãóëèðîâàíèÿ, ýêîíîìèêè, òåîðèè ñòðàõîâàíèÿ è ò.ä. âîçíèêëà íåîá-

õîäèìîñòü ó÷èòûâàòü âîçäåéñòâèÿ ðàçëè÷íîãî ðîäà ñëó÷àéíûõ ñèë íà äèíàìè-

÷åñêèå ñèñòåìû [4, 8–10, 18–20, 23–27].

Òàêèå ïðîáëåìû, êàê ñîçäàíèå âûñîêî÷àñòîòíûõ ãåíåðàòîðîâ, îáíàðóæåíèå

ñëàáûõ ñèãíàëîâ íà ôîíå «øóìà», ïîâûøåíèå òî÷íîñòè èçìåðåíèé, êîñìè÷åñêàÿ

ñâÿçü è ò.ä. ïðèâåëè ê ïîòðåáíîñòè ó÷åòà ôëóêòóàöèîííûõ ÿâëåíèé ñ âîçäåéñòâè-

åì ñëó÷àéíûõ òîë÷êîâ èçâíå [16, 20]. Äëÿ ýòîãî íåîáõîäèìî èçó÷àòü ñâîéñòâà ðå-

øåíèé óðàâíåíèé ñî ñëó÷àéíûìè ôóíêöèÿìè, òàê íàçûâàåìûå ñòîõàñòè÷åñêèå

äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ïåðâûå ðåçóëüòàòû â ýòîé îáëàñòè ïðèíàäëåæàò

Ñ.Í. Áåðíøòåéíó è Í.Í. Êðûëîâó, à îñíîâíûå ðåçóëüòàòû â ýòîé òåîðèè áûëè

ïîëó÷åíû â ðàáîòàõ È.È. Ãèõìàíà, À.Â. Ñêîðîõîäà [4, 11, 14]. Ïðîäîëæåíèåì

ýòîé òåîðèè ÿâëÿþòñÿ ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûå,

ñòîõàñòè÷åñêèå èíòåãðî-ôóíêöèîíàëüíûå óðàâíåíèÿ Âîëüòåððû [4, 9, 14, 18–25].

Âàæíûì äëÿ áîëüøèíñòâà ðàäèîòåõíè÷åñêèõ ñèñòåì ÿâëÿþòñÿ ëàìïîâûå ãå-

íåðàòîðû ðàçëè÷íîé ìîäèôèêàöèè [13, 15, 16], à ñëåäîâàòåëüíî, èõ èçó÷åíèå

ïðåäñòàâëÿåò êàê òåîðåòè÷åñêèé, òàê è ïðàêòè÷åñêèé èíòåðåñ.
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Ëàìïîâûå ãåíåðàòîðû (ËÃ) ÿâëÿþòñÿ íåîòúåìëåìûì óçëîì ïåðåäàþùèõ ðà-

äèîñòàíöèé è ðàäèîïðèåìíèêîâ, íåîáõîäèìîé ÷àñòüþ àïïàðàòóðû ëþáîé âûñî-

êî÷àñòîòíîé ñèñòåìû äàëüíåé êîñìè÷åñêîé ñâÿçè. ËÃ øèðîêî ïðèìåíÿþòñÿ

â ïðèáîðàõ, ïðåäíàçíà÷åííûõ äëÿ íàëàæèâàíèÿ ýëåêòðè÷åñêèõ óñòðîéñòâ, à òàê-

æå äëÿ ñîçäàíèÿ ýëåêòðè÷åñêèõ êîëåáàíèé, èñïîëüçóåìûõ â ãåîôèçè÷åñêîé ðàç-

âåäêå. Ïîìèìî ðàäèîòåõíè÷åñêèõ óñòðîéñòâ, ËÃ ïðèìåíÿþòñÿ â ïðîìûøëåííûõ

óñòðîéñòâàõ äëÿ âûñîêî÷àñòîòíîãî íàãðåâà. Â ïîñëåäíèå äåñÿòèëåòèÿ

ïîâûøàåòñÿ èíòåðåñ ê ËÃ ñ çàäåðæêîé ñèãíàëà â öåïè îáðàòíîé ñâÿçè.

Â íàñòîÿùåé ñòàòüå èçó÷åíû êîëåáàíèÿ â êâàçèëèíåéíûõ ñòîõàñòè÷åñêèõ

äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûõ óðàâíåíèÿõ (ÑÄÔÓ) ñ âèíåðîâñêèìè è ïóàñ-

ñîíîâñêèìè âîçìóùåíèÿìè.

Ïóñòü ñèñòåìà ñ ïîñëåäåéñòâèåì òàêîâà, ÷òî ÷ëåíû ñ çàïàçäûâàíèåì íå

ìàëû, ò.å. íå ïðîïîðöèîíàëüíû ìàëîìó ïàðàìåòðó � � 0 . Ó÷åò ýòèõ ÷ëåíîâ ïðè-

âîäèò ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðàÿ íå ÿâëÿåòñÿ ñèñòåìîé

â ñòàíäàðòíîé ôîðìå. Òàêîå ÄÓ ïîëó÷àåòñÿ ïðè èññëåäîâàíèé ðàáîòû ËÃ ñ çàïàç-

äûâàþùåé îáðàáîòêîé ñâÿçüþ â ñëó÷àå MS RC�� [13, 15, 16].

Â íàñòîÿùåé ñòàòüå ðàçðàáîòàí ïðèáëèæåííûé ìåòîä èññëåäîâàíèÿ äëÿ òà-

êèõ ÑÄÔÓ, à òàêæå ðàññìàòðèâàåòñÿ ÑÄÔÓ ñ âèíåðîâñêèìè è ïóàññîâñêèìè âîç-

ìóùåíèÿìè, äëÿ êîòîðûõ äîêàçûâàåòñÿ ôàêò íåïðåðûâíîé çàâèñèìîñòè îò ïàðà-

ìåòðà, àíàëîãè÷íî êàê è äëÿ ÑÄÓ áåç ïîñëåäåéñòâèÿ [4].

1. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È

Ïóñòü ñëó÷àéíûé ïðîöåññ x t x t
n

( ) ( , ): [ , )� � � �� 0 � � çàäàí íà âåðîÿòíî-

ñòíîì áàçèñå ( , , , )� � � � , �� 	{ , }�
t

t 0 — ôèëüòðàöèÿ, ñòîõàñòè÷åñêèì äèô-

ôåðåíöèàëüíî-ôóíêöèîíàëüíûì óðàâíåíèåì ñ ïóàññîíîâñêèìè âîçìóùåíèÿìè
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Çäåñü { ( ), } ([ , ])x x t S
t
� 
 �   � �� � � �0 0 — ïðîñòðàíñòâî Ñêîðîõîäà íåïðå-

ðûâíûõ ñïðàâà ôóíêöèé, êîòîðûå èìåþò ëåâîñòîðîííèå ïðåäåëû [2, 4, 7, 26].

