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The electrodynamics analysis of topography of magnetic fields originating in spatially periodic system is carried 
out. The system under investigation is the solenoid inside which rings made from materials differ in electric and 
magnetic properties are periodically placed. The system of equations connecting amplitudes of spatial harmonics of 
the field is obtained. This system is parsed numerically. Requirements are determined when in the spatial structure 
of a magnetic field the dominating role is played by the main harmonic. The amplitudes of longitudinal and trans-
verse components of the modulated magnetic field as a function of the ring sizes, current frequency, magnetic and 
electric properties of rings materials are investigated. The amplitudes of the fields obtained in the full electrodynam-
ics consideration are compared with the amplitudes of a periodic magnetic field, obtained in an impedance approxi-
mation.

PACS: 41.85.Lc

I. INTRODUCTION
Spatially periodic media are widely applied as slow-

ing down structures in the accelerating technique [1,2], 
in  the  high-current  electron  beams  focusing  schemes 
[3], in powerful UHF electron devices [4]. One of new 
applications of  periodic magnetic  media is  the spatial 
modulation of an electronic beam in a collective ion ac-
celerator [5]. For these purposes the rings from materi-
als with different magnetic properties, located in the ho-
mogeneous magnetic field, can be used. Magnitude and 
modulation of the magnetic field, created by such a sys-
tem, in practice is defined by experimental measuring 
results [6].  The theoretical analysis is restricted to im-
pedance approximation [4] by the assignment of tangen-
tial value of magnetic induction at ring surfaces. In this 
case  magnitude  and  modulation  law  of  the  magnetic 
field in drift chamber aren’t interlinked neither to value 
of a magnetic field of the solenoid nor with magnetic 
and electrical  properties of rings.  In the present  work 
exact electrodynamics calculation of a cylindrical wig-
gler on the basis of the solenoid loaded with rings hav-
ing different magnetic properties is carried out 

II. THE SET OF EQUATIONS
We shall conventionally divide the investigated vol-

ume into three areas in a cross-section: area I - the vacu-
um drift channel, area II - rings, III - exterior vacuum 
area. On the boundary of areas II and III the azimuth 
current slowly varying with frequency  ω  and creating 
in absence of rings the magnetic field with the strength 
amplitude equal to 0H  is given. For simplification of the 
analysis  we  shall  neglect  the  thickness  of  solenoid 
walls. We shall divide area II into two parts: A  and B , 
differing by values of permittivity and permeability.

The magnetic field originating in such a system, can 
be found by the method of partial areas when solving 
Maxwell equations for  H − wave in each of the men-
tioned  areas  and  matching  the  solutions  at  conjoint 

boundaries.  The longitudinal  component of the induc-
tion density vector zВ  and transversal component of the 
magnetic intensity vector rH in each of partial regions I, 
II and III are defined from the equations
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where: 2 2 2/k cω= . In the areas I and III 1ε = , 1µ =  
and in the IIA area ( 0 z aЈ Ј ) 1ε ε= , 1µ µ=  and in 
the IIB area ( 0b z− Ј Ј ) 2ε ε= , 2µ µ= .

Due  to  the  periodicity  of  the  structure  we  shall 
search for solutions in the one period  wL a b= + .  As 
equation (1) supposes variables separation we search for 

the solution in the form: ( ) ( )z n n
n
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we have obtained the equations for the functions ( )nR r  
and ( )nZ z :
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where transverse rk  and longitudinal zk  wave numbers 
are connected with ratio 2 2 2

zn rnk k k ε µ+ є .
In areas I and III we search for the solution as:
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where  32 /z nk n L kπ= +  satisfies Floque’s relation and 
2 2

rn znk kκ = − .
In  the  area  II  we shall  search  for  solutions  of  set  of 
equations by the separately in each of region constancy 
ε  and  µ  in  form  traveling  forward  and  backward 
waves:
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where  r nk  and  respectively  2 2
1 1 1z n r nk k kε µ= −  and 

2 2
2 2 2zn r nk k kε µ= −  are  defined  from  the  boundary 

conditions
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Substituting (5) in boundary conditions (6) and (7) 
we obtain the characteristic equation

( ) ( )
3 1 2

2 2
1 2 2 1

1 2
1 2 1 2

cos cos cos

sin sin .
2

z n zn

z n z n
z n z n

zn z n

k L k a k b

k k
k a k b

k k
µ µ

µ µ

= −

+

It is necessary to note, that the characteristic equa-
tion in the form (8) coincides with the equation received 
in [1] for waveguide, loaded with continuous dielectric 
disks. Essential difference of our case is that transverse 
wave number rk  is not the given, and should be defined 
itself from the solution of this equation. Thus we fix fre-
quency of a wave.

