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The examples are shown which demonstrate that in the course of analysis of linear systems the modes with
dynamic chaos can occur. This can happen when for analysis of linear systems the change of variables is used
resulting in the need to investigate either non-linear equations or non-linear functions. In the plasma physics field
such situation may arise, e.g., when diagnosing some plasma parameters.
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INTRODUCTION

At present time it is generally accepted that the
regimes with dynamic chaos appear only in nonlinear
systems. In general, this is correct. However, in some
cases, when studying the linear systems one can run into
the dynamics similar to the dynamics of modes with
dynamic chaos. It may seem that this dynamic is not
possible. In reality, in many cases such dynamic is quite
natural. It can occur, for example, when for the analysis
of linear systems the change of variables is necessary,
and thus the initial linear system transforms to the one
described by a system of nonlinear equations. The well-
known examples are the equations of classical
mechanics and the equations of geometrical optics.
Original for these equations are linear equations of
quantum  mechanics and Maxwell equations,
respectively.

In such a case, these new variables can lead to
appearance of the modes with dynamic chaos. The
change of variables modes to those with dynamic chaos
can occur in linear systems if the processing of the
results of the linear system dynamics is produced by
non-linear characteristics. In our previous works (see,
for example, [1-3]), we have illustrated the possibility
for such regimes to be realized.

This paper presents the results of further studies in
this direction. Attention is drawn to the fact that there
are two causes of dynamic chaos: (i) an immediate
change of variables and (ii) the features of these non-
linear equations. The first reason apparently is
nonphysical. As an example of the role of the second
reason, the dynamics of waves propagating in layered
dielectric was considered. The recurrence relations for
the coefficients of reflection from and transmission
through the layered media weke found. Thus a non-
linear characteristic of the field was inserted. The
conditions when this recurrent sequence becomes
chaotic have been found too.

1. REPLACEMENT LEADING TO THE
CHAOTIC DYNAMICS

A convenient characteristic allowing to determine
such changes is a measure of "volume™ AX in the phase
space: Au=p(%)-AX. Here p(x) is a probability
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density for the studied dynamical system to get to point
X, that belongs to "volume" AX. Let’s assume that

substitution Z = f (X,) was done in such a way that Z is
an image and X, is an inverse image of the pointZ.
Principally, there can be many inverse images. The set
of vectors Z = f (%) do form a new phase space.

We consider in this space the "volume"™ AZ
(Z-AZ12; Z+AZ/2 ). By definition, a measure of
the  magnitude of this volume will be:
Ap, =9(Z)-AZ :Zp(Y(i)-A)”(i . Here the sum is carried

out along the number of inverse images. Then the
density of probability of the new phase space is
determined by the formula:

S -\ AX p(X%)
Z)= X)— = _— 17 , 1
9(7) §i P(X) 5 ] @)
where J=det(éf /oX) is the Jacobian of

transformation.

Equation (1) is practically the Perron - Frobenius
formula for transformation of probability density when
converting the functions. Let’s consider, as an example,
the high-usage and most important replacement.

Suppose, that we haveX, = A,A , where
A =A +iA!. If one carries out the replacement:
A =A +iN =a -exp ip, , then it is easy to verify
that |J|=1/|a|. If in initial variables the motion was
regular, then p(X)~d5(X —X(t)). The density of
probability for new variables become indeterminate
(g(Z)-?) when a—0. It is useful to note that this
transformation describes the transition from quantum
consideration to classical consideration. In this case the
conditiona — 0 may mean that the velocity of particles
are going to zero. This fact corresponds to a well-known
result that the transition from quantum to classical
consideration for particles with zero speed is not
correct. Using this simplest example, we will examine
where this might lead to. Let the complex variables
satisfy the following equations:
X = Yy, y =-X. (2)
Then there are two possible replacements. First
X=Xg+i-X,, Yy=Yg+i-y, . In this case, the new
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dynamics does not arise. But the new dynamics occurs
when another replacement is used, namely:

X=X, -XP i-X, ,y=X%-exp i-X; .
Here x, (t), k= 0,1,2,3, are real functions. After

substitution these replacement into (2) we will get the
system of equations:
Xy =% COSD X =—X,CcosD

d):(ﬁ—ﬁj-sincb (3)
X
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Fig. 2. Time dependence of phase x, . One can

see jumps of phase at the moments when
amplitude don’t change sign when passing
zero point

In addition, it follows from first two equations of the
system (6) the existence of the integral: xZ +x? = const .