Â äàëüíåéøåì îáîçíà÷èì S
n

([ , ], )�� 0 � ïðîñòðàíñòâî, ïîëó÷åííîå êàê n-êðàò-

íîå ïðîèçâåäåíèå S ([ , ])�� 0 íà ñåáÿ, à çíà÷èò x S
t

n
� �([ , ], )� 0 � . Îáîçíà÷èì

�
t

/
�-àëãåáðó, îòíîñèòåëüíî êîòîðîé èçìåðèìû âèíåðîâñêèé ïðîöåññ

w t w t( ) ( , )� � ñ íóëåâûì ñíîñîì è åäèíè÷íûì ïàðàìåòðîì äèôôóçèè è öåíòðè-

ðîâàííàÿ ïóàññîíîâñêàÿ ìåðà
~
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~

( , , ) ( , , ) ( )v dt du v dt du v dt du dt du� � �� � � [4]
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l
��
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çàâèñèìû ïðè êàæäîì ôèêñèðîâàííîì t �
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([ , ])� 0 , ãäå �� 0 ÿâëÿåòñÿ ìàëûì ïîëîæèòåëüíûì ïàðàìåòðîì,

êîòîðûé ïðèíèìàåò çíà÷åíèÿ èç íåêîòîðîé îêðåñòíîñòè �0 0� .
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Â [4, 14, 20] äîêàçàíî, ÷òî ñèëüíîå ðåøåíèå äëÿ ÑÄÔÓÏÂ (1), (2) � �t T[ , ]0
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Äëÿ ñîêðàùåíèÿ çàïèñåé ïðè äîêàçàòåëüñòâàõ ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
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Îòìåòèì, ÷òî èç ï. 1 ñëåäóåò ï. �1:
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� � � �
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 � 

2 2

� �
 �  �
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 �
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r

2

1

2
�

�

0

�
,

ãäå C1 — íåêîòîðàÿ êîíñòàíòà;

5) || ||�  Ñ , dt du K

U

T

�( )
��

�

0

, ãäå C K, � 0 — ïîëîæèòåëüíûå êîíñòàíòû è

�( ) { ( , )}du dt v du dt�� — ïàðàìåòð ïóàññîíîâñêîé ìåðû v du dt( , ) [4].

Ïîëó÷èì äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ñèëüíîå ðåøåíèå ÑÄÔÓÏÂ (1),

(2) íåïðåðûâíî çàâèñèò îò ïàðàìåòðà �� 0 ïðè � � 0 .

2. ÊÎÍÅ×ÍÎ-ÐÀÇÍÎÑÒÍÀß ÀÏÏÐÎÊÑÈÌÀÖÈß ÑÈËÜÍÎÃÎ ÐÅØÅÍÈß ÑÄÔÓÏÂ

Â äàëüíåéøåì ðåøåíèå ÑÄÔÓÏÂ áóäåì ñ÷èòàòü ñèëüíûì ðåøåíèåì çàäà÷è

Êîøè (1), (2) [4, 14, 24].
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Àíàëîãè÷íî [19] ââåäåì êîíå÷íî-ðàçíîñòíóþ àïïðîêñèìàöèþ äëÿ ðåøåíèÿ

çàäà÷è (1), (2) íà êîíå÷íîì îòðåçêå [ , ],0 0T T � .
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... � �t T
N

, à äëÿ � �



t t t
k k

[ , ]1 , k N� �0 1, , çàïèøåì

y t y t m t y t t t y w t w t
k t k t k

k k

( ) ( ) ( , )( ) ( , )[ ( ) ( )]� 
 � 
 � 

� �

�


 �
�

�
�

( , , )[
~

( , , )
~

( , , )]t y u v t y u v t y u
t t k t

U

k k

. (4)

Ñëó÷àéíûé ïðîöåññ, çàäàííûé âûðàæåíèåì (4), íàçîâåì êîíå÷íî-ðàçíîñòíîé

àïïðîêñèìàöèåé ðåøåíèÿ çàäà÷è (1), (2).

Äîêàæåì âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ëåììà 1. Åñëè � �� �S
n

([ , ], )0 � è âûïîëíÿþòñÿ óñëîâèÿ 4 è 5 èç ðàçä. 1, òî

|| ||x C
t

2

1 äëÿ t T�[ , ]0 , ãäå C1 0� — íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Äîêàçàòåëüñòâî. Ôîðìàëüíî çàïèñàííîå ÑÄÔÓÏÂ (1) ñëåäóåò ïîíèìàòü êàê

èíòåãðàëüíîå óðàâíåíèå

x t m x d x dw x u

t t

( ) ( ) ( , ) ( , ) ( ) ( , ,� 
 
 

� �

� � � � � � � �
�

�

�

�

�

�
0

0 0

)( , )

U

t

d du
��

�

0

, (5)

ãäå âòîðîé èíòåãðàë ÿâëÿåòñÿ èíòåãðàëîì Èòî, à òðåòèé ÿâëÿåòñÿ èíòåãðàëîì

ïî ñëó÷àéíîé ïóàññîíîâñêîé ìåðå [4, 6, 7].

Åñëè �  � t 0 , òî x
t
� � îãðàíè÷åíî ïî óñëîâèþ. Êîãäà t � 0 , òî (5) ïåðåïè-

øåì â âèäå

x m x d x dw x
t

t t

� 
 
 



 


� �
� � � � � � � �

�

�

�

�

�

�

�

�
( ) ( , ) ( , ) ( ) ( ,0

0 0

, )
~

( , )u v d du
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t

��




�

�

. (6)

Èñïîëüçóÿ èçâåñòíîå íåðàâåíñòâî a a
i

i

i

i� �

� �

�

�

�

�

�

�

�

�


1

4
2

1

4

4 , óñëîâèå 2, íåðàâåíñòâî

Êîøè–Áóíÿêîâñêîãî [17], à òàêæå ñâîéñòâà ñòîõàñòè÷åñêèõ èíòåãðàëîâ Èòî è èí-

òåãðàëà ïî ïóàññîíîâñêîé ìåðîé [3], ïîëó÷àåì

|| || [| ( )| || ( , ) || || ( , )x m s x ds s x d
t s

t

s

2 2

0

2
4 0 
 





�
� �

�

�

�
w s

t

( )||

0

2




�



�


  
 
 

��




|| ( , , ) ~ ( , )|| ] [ ( )� 
�

�

s x u ds du C Ct t K
s

U

t

0

2
4 1 sup

�  

�
� � 0

2

0

� {| | } ]x ds
s

t

.