Solving (8) with respect to r nk  we obtain two set of 
solutions  1r nk  and  2r nk .  The general solution quantity 
equals to 2 1N + , where maxN n= . Worth to note that 
getting equation (9) we turned down two solutions cor-
responded  1 0znk =  and  2 0z nk = ,  because  these  solu-
tions  lead  to  zero  values  of  the  constants 

21 21 22 22, , ,n n n nA B A B .The general solution in the second area 
is defined as:
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The constants figuring in solutions (4) and (8) are 
determined from the radial boundary conditions
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Having substituted (4), (5) in (11) we shall obtain 
the infinite system of the linear inhomogeneous equa-
tions concerning constants. Because of awkwardness we 
do not give it here. Having solved it and having done re-
turn  substitutions,  we  shall  obtain  expressions  for  a 
magnetic field in each of partial regions.

III. ANALYTICAL SOLUTION
OF THE CHARACTERISTIC EQUATION
In the practically important case, when 112 < <µµ , 

characteristic equation (8) allows approximate analyti-
cal solution. In this case more convenient to solve this 
equation concerning znk instead of r nk .

Looking  for  the  first  series  solutions  as 
1 1( ) /zn nk n aπ δ= + , where 11 < <nδ , we obtain
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Looking  for  the  second  series  solutions  as 
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At constant values concerning experimental installa-
tion parameters these expressions become notable sim-
pler as Lk31211 > >≥> > µµδ ,
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where ( )1 1 2 2 1/zn zn znk k kα µ µ= .
It is easily seen that equation (9) has no solution close to 

1 0znk = .
When  1 1( ) /zn nk n aπ δ= + ,  and 

( ) Lnk πµεµε > >− 2211 ,  100n <  (this  means 
( ) 1Im 1 −< <bk zn ))  correlations  between  constants  be-

come lot simpler too by decomposition on ( )2Im znk be :
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It is seen that only 2 ( )B r nF k  essentially depends on 1nδ  
(as ( )1znkα  weakly changes with changing of 1nδ ).

IV. NUMERICAL CALCULATIONS
We carried out  numerical calculations for  parame-

ters of experimental installation "Agate" [7] in two vari-
ants with iron and aluminum rings and only with iron 
rings:  2a cm= ,  2b cm= ,  1 2.5R cm= , 2 3,3R cm= , 

0 1H kOe= ,  1 5000µ = ,  2 1µ = ,  17 1
1 1,05 10 sσ −= Ч , 

17 1
2 3,60 10 sσ −= Ч ,  1,2 1,21 4 /iε π σ ω= + ,  

2πω
τ

= , 

15msτ = ,  3 100k k= . In  the  case  of  only  iron  rings 

2 1ε = . In the next analysis’s we shall take these para-
meters for the base and shall investigate the changing of 
magnetic induction as variation of one of these.

In Fig.1 and Fig.2 the two-dimensional structures of 
the magnetic field created by a periodic system of iron 
and aluminum rings and of iron rings and vacuum (in 
this case 2 0σ = ) are shown. The quantitative pattern of 
the magnetic field topography corresponds to the quali-
tative ideas about the magnetic field behavior depending 
on a selected view point that confirms correctness of the 
carried out analytical and numerical calculations.

The infinite sums in the field expressions were sub-
stituted for finite sums ( N n N− Ј Ј ) in calculations.
In Fig.3 the longitudinal topography of axial component 
of the magnetic induction vector on the axis of the sys-
tem and on the radius  1.6r cm=  for both variants are 
shown. As results from graphs, apart  1,6 cm  from the 
waveguide axis (at the surface of the thin electron beam 
which is going into the second section of the accelerat-
ing installation "Agate" [7]) the depth of modulation is 
about 56%. 

The base contribution to magnetic field modulation 
is given with a harmonic 1n = . On the axis of the sys-
tem the modulation depth is about 33%.
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Fig.1. Structure of the cylindrical wiggler magnetic  
field in area I (drift chamber) for sequence of iron-

aluminum rings
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Fig.2. The same in Fig.1 for sequence of iron rings 
with vacuum gaps
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Fig.3. Axial component of the magnetic induction 
on the axis of our system r=0 (1) and on beam sur-
face r=rb=1,6 cm (2) for one structure period for  
sequence of iron-aluminum rings (upper picture) 
and for sequence of iron rings with vacuum gaps 

(lower picture)
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Fig.4. Axial component of the magnetic induction 
vector on the axis of experimental installation 

"Agate" in case of iron-aluminum rings (upper pic-
ture) and in case of iron rings with vacuum gaps 

(lower picture)
In  Fig.4  the  experimentally  measured  longitudinal 

distributions of axial component of the magnetic induc-
tion  in  drift  chamber  of  experimental  installation 
"Agate" in case of iron-aluminum rings and in case of 
iron rings with vacuum gaps. Measurings were carried 
out  with  the  help  of  magnetic  probes  in  diameter 
30 mm. The average values of the magnetic induction 
are in well agreement with experimental results for both 
cases.