Taking into account this integral, the system of
equations (3) has only one degree of freedom. As soon
as it gets to the point, for example x, =0, then the

corresponding phase (x,) can be undefined. These
features of the dynamics of the amplitude x,and phase

X, are shown in Figs. 1-3.
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Fig. 3. Autocorrelation function for x, variable

From Figs. 1, 2 we see that at random time moments
the value of x, does not change its sign and the value of
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phase undergoes a jump. Similar random phase jumps
for x, are observed when x, =0.

Above we have considered the transformation
occuring most frequently in physics, especially in
radiophysics. In addition to this transformation, often is
used the transformation that transforms the linear
equation of second order to the Riccati equation, which
is a first order nonlinear equation. It may be expected
that the dynamics of such new variables can also be
chaotic. We will show that the exchange, which led to
the Riccati equation, is equivalent to the one used
above. Indeed, suppose we have the
equation X+ Q*x=0. By the use of the
replacement x, = x/x for the new variable this linear

equation transforms into nonlinear Riccati equation:
A e 4)
with the relation between initial variable and new

t
variable as: x(t) = aexp( jxo(t)dt)
0

If  we present  x(t) in the form
X, =IQ+a(t)+io(t), a=Rex,, Q+06(t) =Imx,,
then the expression for x(t) can be rewritten as:
X(t) = A(t) exp(iQt+ig (1)), where

At) = aexp( ].adtj , a=const, M(t)= ]5 (t)dt.

One can see that this expression is identical to the
previous expression.

2. TRANSMISSION OF
ELECTROMAGNETIC WAVES THROUGH
THE LAYER WITH LAYERED
INHOMOGENEITY

Now we shall consider the layered media, with
layers arranged perpendicular to the axisz with
inhomogeneous medium occupying the
region0<z <L. For simplicity, it is assumed that there
are only two different periodically alternating layers.
The dielectric constant of these layers and their
thicknesses are equal &,,d,; &, d, , respectively.

We assume that from the left a homogeneous half-
space (z<0) a flat monochromatic electromagnetic
wave falls on a non-uniform layer. For simplicity, the
wave is incident at right angle to the interface. The
components of electric and magnetic fields of the wave
obey the following equations:
oE, . oH, . O°E

- ikH,, p =ike(z)E, , o

X 1 k’(z)E, =0 . (5)

We are looking for reflectance and transmittance of
the wave through an inhomogeneous layer with the
fields in an arbitrary homogeneous layer having the
form:

E, = Aexp(ik,z) + B exp(—ik,z) , (6)

H, =&, Aexp(ik,z)- B exp(-ik,z) ,

where n, = \/g_ the refractive index of the layer.
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We use the matrix method (see, e.g., [4, 5]) for
determination of the transmission and reflection
coefficients. Under this method, the fields at the left and
right edges of the layer are connected with each other by
the following matrix:

H; " H; T a, Ay ,

where a, =cosk,d, =a,,; a,=-isin kd, /[, ;

a, =-isin k,d, ‘e, ;

I7f

Fig .4. Energetic coefficient of the transmission
(number of layers is 10). n,=5,n, =2
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Fig. 5. Autocorrelation function (number of layers is
10). n,=5n,=2

The connection between fields at the left and right
boundaries of the double layer will be determined by the
following relation:

E;—MM B 8
i = MM ) ®)

A, AQJ o

The elements of matrix M =M M =(
AL A

easy to determine:

A, =cosk,d, cosk,d, — £sin k,d,sinkd, ,

NS

A,, =cosk,d, cosk,d; —Esin k,d,sink,d, ,

Vo

—i . i .
A, = ﬁcos k,d,sink,d, —\/—g_osm k,d, cosk.d, ,

A, =-i\/g cosk,d,sink,d, —i\/g, sink,d, cosk,d, .
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If there are N such double layers, the relation
between fields at the left (z=0) and right (z=L)
boundaries will be expressed by the formula:

E. _MY E, 9
H, | Hy ) ©)

In the general case the matrix L= M" looks like a
quite complicated one, and its elements could be found
only by calculus of approximations. However, in some
special cases the elements of the matrix can be strongly
simplified, in particular, the elements become much
simpler if the layers with identical optical thickness
k,d, =k.d, =kd , are under consideration.

