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MATHEMATICAL MODELS FOR EVALUATION OF OPERATIONAL READINESS
OF PERIODICALLY INSPECTED ELECTRONIC SYSTEMS

Anomauia. Pospobneno mamemamuuni mooeni ma 008edeHO meopemu, wjo 00360JSIOMb BUSHAUUMU
cmayionapruil i HeCMayioHapHull Koe@iyicHmu onepamusHoi 20moeHOCMi npu 00BLIbHOM) | eKCHOHEeH-
YilHOMY 3AKOHAX PO3NOOLTY HANPAYIOBAHHS cuCmeMu 00 8iomosu. Jlosedeni eupasu, AKi, Ha 8IOMIH)Y GO
8I00MUX, 8PAXOBYIOMb XAPAKMEPUCIMUKY 00CMOGIPHOCMI 6a2amopasz08020 KOHMPOIO Npaye30amHocnii.
Tokazano, wo cepeoHiti yac HanpayrOBaHHA Ha He3aNIAHOBAHUL PEMOHM cucmemMu 6azamo 8 4Yomy 8U3Ha-
YaeEMbCsl UMOBIPHICIIO NOMUTIKOBOI 8IOMOBU.

Knrouoei cnosa: cucmemu agioniku, mexniune 00Ciy208y8anHs, HAOIUHICMb, NEPIOOUUHUN KOHMPOJbL NPA-
yezoamnocmi, OyHKYis onepamueroi 20mosHoCmi, Koe@iyicnm onepamusHoi 20moGHOCMI, ROMUIKU KO-
HMPOTIO.

Annomauusn. Pazpabomanvl mamemamuyeckue Mooenu U 00OKA3aHbl meopemyl, No360a0Wue onpeoe-
UMb CMAYUOHAPHBIU U HECMAYUOHAPHDBIL KOdpDuyuenmovl onepamusHot 20MoGHOCMU NPU NPOU3EOTb-
HOM U 9KCNOHEHYUATIbHOM 3AKOHAX pacnpeodeneHus Hapabomku cucmemvl 00 omkasd. /[okasauHvle 8bi-
pasicenus, @ OMauyUe Om U3BECMHLIX, YUUMbIBAIOM XaAPAKMEPUCMUKY O0CTHOBEPHOCMU MHOSOKPAMHO20
KoHmpoaa pabomocnocobnocmu. [loxazano, umo cpedHee 6pems HApaOOMKU HA He3aNIAHUPOBAHHbIL
PEMOHM CUCHEMbBL 80 MHO20M ONPEOeNiemcs 8ePOAMHOCIbIO IOHCHO20 OMKA3A.

Knrwouesvie cnosa. cucmemvl aguUoOHUKU, MeXHUYECKOE 00CTYICUBAHUE, HAOEIHCHOCTHD, NEPUOOULECKUll KO-
HMPOIb pabomocnocooHoCmu, YHKYUsS ONepamueHol 20MosHOCIL, KOIpduyuenm onepamuerou 2omo-
B8HOCMU, OWUOKU KOHMPOJIA.

Abstract. The mathematical models and theorems that identify stationary and non-stationary coefficients
of operational readiness are developed for an arbitrary and exponential distribution of time to failure of
avionics systems. Proven expressions, in contrast to all other known, take into account the trustworthiness
characteristics of multiple inspections. It is shown that the mean time between unscheduled repairs of the
systemis largely determined by the probability of a false failure.

Keywords. avionics systems, maintenance operations, reliability, periodic control of working ability,
function of operational readiness, coefficient of operational readiness, inspection errors.