Ó÷èòûâàÿ, ÷òî t �[ , ]0 � , ëåãêî ïîëó÷èòü íåðàâåíñòâî

|| || || ||x C C x ds
t s

t

2

1

0

 

�

, (7)

ãäå C

C K

C T
1

1 1

0 1
�


 
 	

 �

�

�

 

� � �( ) ,

.

ïðè

ïðè

Èç íåðàâåíñòâà (7) ïî ëåììå Ãðîíóîëëó–Áåëëìàíà [1] èìååì

|| ||x C e C e
t

Ct CT2

1 1  , ÷òî è äîêàçûâàåò ëåììó 1.

Ëåììà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 4 è 5. Òîãäà äëÿ äîñòàòî÷íî ìàëûõ �� 0

èìååò ìåñòî íåðàâåíñòâî || ||x x C
t t


� 
�

�
2

2 .
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Äîêàçàòåëüñòâî. Ñîãëàñíî (6) çàïèøåì èíòåãðàëüíîå óðàâíåíèÿ

x x m s x ds s x dw s s x
t t s

t

t

s s
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� �
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��
.

Îòñþäà âûòåêàåò íåðàâåíñòâî
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*
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{| | }C C x ds
s

t

t

1 1

0

2
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!

$
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!

"
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!

$
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�

1 2

1 1

2

1

/

/

{| | }

*

*

�

�

� �

C C x ds
s

t

t

sup�

2

,

ãäå C1 0� — íåêîòîðàÿ êîíñòàíòà.

Çàìåòèì, ÷òî �
*

— çíà÷åíèå � �� �[ , ]0 , ïðè êîòîðîì äîñòèãàåòñÿ âåðõíÿÿ

ãðàíü â � ïðàâîé ÷àñòè íåðàâåíñòâà. Òîãäà â ñèëó ëåììû 1 ïîëó÷èì îêîí÷àòåëü-

íîå íåðàâåíñòâî

|| ( ) ( ) ||x x C C C
t t


�  
 
�

� � � � �
2 2

1 2 3 ,

åñëè �� 0 äîñòàòî÷íî ìàëî. �

Äàëåå ñ ïîìîùüþ ëåìì 1 è 2 äîêàæåì óòâåðæäåíèå î ñòðåìëåíèè êîíå÷-

íî-ðàçíîñòíîé àïïðîêñèìàöèè (4) äëÿ ðåøåíèÿ ÑÄÔÓÏÂ (3) ê åãî òî÷íîìó ðåøå-

íèþ, åñëè äëèíà ðàçáèåíèÿ % � � �

  �



max ( )

0 1
1 0

t N

i i
t t . Çíà÷èò, ìîæíî óñòàíîâèòü,

÷òî ðåøåíèå ÑÄÔÓÏÂ (1) íåïðåðûâíî çàâèñèò îò ïàðàìåòðà �� 0 ïðè � � 0 .

Òåîðåìà 1. Ïóñòü m t
�

( , )� , �
�

( , )t � è �
�

( , , )t u� äèôôåðåíöèðóåìû ïî t è

óäîâëåòâîðÿþò óñëîâèÿì ëåìì 1 è 2.

Òîãäà

lim || ||
%�

� �

0

2
0x y

t t
,

ãäå % � �

  �



max ( )

0 1
1

t N

i i
t t , x x t

t
� 
 {| ( )| , }� � � , y x t

t
� 
 �  {| ( )| , }� � � 0 äëÿ

ôèêñèðîâàííîãî t o�[ , ]� .

Äîêàçàòåëüñòâî. Ïðè � �



t t t
k k

[ , ]1 ìîæíî çàïèñàòü äëÿ îòðåçêîâ ðåøåíèé

x S t t
t

n
� �([ , ], )� � óðàâíåíèÿ (5) è åãî àïïðîêñèìàöèè y S t t

t

n
� �([ , ], )� � , çà-

äàííîé (4), â âèäå èíòåãðàëüíûõ óðàâíåíèé

x x m s x ds s x d
t k s

t

s

t

k k

� 
 



 


� �
( ( )) ( , ) ( , )

( ) ( )

� � �
�

� �

�

�

� �

�

w s s x u ds du
s

U

t

k

( ) ( , , )~ ( , )

( )



��




� 
�

� �

�

;

y y m t y ds t y
t k

t

k

k

� 
 
 
 





�
( ( )) ( , ( )) ( ,( )

( )

� � � � � �
�

� �

� �

�

�

�
k

k

t

dw s( )

( )

( )) ( )
�

� �

�

�




�




 

��




� � � 
�

� �

� �

�

( , ( ), )~ ( , ).( )

( )

t y u ds du
k

k
U

t
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Çäåñü â êà÷åñòâå � �
k

( ) âûñòóïàåò ëåâàÿ ãðàíèöà òîãî îòðåçêà [ , ]t t
j j
1 , êîòî-

ðîìó ïðèíàäëåæèò t 
 � , åñëè t t t
j j

�



[ , ]1 .

Ðàññìîòðèì ðàçíîñòü

x y x y m s x m t y
t t k k s

k

� � � 
 � 
( ( )) ( ( )) [ ( , ) ( , ( )( )� � � � � �
� �

� �
)]

[ ( , ) ( , ( ))]

( )

( )

� �

�

� �

� �

� �

�

� � � �

k

k

k

t

s

t

ds

s x t y







�

�





 � 
 dw s

s x u t y u ds du
s

k

( )

[ ( , ( ), ) ( , ( ), )~ ( , )( )





 � 
� � � � � 
� �

� �
].