We should pay attention that the matrix M is a 2x2

matrix, which diagonal elements are real functions and
nondiagonal elements are imaginary functions. The
matrix M is of a similar structure. It is easy to show that
similar structurewill also the transfer matrix, which
links the fields at the outer boundaries of the
inhomogeneous layer:

LEMN:[III “12]
iIZl IZZ

These elements, after some transformations, can be
expressed in terms of Chebyshev polynomials of the
second kind:

(10)

|11 = AﬁluNfl(S) _UN—Z(S) )
L, = AUy L (8) —Uy 5(8) by =AU 4(5)-

Here s= A, +A, 12,

polynomials .
Using elements of matrix L it is easy to express
transmission and reflection coefficients:

U,(s)-  Chebyshev

T= 2 (11)

[+ o +ill oy +1) |

_|: I11_|22\/a +i(|12\ja_|21)]
[l il L) |

Expressions (11) and (12) can be analyzed by
numerical methods. The most informative are energetic
reflection coefficients and energetic transmission
coefficient, which have been studied.

It was shown that there is a range of parameters,
where the dependence of these characteristics on the
frequency of the incident radiation is irregular. Figs. 4-7
show two typical cases. In the first case (see Figs. 4, 5)
parameters of the inhomogeneous layers are chosen so
that the dependence of the transmission coefficient on
frequency is a regular function.

In this case the correlation function oscillates
without decreasing the amplitude of the oscillations.
However, with increasing the number of layers, this
dependence becomes irregular (see Figs. 6, 7), and the
amplitude of the correlation function decreases rapidly.

(12)
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CONCLUSIONS

08r Thus, the above presented results do additionally
06 confirm the following main conclusions: when
providing the study of linear systems, there is a high
probability to encounter the dependences that are
inherent in systems with dynamic chaos. This
0 : ' : ' situation arises when for analysis of the dynamics of
) ) Tk linear systems variables that are either themselves
nonlinear, or obey to non-linear equations are used.
In plasma physics, such a situation can be met, for
example, in the diagnosis of plasma parameters.

Fig. 6. Energetic coefficient of the
transmission (number of layers is 80).
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PEKUMBI C JTMHAMHUYECKHAM XAOCOM TP AHAJIM3E JIMHAMUKU JIMHEMHBIX
CUCTEM

B.C. Aumunos, B.A. Byy

IIpuBeneHsl IpUMeEpBl, KOTOPbIE NTOKA3bIBAIOT, YTO [IPU aHAIM3E AUHAMUKH JIMHEHHBIX CUCTEM MOT'YT BO3HUKATH
PEXUMBI C IMHAMHYECKUM Xa0COM. DTO CIydaeTcs, KOTAa JJIS aHaln3a JIMHEHHBIX CHCTEM HCIIONb3YIOTCS 3aMEHBI
MEPEMEHHBIX, KOTOpbIE TPHUBOAAT K HEOOXOMUMOCTH MCCIIEOBaTh JHOO HEIHMHEHHBIE ypaBHEHHA, JHOO
HenuHeitHple QyHkuuu. s Gu3uky mia3Mbl Takas CUTyalsi MOXKET BO3HUKHYTb, HAlpUMeEp, MPU JHArHOCTHKE
[IapaMeTPOB ILIa3MBbl.

PEXXWUMH 3 TUHAMIYHUM XAOCOM ITPU AHAJII3I JUHAMIKH JTHIMHUX CUCTEM
B.C. Anminos, B.O. byy
Hageneno npuxmany, siki MOKa3yloTh, 10 MPH aHANI31 AMHAMIKK JIHIHHUX CHCTEM MOXYTh BUHHKATH PEXHMH 3
TUHAMIYHEM XaocoM. Lle TparuisgeTses, KoM JUIS aHami3y JIHIMHAX CHCTEM BHUKOPHCTOBYIOTHCS 3aMiHH 3MiHHHX,

SKi TPU3BOJATH 10 HEOOXiTHOCTI JOCHiKyBaTH, a00 HENiHIWHI piBHAHHSA, a00 HemiHiHHI QyHKUii. st ¢isuxu
TUTa3MH TaKa CUTYAIlisl MOJKEe BUHUKHYTH, HAITPHUKJIAA, TIPU A1arHOCTHUII ITapaMeTpiB IUTa3MH.
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