1. Introduction

Statement of the problem. The effectiveness of some aircraft electronic eayst is largely
determined by the operational readiness of theesystto perform their functions within a
specified time at a certain range of flight opexasi. In this paper, the operational readiness is
defined as the property of a given system to bdabta when it demanded and to operate within
the tolerances for a specified period of time. Weasures of the operational readiness of aircraft
electronic systems determine the level of safety ragularity of the aircraft operations. One of
the major challenges currently facing the airlimeghe development of optimal maintenance
programs of operated aircraft fleet. To optimize tnaintenance program it is necessary to
develop mathematical models for evaluating the omess of the operational readiness of
electronic systems. The operational readiness eanhbracterized by different measures. The
most widely used measures are the non-stationary stationary operational readiness
coefficients. The operational readiness coefficisntdefined as the probability that the system
will be in the operable state at any time, exceptlie scheduled periods during which the use of
the system on the appointment is not required,feord that moment will work reliably within a
specified interval of time. The non-stationary aationary coefficients of operational readiness
are considered, respectively, on a finite and &nita interval of service planning.

Analysis of the recent research and publications. A number of papers, for example
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[1-4], have been devoted to performance evaluatiorop®rational readiness of technical
systems. In these studies as an integral indegliatility and availability of systems the coeffi-
cient of operational readiness is proposed to &®&. avionics systems, the values of this
coefficient depend not only on the faultlessneskraaintainability characteristics but also on the
trustworthiness characteristics of the onboardtfuitest equipment (BITE), since due to an
error checking the adoption of erroneous decisiangossible. However, the well-known
expressions do not include the trustworthinessxegi®f multiple inspections, so do not provide
an adequate assessment of the operational readin@sisoard electronic systems.

Thus, the aim of the article is to develop the reatatical models for determining the
non-stationary and stationary coefficients of operal readiness taking into account the
characteristics of trustworthiness of multiple iesfons, faultlessness, maintainability, and
spare part system sufficiency.

Problem statement and description of maintenance strategy. Currently, aircraft
avionics meets the requirements of ARINC 700 [Zcltavionics system is represented by a set
of redundant and easily replaced blocks calleditigereplaceable units (LRUs). Each LRU is a
single-block system consisting of several modules l@aving the BITE. The modular design of
LRUs provides easy access to circuits and compsenfenttesting and replacement in case of
failures. Each LRU operates till safety failure,ig¥his recorded during the flight or at the base
airport after landing the aircraft. Rejected LRUs aplaced in the base airport by the spare
LRUs from the warehouse. Since all avionic systamsredundant, the failure of any LRU does
not lead to the failure of the corresponding systéherefore, this strategy is called the strategy
till safety failure or breakdown maintenance sggtdt is necessary to construct a mathematical
model that takes into account the main parametetheoexploitation process to evaluate the
operational readiness measures.

For determining the operational readiness measueewill use the well-known property
of the regenerative processes [6, 7], which comsisthe fact that the fraction of time during

which the system was in the steg (1 =ﬁ) equals the ratio of average time spent in the stat

E, per regeneration cycle to the average duratigheotycle.

Let us consider the maintenance model of an awosystem consisting of a single LRU,
i.e., the system structure in terms of reliabilgynot considered. This is due to the fact that the
LRU is the smallest removable onboard part of aystesn of avionics. The LRU operation
process can be considered on a finite or an iefitime interval as a sequence of changing
various LRU states. For definiteness, we first abersa finite interval of the planning service.
Therefore, the LRU behavior in the range of senptanning (0,T) can be described by a

stochastic procesk(t With a finite space of statek = U E; . The procesd (t fhanges only

stepwise, with each jump due to the transitiorheftRU in one of possible states. It is assumed
that a regenerative stochastic process, havingotbperty will always return to the point of
regeneration, from which further development of phecess does not depend on its past behavior
and is a copy of the probabilistic process thatbesf the momertt.

Suppose that at timé=0 the operation of a new LRU begins and the periddrd)

inspections are planned in the moment&r, 3r,..N7, where N =I—1 is the number of the
T

LRU inspections on thd0, T jange. Assume that the checking of the LRU islvafore each
aircraft departure. By the LRU checking resultstla momentkr(k=l_N) the following
decisions are possible:

- to use the LRU until the next inspection, if irezognized as operable;

- to repair the LRU, if it is recognized inoperatded then allow its further use;
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- to nominate next inspection moment of the LRUnie tnoment(k +1)t.