( )U

t

k

��




� �

�

Ïðåäñòàâèì åå â âèäå

x y x y p s p s p s
t t k k

t

k

� � � 
 
 





( ( )) ( ( )) [ ( ) ( ) ( )]

( )

� � � �

� �

1 2 3

�

�
ds

~
, (8)

ds
~

îçíà÷àåò íàëè÷èå â p s
i
( ) , i �1 3, , ñîîòâåòñòâåííî äèôôåðåíöèàëîâ

ds dw s ds du, ( ), ~ ( , ) , à èìåííî

p s ds m s x m s y ds s x
k k k

1 ( )
~

[ ( , ) ( , )] [ ( ,( ) ( ) (� � 

�

� �

�

� �

�

� �
� ) ( )) ( , )] ( )� 
�

�

� �
s y dw s

k


 �
�

[ ( , , ) ( , , )~ ( , )]( ) ( )� � 
�

� �

�

� �
s x u s y u ds du

k k

U

;

p s ds m s x m s x d s x s x
s s

k
2 ( )

~
[ ( , ) ( , )] [ ( , ) ( ,( )� � 
 �

� �

� �

�
� � �

� �
k

dw s( ) )] ( ) 



 �
�

[ ( , , ) ( , , )~ ( , )]( )� � 
� �

� �
s x u s x u ds du

s

U

k

;

p s ds m s y m t y ds s y
k k k

3 ( )
~

[ ( , ) ( , )] [ ( ,( ) ( )� � 
 

�

� �

�

� �

�

�
� � ( ) ( )) ( , )] ( )

� � �
� �� 
 
t y dw s

k


 � 

�

[ ( , , ) ( , , )~ ( , )]( ) ( )� � � 
�

� �

�

� �
s y u t y u ds du

k k

U

.

Äàëåå îáå ÷àñòè ðàâåíñòâà (8) âîçâåäåì â êâàäðàò è, ïðèìåíÿÿ îïåðàöèþ ìà-

òåìàòè÷åñêîãî îæèäàíèÿ, ïîëó÷èì

� �

�

|| || {| ( ( )) ( ( ))| }

| ( ( ))

x y x y

x y

t t k k

k

�  � 



 �

2 2

2

� � � �

� � ( ( ))| ( ( ) ( ) ( ))
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� �

� �

�

k

t

p s p s p s ds

k

2

1 2 3� 
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�
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p s p s p s ds

k

t

1 2 3

� �

�

. (9)

Ñ ó÷åòîì p s i
i
( ), ,�13, îöåíèì òðè ñëàãàåìûõ â ïðàâîé ÷àñòè íåðàâåíñòâà (9):

�{| ( ( )) ( ( ))| } || ( ) ( ) ||( ) ( )x y x y
k k

k k

� � � � � �
� � � �

�  �
2 2
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Èçâåñòíî [4, 25], ÷òî äëÿ ñëó÷àéíûõ ïðîöåññîâ f t( , )� è f t1 ( , )� , èçìåðè-

ìûõ îòíîñèòåëüíî ôèëüòðàöèè �
t
, èìåþò ìåñòî ðàâåíñòâà

� f t s dw s

t

t

( , ) ( , ) ( , )� � � �1
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0
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Òîãäà ìîæíî ïðîâåñòè ñëåäóþùèå îöåíêè äëÿ âòîðîãî ñëàãàåìîãî ïðàâîé ÷à-

ñòè íåðàâåíñòâà (9):
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Ïåðåéäåì ê îöåíêå òðåòüåãî ñëàãàåìîãî íåðàâåíñòâà (9):
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0

2

2( ) | ( ) ( )| ( )

( )

( ) ( )% K x y d

k

k k

t

�

�� �

�

� � � �
� � 
 � ds 

 
 
 �C K x y
k k

1

2
1% %( ) || ( ) ( ) ||

( ) ( )� �
� �

� � ; (13)

� p s d s K x x

k
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� d t y s u d v ds du
k

k
U

t

�
�

�

� �

�

( , ( ), )
~

( , )
*

( )

3

2

1 1 
 
C K% %
.

( ) . (15)

Îáúåäèíÿÿ ïîëó÷åííûå íåðàâåíñòâà (13)–(15) äëÿ îöåíêè òðåòüåãî ñëàãàåìî-

ãî â (9), íåðàâåíñòâà (10)–(12) äëÿ îöåíêè âòîðîãî ñëàãàåìîãî â (9), ïîëó÷àåì

îöåíêó

� || || [ ( )] || ( ) ( ) ||
( ) ( )

x y K C x y
t t

k k

�  
 
 
 �
2 2

1 1% %
/ � �

� �

� � 
 
 �( )c c1 1% %
.0 - -

� � 
 
 
 
 
 
|| ( ) ( ) || ( ) ( )
( ) ( )

x y C K C K
k k

� �
� �

� � 1

3
1 1% % % %

-
.
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Òàê êàê || ( ) ( ) ||
( ) ( )

x y C
k k

� �
� �

� ��  , òî äëÿ äîñòàòî÷íî ìàëîãî % � 0 ïîñëåäíåå

íåðàâåíñòâî ïðèìåò âèä

� || || ( ) || ( ) ( ) ||
( ) ( )

x y K C x y C
t t

k k

�  
 
 � 

2 2

21 % %
.0

� �
� �

� �
-

,

ãäå C2 — ñîîòâåòñòâóþùàÿ êîíñòàíòà.

Ïîñëå ïåðåõîäà â ýòîì íåðàâåíñòâå ê òî÷íîé âåðõíåé ãðàíè ïî � �� �[ , ]0

îêîí÷àòåëüíî ìîæíî ïîëó÷èòü äëÿ t t t
k k

�



[ , ]1 îöåíêó

|| || ( ) || ( ) ( ) ||* *

/
x y K C x y C

t t
�  
 
 � 


2 2

2

3 2
1 % %

� �
� � , (16)

ãäå � � �
* *

( )�
k

ñîâïàäàåò ñ íåêîòîðûì t t i N
i k
 � �, ,0 1 . Äëÿ ïîëó÷åíèÿ ïî-

ñëåäíèõ íåðàâåíñòâ âîñïîëüçóåìñÿ óñëîâèåì 1, äèôôåðåíöèðóåìîñòüþ

m t
�

( , )� , �
�

( , )t � è �
�

( , , )t u� ïî t , à òàêæå ëåììàìè 1 è 2.

Èñïîëüçóÿ íåðàâåíñòâî (16), êàê ðåêóððåíòíîå ñîîòíîøåíèå, ïîëó÷èì äëÿ

� �t t[ , ]0 îêîí÷àòåëüíóþ îöåíêó

|| || ( ) || ( ) ( ) || ( )
/

x y K C x y C K C
t t
�  
 
 � 
 
 


2

0 0

2

2

3 2
1 1% % %� �

l

l

n

K

�

� 

0

1% ,

ãäå L t t t t

k

k k

k

k k
� � �
�

�

 

"

#

$


 

max( ); min( )1 1 , à K K T L C1 � ( , , ) .

Îòñþäà ïðè % � 0 èìååì óòâåðæäåíèå òåîðåìû 1.