Let us define the random proceis@ . Al any given timet the LRU can be in one of the
following states [812]: E,, if at the moment the LRU is used as intended and is in the operable
state; E,, if at the momentt the LRU is used as intended and is in an inoperatidte (latent
failure); E,, if at the momentt the LRU is not used for its intended purpose bseaof
operability checkingg,, if at the moment the LRU is not used as intended and its removal is
held from the board of an aircrafg;, if at the momentt defective LRU is in the state of

unscheduled idle on the board of an aircraft attee airport because of dissatisfaction with the
application to a spare LRU from the warehouBg; if at the moment the LRU is not used for

its intended purpose because the "false recovergéiformed;E,, if at the moment the LRU
is not used for its intended purpose because dfptaper recovery",Eg, if at the moment the
LRU is not used as intended and performed its liasitan on the board of an aircratft.

Let S be the time in the statk, (i =18) . Obviously, S is a random variable with ex-
pected mean timeM[Ei] = MS. Define = as the time to failure. The uncertainty in theuesl
that = can take is described through a failure distrdoufunction F (¢ ) which characterizes the
probability of P{= <¢&}. The equations foMS,MS, were published in [8, 12]. The average
regeneration cycle of the LRU is determined byftrenula:

MSO:ZMS.

2. Non-stationary operational readiness coefficient

Let P(kr,8) be the probability that the LRU will be operabtetime kt+x (k =0,N) and it wil
work faultlessly within a specified time starting from the momerkr + y , whereO< y<r-6,
and 6 is the time of the task. Suppogeis a random variable with a uniform distribution the
interval fromkr to (k +1)t -6, and its distribution is described by the prokigbdensity function

f(x):?l(a. (1)

Theorem 1. The following formula holds for the non-statiopdunction of operational
readiness:

Plic.0) == - ie T T Poo (t.(K —1)z; k9 Jo(9 )9 dx +
0 kr+x+0

k =0 00 (2)
+ 2SR [Poln kT -Dm (k- €9)o@)docx,

-6 = 0 (k-j)r+x+0

where P, (r,(k -1 kr|§) is the conditional probability of the event “prolyeoperable”, defined
as the probability of co-occurrence of the follogrievents: in the operability checking at the in-
stantst,kt the LRU was recognized operable, on condition Bat: and ke <& < (k +1)r; = is
the LRU random operation time to failur@,;z(j r) is the probability of the LRU recovery at in-
stant jt; o(¢) is the probability density function of the randeariable = .

Proof. The non-stationary function of operational readmecan be defined as the
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probability that the interval of a trouble-free LRigeration[x,x +6 ]entirely falls within one of

the intervals between inspectiofie, (k +1)t), k =0,N .. It should be taken into account that at

any of the momentgr the LRU can be recovered (properly or falsely).
The LRU will work faultlessly in the interva{kr +x,kr+x+e], if one of the following

events occurs:
— the time to failure of the system is more thant+x +0 and by inspection results at

instantst, kt the LRU has been acknowledged as operational, i.e.
k
Alz(E>kr+)(+9)ﬂ( EP>irJ, 3)
i=1

whereZ; is a random assessment of the operating timeltwefeE by the checking results of the

LRU at the timeit [13];
— the last LRU recovery occurred at the momq‘m(jzﬁ), and then the LRU

no longer failed. When checking the operability taé moments(j +1)t, kt the LRU was
recognized operable, i.e.

Az=Ql{B(jr)m(»(k—j)r+x+e)m[ﬁaﬁ>(i—j)r}, @

i=j+1
where B(jr) Is the event consisting in the LRU recovery atittstant jt.
The probability of the LRU recovery is calculated a
Pe(i1) = P{B(jc)} = P (j0) + P (i), (5)

where PFR(j r) and PPR(j r) are, respectively, the probability of a false anoper LRU recovery
[9, 10].
The probability of the event (3) we find by integng the probability density

a)o(f; & é'k) of scalar random variables , =, , = [13] within appropriate limits:

0

P(ke +6) = P(A,) =—L T [ Poo (£ (=) kel Jo 0 a9 0. (6)