3. Î ÍÅÏÐÅÐÛÂÍÎÉ ÇÀÂÈÑÈÌÎÑÒÈ ÐÅØÅÍÈÉ ÑÄÔÓÏÂ ÎÒ ÌÀËÎÃÎ ÏÀÐÀÌÅÒÐÀ

Ðàññìîòðèì ìåòîä àíàëèçà ðåøåíèÿ ÑÄÔÓÏÂ (1), îñíîâàííîãî íà çàìåíå ðå-

øåíèÿ (ñëó÷àéíîãî ïðîöåññà) ýòîãî óðàâíåíèÿ íåêîòîðûì êîíå÷íîìåðíûì

ìàðêîâñêèì ïðîöåññîì [5].

Óòâåðæäåíèå î áëèçîñòè ýòèõ ïðîöåññîâ íà àñèìïòîòè÷åñêè áîëüøîì èíòåð-

âàëå âðåìåíè îñíîâàíî íà ìåòîäå óñðåäíåíèÿ [19], êîòîðûé ÿâëÿåòñÿ ñëåäñòâèåì

óòâåðæäåíèÿ íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ ÑÄÔÓÏÂ îò ïàðàìåòðà �� 0 .

Ýòî óòâåðæäåíèå â íåêîòîðîì ñëó÷àå ïîçâîëÿåò ãîâîðèòü î íåïðåðûâíîé çàâèñè-

ìîñòè òàêîãî ðåøåíèÿ îò ïàðàìåòðà, õîòÿ ïðè � �� 0 ïðàâàÿ ÷àñòü óðàâíåíèÿ íå

èìååò ïðåäåëà. Íàïðèìåð, ðåøåíèå óðàâíåíèÿ

dx

t

xdt x x�
�

�

�

�

�

� �sin ; ( )
�

0 0 (17)

èìååò âèä

x t x

t

( ) exp cos� �
�

�

 

"

#

$

0 �

�

è ïðè � � 0 îíî ñòðåìèòñÿ ê x0 , ò.å. ê ðåøåíèþ óðàâíåíèÿ dx � 0; x x( )0 0� .

Îäíàêî ïðàâàÿ ÷àñòü óðàâíåíèÿ (17) íå èìååò ïðåäåëà ïðè � � 0, íî äëÿ

ìàëîãî T � 0

lim sin
� ��

�
�

0
0

0
t

dt

T

.

Ýòî îçíà÷àåò, ÷òî «èíòåãðàëüíàÿ íåïðåðûâíîñòü» äëÿ ñòîõàñòè÷åñêèõ ñèñòåì

èìååò îñîáåííîñòü [3].

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è óñëîâèÿ 1 è 3 ï. 1.

Òîãäà ðåøåíèå ÑÄÔÓÏÂ (1), (2) íåïðåðûâíî â ñðåäíåì ïî � ïðè � � 0 , ò.å.

lim {| ( )| } lim {| ( , , )| } {| ( , , )
�

�

�

� � �

� �

� �

0

2

0

2
0� � �x t x t x t | }

2
.
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Äîêàçàòåëüñòâî. Ðàçîáüåì îòðåçîê [ , ]0 T òî÷êàìè 0 0 1 2� � � �t t t �

...� � �
�

t t T
n n1 . Òîãäà äëÿ � �



t t t

k k
[ , ]1 , èñõîäÿ èç èíòåãðàëüíîãî óðàâíå-

íèÿ (3), ìîæíî çàïèñàòü äëÿ îòðåçêà ðåøåíèÿ èíòåãðàëüíîå óðàâíåíèå

x x m s x ds s x
t k s

t

s

k

� � � �

� �

�

� �
� � � � �( ) ( ( )) ( , ( )) ( , (

( )

� 
 





�
�

� �

�

)) ( )

( )

dw s

k

t


�





��




� � 
� �

� �

�

( , ( ))~ ( , )

( )

s x ds du
s

U

t

k

.

Îòñþäà î÷åâèäíî óðàâíåíèå

x x x x m s x m
t t k k s

� � � �
� � � � � � �( ) ( ) ( ( )) ( ( )) [ ( , ( ))� � � 
 �

0 0 0
( , ( ))]

[ ( , ( )) ( , ( ))

( )

s x ds

s x s x

s

t

s s

k

0

0 0

�

� � � �

� �

�

� �




�




 � ] ( ) [ ( , ( )) ( , ( ))]~ ( ,

( )

dw s s x s x ds d

k

t

s s

� �

�

� �
� � � � 




�

 �

0 0
u

U

t

k

) .

( )

��




� �

�

Ñ èñïîëüçîâàíèåì ïðèâåäåííûõ íèæå îáîçíà÷åíèé ìîæíî òàêæå ïîëó÷èòü

x x x x p s ds
t t k k

t

k

� �

� �

�

� � � � � �( ) ( ) ( ( )) ( ( )) ( )
~

( )

� � � 





0 0

0�
, (18)

ãäå

p ds p s ds
i

i

0

1

4
~

( )
~

�

�

� ,

p s ds m s x m s x ds s x

k

s1

0 0 0 0 0
( )

~
[ ( , ( )) ( , ( ))] [ ( ,

( )

� � 

�

�

� � �
�

�

� � �

k

s x dw s
s

( )

( )) ( , ( ))] ( )
0 0 0

� 



 �
�

[ ( , ( ), ) ( , ( ), )]~ ( , )
( )

� � � � 
�

�

0 0 0 0
s x u s x u ds du

k

s

U

;

p s ds m s x m s x ds s x

k

s2

0 0 0 0
( )

~
[ ( , ( )) ( , ( ))] [ ( ,

( )

� � 

�

�

�

� � �
�

�

�

� � �

k

s x dw s
s

( )

( )) ( , ( ))] ( )� 

0 0


 �
�

[ ( , ( ), ) ( , ( ), )]~ ( , )
( )

� � � � 
�

�

�

0 0 0
s x u s x u ds du

k

s

U

;

p s ds m s x m s x ds s x

k

s3

0
( )

~
[ ( , ( )) ( , ( ))] [ ( ,

( )

� � 

�

�

� � �

�

� � �
�

� �

�

� � �

k

s x dw s
s

( )

( )) ( , ( ))] ( )� 

0


 �
�

[ ( , ( ), ) ( , ( ), )]~ ( , )
( )

� � � � 
�

�

� �

�

s x u s x u ds du

k

s

U

0
;

p s ds m s x m s x ds s x

k

s4 ( )
~

[ ( , ( )) ( , ( ))] [ ( ,
( )

� � 

�

�

� � � �

�

� � �
�

� � �

�

� � �

k

s x dw s
s

( )

( )) ( , ( ))] ( )� 



 �
�

[ ( , ( ), ) ( , ( ), )]~ ( , )
( )

� � � � 
�

�

� � �

�

s x u s x u ds du

k

s

U

.