1= e 0 krt+x+6

Using the addition theorem of probability and theokability density functions
%({;g‘f,gﬁ:) and (1), we find the probability of the event (4):

k

P(a,)=> P(jt)P(ke - jz+0), )
j=1
where
1 0 00
Pl je+0)=—= [ [ Pro (e (k= T =D (k = )ef9 Jo(® . (8)
0 (k=j)r+x+0
On the basis of the addition theorem probability fautually exclusive events we can
write:

P(kt,8) = P(21)+ P(ay). 9 (
Substituting expressions (6) and (7) into (9) gi{@s This proves the theorem.
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Equation (2) can be simplified by settiiy(0) =1. Then

©0

Plkr,0) =—1— 3Ry ) [Polo®=T-Duk-io)(s). (10)

-6 j=0 0 (k—j)r+x+0

Corollary 1. If the LRU has an exponential distribution of tinb@ failure, then the
following relations hold:

Ae 1 A k=j (k=]
P(kt,0) = )(\(Te 3 )ZP(jT)l a) et (11)
(i) =03 Po(v)e " (1), (12
Pon(i1) = (1-B)% Po(vr) 3 (60—t Ja—ap i | (13)

where o and 3 are, respectively, the conditional probabilitiesfalte rejection and undetected
failure for the LRU operability checking. The praaff corollary is omitted because of its bulki-
ness.

Example 1. Calculate the non-stationary function of operatioradiness, if the LRU has
MTBF = M[Z] =1/A =10000h, warranty service lifeT =5000 haverage duration between the
LRU operability checkingr =10 htime of the taskd =1 hconditional probability of “false re-
jection” and “undetected failure” during operalyilithecking by the built-in test equipment
a =3 =0,005.

Using (5) and (10)-(12), we calculate the valuesth® probabilitiesP;, P, Px and
P(kt,8). They are listed in Table 1.

As can be seen from Table 1, starting from thenstkieckout all probabilities reached sta-
tionary values. It should be noted that the prdiigtof false recovery in five times as much the
probability of proper recovery.

Table 1. Values of the calculated probabilitiepeteling on the number of checking operability

j P, P P P(kr,6)

0 1,0 0 1,0 0,999400221605680
1 0,005989505164959 0,004995002499167 0,000994502665792 0,999395227102240
2 0,005994447745731 0,004994977536638 0,000999470209098 0,999395202154683
3 0,005994472433934 0,00499497741132 0,000999495021984 0,999395202030070
4 0,005994472557252 0,00499497741132 0,000999495145925 0,999395202029444
5 0,005994472557868 0,004994977411324 0,000999495146544 0,999395202029444
6 0,00599447255787[L 0,004994977411324 0,000999495146547 0,999395202029444
7 0,005994472557871L 0,004994977411324 0,000999495146547 0,999395202029444
500 0,005994472557871 0,004994977411324 0,00099949514654)7 0,999395202029444

In general, the non-stationary coefficient of opieral readiness is determined by
averaging expression (10) on the inter{r)

KOR(T’ ):(;iiPR t j TPPO( (k=j-Dr (k_J)T|’9)® S)d{’dx (14)

0 (k—j)r+x+0
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With an exponential distribution of time to failunee get from formula (14)

Kos(T,0)= (NMJ(}l)e( )ZN:ZK:PR(jr)(l o) el (15)

]

Example 2. Calculate the non-stationary coefficient of operal readiness for the initial
data of Example 1.

By substituting the initial data in (15), we obtéin,(T,8) = 0,999395

3. Stationary oper ational readiness coefficient

The stationary coefficient of operational readinissased in the case of infinite time of service
planning (O,oo). The following theorem determines the stationargfficient of operational rea-

diness.
Theorem 2. For the stationary coefficient of operational ieads the following formula
holds:

e w0 T-0 o
Kog(0)= i) P (7, (K =) t; kel9 Jo(9)d9dx. (16)
. MS, -MS; i 'c[ k‘r-i:[(+6PO( | )D
Proof. Suppose as before thatis a random variable with the uniform distributionthe
interval betweerkt and (k+1)t and the probability density function determined(by To prove
(16) we express the probabili@(kr,e) through the renewal density function, and thercgea to
the limit
Koe(6) = lim P(k,8).
The probabilityP(kt +8) is given by (6).
Since the LRU recovery is only possible at discretenents of timer,2r ,.,.the renewal
density function can be expressed throughdHenction:

h(n):ga(n)a(n—jr). m

Using (17), expression (7) can be representedeiintegral form:

P(ay)= lTP(kr ~n+6)h(n)an.