Äàëåå âîçâåäåì â êâàäðàò îáå ÷àñòè ìîäóëåé óðàâíåíèÿ (18) è çàòåì ïðèìå-

íèì îïåðàöèþ �{}� , ñ ó÷åòîì ñâîéñòâà ðàâåíñòâà íóëþ ìàòåìàòè÷åñêèõ îæèäà-
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íèé èíòåãðàëà Èòî è èíòåãðàëà ïî ïóàññîíîâñêîé ìåðå ïîëó÷èì

� �{| ( ) ( )| } {| ( ( )) ( ( ))| }x x x x
t t k k

� �
� � � � � ��  � 


0 2 0 2
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t
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�
� p s ds

k

t

0

2

( )
~

( )� �

�

. (19)

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (19) îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

|| || {| ( )| }
/

� � �

� �
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2 1 2
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�{| ( ( )) ( ( ))| } || ( ) ( ) |
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� � � � � �� � �
0 2 0

|
2

. (20)

Èñïîëüçóÿ óñëîâèÿ òåîðåìû 2, ðåçóëüòàòû ëåìì 1 è 2, íåðàâåíñòâî Êîøè-

Áóíÿêîâñêîãî, îöåíèâàåì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè íåðàâåíñòâà (19):

� | ( ( )) ( ( ))| [ ( , ( )) ( , (
( )

x x m s x m s x
k k s

k

�

� �

� � � � � �� �
0 0 0 0 0

))]

| ( ( )) (

( )

ds

x x

k

t

k

� �

�

�
� � �




�

&

&

&&

&

&

&&

�

�

!

 
!

"

#

!

$
!



 ��
0

k s r

t

x x d ds

k

k

( ))| {| ( ) ( )| ( ) }
( )

( )

� � � 
 �
� �

�� �

�

2 0 0 2

0

% �

�




��

�

�

!

 
!

"

#

!

$
!

'

(

)

)

*

+

,

,



 �C x x
k k

%
3 2 0 2/

| | ( ( )) ( ( ))| |
�

� � � � ; (21)
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k k s

k

� � � �
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( ) ( )
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� �

� � � � . (24)

Ó÷èòûâàÿ ñâîéñòâà ìàòåìàòè÷åñêîãî îæèäàíèÿ îò èíòåãðàëîâ Èòî è ïî ïóàñ-

ñîíîâñêîé ìåðå, à òàêæå ìàòåìàòè÷åñêèõ îæèäàíèé êâàäðàòîâ ýòèõ èíòåãðà-

ëîâ [4, 25], îöåíèì òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè íåðàâåíñòâà (19):
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Çäåñü äëÿ êàæäîãî èç ÷åòûðåõ ñëàãàåìûõ ñóùåñòâóþò ñëåäóþùèå îöåíêè:
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� �
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( )[ ( )] ( | ( )| ) ( ) ( )
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K Ñ x d C

k

r
1 1

2

0

1 
C2

2
� �( ) , (28)

ãäå Ñ C C K
i i
� ( , ) , i �1 2, ;

� p s ds K x

k

t

4

2

2 1( )
~

( ) | |

( )� �

�

�
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k

k

x ds C K
s

t

( )

( )

( ) ( )| | ( )
�

� �

� �

�

� ��  
 





�
2 2

1% % . (29)

Îòìåòèì, ÷òî â íåðàâåíñòâàõ (26)–(29) % � 0 äîñòàòî÷íî ìàëî. Òîãäà

íåðàâåíñòâî (19) ñ ó÷åòîì ïîëó÷åííûõ îöåíîê (20)–(28) ïðèìåò âèä

�{| ( ) ( )| } ( )| | ( ) ( )| |
( )

x x K C x x
t t s

k

�

� �

� �
� � � ��  
 
 �

0 2 2
1 % 
 
C3

3 2
[ ( )]

/
% � � ,

ãäå C C K C3 3� ( , ) .

Åñëè ïåðåéòè ê òî÷íîé âåðõíåé ãðàíè ïî � ñëåâà è ñïðàâà, òî ïîëó÷èì äëÿ

� �



t t t
i i

[ , ]1 , i N� 0 1 2, , , ..., , ñëåäóþùóþ îöåíêó:

|| ( ) ( ) || ( ) || ( ) (
* *

( ) ( )

x x K C x x
t t

k k

�

� �

�

� �

� � ��  
 
 �
0 2 0

1 % � � �) || ( ( ))
/2

3

3 2

 
C % . (30)
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Äàëåå íåðàâåíñòâî (30) ðàññìàòðèâàåòñÿ êàê ðåêóððåíòíîå ñîîòíîøåíèå äëÿ

i N� 0, , è òîãäà äëÿ � �t T[ , ]0 èìååò ìåñòî îöåíêà

|| ( ) ( ) || ( ) || ( ) ( ) ||x x K C x x C
t t

N� �
� � � ��  
 
 � 



0 2 1

0 0

0 2
1 % [ ( )]

( ) [ ( )] exp{ }

/

/

%

% % %

3 2

0

1

3 2
1


 �

� 
 
  
 

�

�

� �

� �K C K c i
i

i

N

K N CT

i

N

1

0

% %

�

� � � 
exp{ }


  � 
K N CT K T L LCT K N CT1 1 1exp{ } exp{ } ( ) exp{ }% � � , (31)

ãäå L — ïîñòîÿííàÿ èç òåîðåìû 1.