On the basis of the addition theorem of probabifdy the mutually exclusive events
we can write:

P(kt,6) = P(ay)+ P(a2) = Plkr +6)+ [ Pkt —n +8)h(n)dn.

o—37

Since Poo [z, (k=D kele) <1, then P(kt +8) <1~ F(kr +86), so fim P(kt+8)=0.
k = o0

Further, since the functioR(kt +6 i} not negative, it is of limited variation on teemi-
axis (0,») and it satisfies the inequality

[P(y)dy< [[1-F(y)ldy<e,
0 0
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then according to Smith's theorem in the casetitéarandom variable [7] we have:
kt o0
lim [ P(ke =1 +6)h(n)dn =13 P(kc +6) (18)
- 0 M k=0

where 1 is the average time between the LRU recovery.

Since for the calculation of the stationary coedint of operational readiness the scheduled
maintenance is not taken into account, then

H=MS, - MS.,. (19)
Substituting expressions (6) and (19) into (18kgi¢16). The theorem is proved.
Corollary 2. If there are no errors at the operability checkihgn

U(e-0)3 [ [old)docx
KOR(G): _ k=0 0 kr+x+0 ' (20)
oy (k +2fF[(k+2)] - Flke) +t, + MS +tog +teg +1,,

k=0

where MS; is given by

0, if t =(At,+t +t );

MS, = W(Atg, +t,, +t, —t.), W= _
S = V(e +o 7o) {1, if ot o<(At, +t +t,);

Atg, is the average delay time of an application fepare LRU;t, is the average installation
time of the LRU on the board of an aircraft; is average time of dismantling the LRU from the
board of an aircraftt.; andt.; is the average time of the LRU proper and falsevery respec-
tively; W — indicator function;t. is the average scheduled time of technical parkingn air-

craft.
Proof. In the absence of errors in the checks of opkabithe probabili-

ty Poo (1, (K~ D7; kefe) =1, therefore

ZIe TPpo(f,(k—l)r;hlﬁﬂﬁ)dﬁdx:Z”)T Tw(ﬁ)dﬁdx.
k=0 0 krtx+d k=0 0 kr+x+6

Furthermore, from [8, 12] follows that in the cadedeal operability checking
MS +MS, = T (k + 1fF[(k +1)t] - F (e} (21)
k=0
MS, - MS, =MS, + MS, + MS, + MS§, + MS; + MS, + M§; =

=Y (k+ [k + )= Fk} +t, + MS, + g+t 41,

k=0

(22)

Substitution of (21) and (22) into (16) gives (Z0he corollary is proved.
Corollary 3. If the LRU has an exponential distribution of tinb@ failure, then the
following formula holds:
e (1_ e—x(r—e))

He-of-(-ae™|Ms, - ms))

KOR(G) = (23)
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Proof. With the exponential distribution law of time tilfire we can get

iTj-e ]2 PO( (k 1)T k-[|'8}k('8 d'SdX iTJ.e T 1 G )\e—)\ﬁdeX_
K700 et k=0 0 ki+x+8
~ (1_ e—x(r—e)) N . e:xe (1_ e_x(T_e))
]y é [(1 a)e x ] = 7u|_1— (1_ a)e‘“ : (24)

With (24) formula (16) reduces to (23). The conolles proved.
Corallary 4. If the conditions of corollary 3 are satisfied afi&< 7, then

Kog(0)= Ae™, (25)
where A is the LRU availability determined as [12]
:L. (26)
MS - MS;
Proof. When 8 << 1 expression (24) simplifies and takes the followiogn:

o T8 )\9(1 e—m)
k —1)T; kt[9 ko(9 )dddx = — =MSe™°. 27
2 [Rolrk-Duidshiolason= £ o5 = Ms @)

Further, in equation (12) it is easy to observée tha

r/(r-6)=1. (28)
Substituting (27) and (28) in (16), we obtain
Mae—w

Kor(0)= MG S, (29)

In view of (26), the expression (29) becomes (Z8g corollary is proved.