Äàëåå ðàçáèåíèå îòðåçêà [ , ]0 T íà ýëåìåíòàðíûå îòðåçêè [ , ]t t
i i
1 âûáåðåì

ââèäó ìàëîñòè ðàçáèåíèÿ % òàêèì, ÷òîáû

KLT CLT% exp{ } 
�

2
, (32)

à �� 0 ìîæíî âûáðàòü ââèäó ìàëîñòè � �( ) ïðè � � 0 òàêèì, ÷òîáû

� �
�

( )
exp{ }



2N CT

. (33)

Òîãäà îêîí÷àòåëüíî íåðàâåíñòâî (31) ñ ó÷åòîì îöåíîê (32), (33) ïðèìåò âèä

|| ( ) ( ) ||x x
t t

�
� � �� 

0 2
,

÷òî è äîêàçûâàåò òåîðåìó 2. �

4. Î ÍÅÏÐÅÐÛÂÍÎÉ ÇÀÂÈÑÈÌÎÑÒÈ ÀÏÏÐÎÊÑÈÌÀÖÈÉ ÑÄÔÓÏÂ

ÎÒ ÌÀËÎÃÎ ÏÀÐÀÌÅÒÐÀ

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 1, óñëîâèå 1 èíòåãðàëüíîãî íå-

ðàâåíñòâà Ëèïùèöà (ñì. ðàçä. 1), à òàêæå ñëåäóþùèå óñëîâèÿ îòíîñèòåëüíî

ñëó÷àéíûõ ïðîöåññîâ:

6) [ {| ( , ) ( , )| }] ( )
/

� w t w t� � �� � �0 0
4 1 2

1 ïðè � � 0 ;

7) � �� ~( , , ) ~ ( , , ) (

/

 �  �t du t du

U

�

�

�

!

 
!

"

#

!

$
!

'

(

)

)

*

+

,

,

�
�

0
4

1 2

2 �) � 0 ïðè � � 0 .

Òîãäà ñëó÷àéíûé ïðîöåññ y t
�

( ) (àïïðîêñèìàöèÿ ÑÄÔÓÏÂ (1), (2)) äëÿ

� �



t t t
i i

[ , ]1 , i N� �0 1 1, , ..., , âèäà

y t y t m t y t t t y w t
k

t
k

t
k k

� � � �
� � �( ) ( ) ( , ( ))( ) ( , ( ))[ (� 
 � 


0 0
, ) ( , )]� �� 
w t

k


 �
�

� �  �  �
�0

( , ( ), )[~ ( , , ) ~ ( , , )]t y u t du t u
t

k

U

k

(34)

íåïðåðûâåí â ñðåäíåì ïî �� 0 ïðè � � 0 , ò.å. lim || ( ) ( ) ||
�

�
� �

�

� �

0

0
0y y

t t
ðàâíî-

ìåðíî ïî ðàçáèåíèþ 	 îòðåçêà [ , ]0 T (	: 0 0 1 2 1� � � � �
�

t t t t
N

� � �t T
N

) .

Äîêàçàòåëüñòâî. Ðàññìîòðèì î÷åâèäíîå ðàâåíñòâî äëÿ îòðåçêîâ

y y t
t

� �
� � � �( ) { ( ), }� 
 �   0 àïïðîêñèìàöèè (34):

y y y y

m t y

t t k k

k

� �

� �

�

� � � � � �

�

( ) ( ) ( ( )) ( ( ))

[ ( ,
( )

� � � 



 


0 0

0
( )) ( , ( ))]( ( ))

( ,

( )

( )

� � � � � �

� �

� �

� �

� 
 
 � 



 


m t y t

t y

k

k

k

0 0

0 �
� � � � � �( ))[ ( , ) ( ( ), )]w t w

k

 � �
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 � 
� � � � � � � �
� �

0 0
( , ( ))[ ( , ) ( ( ), )]

( )
t y w t w
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k


 
 
 �� � �  � �  � � �
� �

�0
( , ( ), )[~ ( , , ) ~ ( ( ), , )]

( )
t y u t du du

k

k

U

k
t y u t du du

k

�
�
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 �� � �  � �  � �
� �

0 0
( , ( ), )[~ ( , , ) ~ ( ( ) , ,
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0

0
)] ( ( )) ( ( ))

U

k k
y y

�
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�
� � � �
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 �[ ( , ( )) ( , ( ))]( ( )
( ) ( )

m t y m t y t
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k

0 0 0
� � � � � � �

� �

�

� �

) ( , ( ))

[ ( , ) ( , )] ( ,
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� � �

� � � � �
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�0

0
0

t y

w t w t t y

k

� �

�

� �

� � � � � � �

� �

k

k

w w

t y

k k( )

( )

( ))[ ( ( ), ) ( ( ), )]

[ ( ,

� �

� 

0 0

( )) ( , ( ))][ ( , ) ( ( ), )]

(

( )
� � � � � � � �

�

� �

�
� 
 
 � 





0

0

0t y w t w

k

k

t y u t du du

k

k

U


 
 � �
�

� �  � �  � � �
� �

�
, ( ), )[~ ( , , ) ~ ( ( ), , )]

( )

� 
 
 �� � �  � �  � �
� �

0 0
0( , ( ), )[~ ( , , ) ~ ( ( ), , )]

( )
t y u t du du

k

k

U

�
� (35)

� 
 � 
[ [ ( , ( ), ) ( , ( ), )][~ (
( ) ( )

� � � � � � 
� � � �

�0 0 0
t y u t y u t

k k


 �
�

� �  � �, , ) ~ ( ( ), , )]]du du
k

U

0 .

Âîçâåäåì îáå ÷àñòè ïîëó÷åííîãî èíòåãðàëüíîãî óðàâíåíèÿ (35) â êâàäðàò è,

ïðèìåíèâ îïåðàöèþ ìàòåìàòè÷åñêîãî îæèäàíèÿ, ïîëó÷èì äëÿ � �



t t t
k k

[ , ]1 ,

k N� �0 1 1, , ..., , íåðàâåíñòâî

� �{| ( ) ( )| } {| ( ( )) ( ( ))| }y y y y
t t k k

� �
� � � � � ��  � 


0 2 0 2

2
0

0� {| ( ( )) ( ( ))|} ( )
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y y p s ds
k k

t
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� � � �� �
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�
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k

t
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( )� �

�

. (36)

Ïóñòü

p t m t y m t y t

k k

1

0 0 0
( ) [ ( , ( )) ( , ( ))](

( ) ( )
� 
 � 
 
 �� � � � �

� �

�

� �

� �
k

( )) ; (37)

p t t y w t w t t

k

2

0 0
0( ) ( , ( ))[ ( , ) ( , )] (

( )
� 
 
 � 
 
 
� � � � � � � �

� �

�
, ( ), )

( )
y u

k

U

� �

�
�

�
�

� 
 � 
[~ ( , , ) ~ ( , , )] � �  �t du t du 0 ; (38)

p t t y w w

k

k k3

0 0
0( ) ( , ( ))[ ( ( ), ) ( ( ), )]

( )
� 
 � 
� � � � � � � � �

� �

�
( , ( ), )

( )
t y u

k

U


 �
�

� �
� �

�

� �[~ ( ( ), , ) ~ ( ( ), , )] � � �  � �
k k

du du 0 ; (39)

p t t y t y w t

k k

4

0 0 0
( ) [ ( , ( )) ( , ( ))][ (

( ) ( )
� 
 � 
 
� � � � � �

� � � �

�
� � � �, ) ( ( ), )]� 
w

k
0 (40)


 
 � 
 
[ ( , ( ), ) ( , ( ), )][~ (
( ) ( )

� � � � � � 
� � � �

�0 0 0
t y u t y u t

k k

� �  � �, , ) ~ ( ( ), , )]du du
k

U

�
�

0 .