It should be noted that formula (25) is widely usedeliability theory. However, as can
be seen from the comparison of expressions (16)28)d the coefficient of operational readiness
representation, as a product of the availabilitgt #e probability of failure-free operation during
the operating timé, is valid only for the exponential distribution tohe to failure and <<rt.

Example 3. Calculate the coefficient of operational readingsMTBF =1/ =10000h,
1=25h,0=05h,a=B=0,005t, =t; =025 h, t.,; =8 h, t.z =4 handMS, = 05h.

Substituting the initial data in the following foutas obtained in [12]:

C1-e"
-[-a)e™]

A M A M -\t —M
MS, = 1 _ 1:(1 pe )_1 e . MS, = t-0e . Ms = tr(1-€ _2 ,
1-1-a)e™ 1-B A 1-Q-a)e * 1-@Q-a)e™
we calculate the valueslS = 4762 h, MS, = 006 h, MS; = 381h andMS, = 038h.
Next, using (25), we find<OR(6)= 0,990. It can be seen from Example 3 that the mean
time MS is much smaller tharMTBF . However, in case of ideal LRU checking, i.e. when

a=B=0, from (30) follows thatMS = MTBF =1/\ .Thus, the false failures of operability
checks significantly reduce the mean time betweesclieduled repairs (MTBUR). Airborne

MS =

(30)
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electronic systems are used in the interrupted teggane, which is caused by alternating areas of
aircraft operations and flight waiting in the pagsilot. The finding of the LRU in states &,

E,. Eg, E; and Eg is associated with the value costs because tbear@l works can be carried

out during the stay of the aircraft in the parklogor after removing the LRU from the aircraft
board. Therefore, in determining the probabilipizameters of maintenance we can exclude the
intervals corresponding to these states from tgerreration cycle.

Let us to introduce a new time axis which is assted only with the use of LRU for per-
forming its intended functions. At any time on tew axis the LRU may be in one of the states
E,E, andE;. The average regeneration cydlts, is now determined as follows

M§ =MS +MS, +MS,,
and the operational readiness coefficient is gimen
M e—)\e
Kon(8)= e
S
Example 4. Calculate the operational readiness coefficieht MITBF =1/A =10000h,
T=10h, 8=1h, a =3=0,005and MS, = 0.
Substituting the initial data in (31) giveK ()= 0999395 The calculated value is
exactly equal to the result of Example 3, whichi¢ates the correctness of the derived formulas.

(31)

4. Conclusions

The exploitation states have been determined irclwhisingle block system of avionics may be
found when it is in use. The theorem that has Ipgewed determines the non-stationary function
of the operational readiness for an arbitrary faildistribution with taking into account the
trustworthiness characteristics of multiple opdigbchecks.

The proved corollary allows determining the nortisteary function and coefficient of
operational readiness for an exponential failusériiution.

The proved theorem determines the expression frsthtionary operational readiness
coefficient for an arbitrary distribution of time failure, as well as the corollaries, determining
the stationary coefficient for an exponential disition of failures under different assumptions. It
has been shown that well-known expressions for dtegionary coefficient of operational
readiness are special cases of the derived formwllaich give a more adequate value of this
coefficient. In a specific example of the exponanfilure distribution it has been shown that the
mean time between unscheduled repairs is largegrdéned by the probability of the false fail-
ures registered by the built-in test equipment.

These results allow assessing the effectivenessanitenance strategies of avionics sys-
tems till safe failure and justify the requiremefdsthe built-in test equipment. The obtained re-
sults are advisable to use as in the design phHaaeianics systems as well as in the phase of
avionics exploitation. Further development of thessults can be conducted for optimizing the
maintenance of modern avionics.
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