Ïðîâåäåì îöåíêè äëÿ ìàòåìàòè÷åñêèõ îæèäàíèé ïðàâîé ÷àñòè íåðàâåí-

ñòâà (36) ñ ó÷åòîì ïðåäñòàâëåíèÿ p t i
i
( ), ,�1 4 , ðàâåíñòâàìè (37)–(40), êàê ýòî

ñäåëàíî ïðè äîêàçàòåëüñòâå òåîðåìû 2:
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0 2
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� {| ( ( )) ( ( ))| | ( )|}y y p t
k k

�
� � � �� �

0

2 0 ; �{| ( ( )) ( ( ))| | ( )|}y y p t
k k

�
� � � �� �
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3 0 .

Àíàëîãè÷íî ïðåäûäóùåìó ðàâåíñòâó ïîëó÷èì

�{| ( ( ))y
k

�
� � �y p t

k

0

4 0( ( ))| | ( )|}� � � .

Äàëåå ïðîâåäåì îöåíêè äëÿ òðåòüåãî ñëàãàåìîãî íåðàâåíñòâà (36) ñ ó÷åòîì

ïðåäñòàâëåíèé p t i
i
( ), ,�1 4 , ðàâåíñòâàìè (37)–(40), à èìåííî:
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;

�{| ( )| } || ( ) ( ) ||
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p t C y y
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4
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 �%

� �

�

� �

� � .

Ïóñòü ðàçáèåíèå 	 òàêîå, ÷òî % �� 1. Ëåãêî âèäåòü â ñèëó ëåììû 1, ÷òî ÷åòâåð-

òûé ìîìåíò ðåøåíèÿ òàêæå îãðàíè÷åí ïî íîðìå íà [ , ]0 T . Òîãäà áóäåì èìåòü îöåíêó
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1 2/

.

Ïåðåéäåì ñëåâà è ñïðàâà ê òî÷íîé âåðõíåé ãðàíè ïî � �� �[ , ]0 è, èñïîëüçóÿ

ñâîéñòâà 6, 7 òåîðåìû 3 äëÿ ñëó÷àéíûõ ïðîöåññîâ w t( , )� è ~( , , ) �t u , ïîëó÷àåì

|| ( ) ( ) || ( )| | ( ) ( )| |
( ) ( )

y y Ñ y y
t t

k k

�

� �

�

� �

� � � ��  
 �
0 2 0

1 %
2

1 2
 
Ñ K� � � �( ) ( ). (41)
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Èç íåðàâåíñòâà (41) äëÿ � �t T[ , ]0 ñëåäóåò îöåíêà

|| ( ) ( ) || [ ( ) ( )]y y K N K e
t t

CT�
� � � � � ��  


0 2

1 1 2 , ãäå K K C L1 1� ( , ) . (42)

Ïîñêîëüêó â íåðàâåíñòâå (42) N — êîíå÷íîå ÷èñëî îòðåçêîâ ðàçáèåíèÿ

[ , ]0 T , òî èç íåðàâåíñòâà âûòåêàåò óòâåðæäåíèå òåîðåìû 3.

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåì 1 è 3.

Òîãäà ñèëüíîå ðåøåíèå ÑÄÔÓÏÂ

dx t m t x dw t t x dw t
t t

U

� � �
� � � � �( ) ( , ( )) ( , ) ( , ( )) ( , )� 


�
0 0

äëÿ � � �t T T[ , ],0 0 , óäîâëåòâîðÿåò óñëîâèþ

lim || ( ) ( ) ||
�

�
� �

�

� �

0

0 2
0x x

t t
. (43)

Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèþ (8) íîðìû || ||� ëåãêî çàïèñàòü íåðà-

âåíñòâî

|| ( ) ( ) || || ( ) ( ) ( ) ( )x x x y y y y
t t t t t t

� � � �
� � � � � �� � � 
 � 


0 2 0

t t
x

0 0 2
( ) ( ) ||� �� 

 � 
 � 
3 3 3
2 0 2 0

|| ( ) ( ) || || ( ) ( ) || || ( )x y y y y
t t t t t

� � �
� � � � � � x

t

0 2
( ) ||� .

Âûáðàâ äîñòàòî÷íî ìàëîå ðàçáèåíèå äëÿ % � 0 , à çàòåì äîñòàòî÷íî ìàëîå

�� 0 ñîãëàñíî òåîðåìàì 1 è 3, ïîëó÷èì äëÿ íàïåðåä çàäàííîãî ñêîëü óãîäíî ìà-

ëîãî �� 0 îöåíêó || ( ) ( ) ||x x
t t

�
� � �� �

0 2
. Îòñþäà ñëåäóåò óòâåðæäåíèå (43) òåîðå-

ìû 4. �
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ÇÀÊËÞ×ÅÍÈÅ

Â íàñòîÿùåé ñòàòüå ðàññìîòðåíû ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíå-

íèÿ ñ ðàçðûâíûìè òðàåêòîðèÿìè â ïðîñòðàíñòâå Ñêîðîõîäà. Äëÿ ýòèõ ñëó÷àé-

íûõ ïðîöåññîâ îáîñíîâàí ìåòîä ìàëîãî ïàðàìåòðà è ñôîðìóëèðîâàíû óñëîâèÿ

ñõîäèìîñòè ñëó÷àéíûõ ïðîöåññîâ, çàâèñÿùèõ îò ïàðàìåòðà, ê íåêîòîðîìó

óñðåäíåííîìó ïðîöåññó. Ýòà ìåòîäèêà ðåàëèçîâàíà â òåîðåìàõ 1–4. Òåîðåìà 4

ïîçâîëÿåò èññëåäîâàòü ðåøåíèÿ ïðè ìàëûõ � ïî óñðåäíåííîìó ðåøåíèþ. Â ïî-

ñëåäóþùèõ ðàáîòàõ ïî äàííîé òåìàòèêå ïëàíèðóåòñÿ óòî÷íèòü ñêîðîñòü ñõî-

äèìîñòè àïïðîêñèìàöèîííûõ ïðîöåññîâ.
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