We have carried out calculations for dependence of 
average values of the magnetic induction and for modu-
lation depth on spatial and time period, rings thickness 
and  width.  The  results  of  calculations  are  shown  in 
Fig.5-10.
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Fig.5. Average value axial component of the magnet-
ic induction versus rings thickness ( 1 2.5R cm= ) for 
the sequence of iron-aluminum rings (1) and for se-

quence of iron rings with vacuum gaps (2)
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Fig.6. Modulation depth of the magnetic induction ver-
sus rings thickness ( 1 2.5R cm= ) at the structure axis 

0r = (1) and at the beam surface br r= (2) for se-
quence of iron-aluminum rings (solid lines) and for se-
quence of iron rings with vacuum gaps (dashed lines)

In order to understand better the results of a numeri-
cal  analysis  we  shall  find  expression  for  longitudinal 
component of magnetic induction in impedance approx-
imation. For this purpose we shall set on boundary of 
the drift channel a field I

zB as

, / 2 0,

, 0 / 2.
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As well as above we shall look for the longitudinal mag-
netic field in form . If not to take into account wave pro-
cesses  ( ) nkkc < <3,ω  ( 2 /nk n Lπ= ) for distribution 

I
zB  we shall obtain the following expression
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As follows from expression  the average value of 
magnetic induction inside drift chamber
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depends from values of magnetic induction on inner sur-
faces of one and other ring. Whereas the modulation of 
magnetic induction
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depends in an explicit form from structure period and
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Fig.7. Average value axial component of the mag-
netic induction versus rings width for the sequence 
of iron-aluminum rings (1) and for sequence of iron 

rings with vacuum gaps (2)
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Fig.8. Modulation depth of the magnetic induction 
versus rings width the structure axis 0r = (1) and 
at the beam surface br r= (2) for the sequence of  

iron-aluminum rings (solid lines) and for sequence 
of iron rings with vacuum gaps (dashed lines)

from values of magnetic induction on inner surfaces of 
one and other rings. In comparisons results of numerical 
calculations  with  analytic  expressions  ,   we  keep  in 
mind that values  A

zB  and  B
zB  depend from ring sizes, 

permeability and permittivity of ring materials by im-
plicit way. Let for the sake of definiteness that A

zB  cor-
responds to nonmagnetic material  and  B

zB corresponds 
to magnetic material. At thickness of iron rings there is 
vastly  greater than  a  skin  layer  depth  in  iron  ring 
( ) ωµπ σ 2212 2cRR > >−  it is possible to count ap-

proximately 0B
zB ≈ . Then
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That is average value of magnetic induction is dictated 
by value of magnetic induction on inner surfaces of ring 
of nonmagnetic material only. The modulation value de-
pends from ring width (structure period L ) only.
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Fig.9. Average value axial component of the magnet-
ic induction versus time period for the sequence of  
iron-aluminum rings (1) and for sequence of iron 

rings with vacuum gaps (2)
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Fig.10. Modulation depth of the magnetic induction 
versus rings width the structure axis 0r = (1) and at  
the beam surface br r= (2) for the sequence of iron-

aluminum rings (solid lines) and for sequence of iron 
rings with vacuum gaps (dashed lines)

As follows from Fig.5, Fig.7 and Fig.9 average val-
ue of longitudinal component of magnetic induction has 
very  weak  dependence  from  on  rings  thickness,  ring 
width and time period for sequence of iron rings with 
vacuum gaps and approximately equals to external mag-
netic field induction. In contrast to this case average val-
ue of longitudinal component of magnetic induction for 
sequence of iron-aluminum rings is strongly decreases 
when increasing of rings thickness and when increasing 
of  a  frequency  of  external  magnetic  field  changing. 
Such behavior easily speaks from expression (16) and 
given there explanations. In case for sequence of iron 
rings with vacuum gaps the magnetic induction does not 
decay ( 2 0σ = ) through cross section of gaps, and so it 
doesn’t  depend from structure parameters.  Because of 
presence iron rings the value of magnetic induction on 
inner surfaces of iron ring approximately twice there is 
more than induction of an exterior magnetic field. The 
behavior average value of of magnetic induction in case 
of iron-aluminum ring sequence also it is possible to ex-
plain from change of skin depth in aluminum rings.

Fig.6, Fig.8 and Fig.10 show modulation depth inde-
pendence from rings material. The modulation value de-
pends mainly from structure period.

V. SUMMARIES
1.The set of equations describing the magnetic field 
of the solenoid with rings made from materials with 
different  electric  and  magnetic  properties  is  ob-
tained.  The  current  in  solenoid  varies  under  the 
monochromatic  law,  generally,  with  the  arbitrary 
frequency.
2.At the low-frequency, period of the structure and 
rings thickness exerts the essential influence on the 
magnitude of the magnetic field modulation in con-
trast to materials of the rings and time period. Modu-
lation  depth  grows  with  the  axial  period  increase, 
and with the rings thickness increase.
3.For parameters of the collective ion accelerator [7] 
the magnitude of longitudinal magnetic field modu-
lation on the axis of the drift chamber is about 33%, 
and on the beam radius is about 56%.
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ФОРМИРОВАНИЕ ПЕРИОДИЧЕСКИХ МАГНИТНЫХ ПОЛЕЙ ПОСЛЕДОВАТЕЛЬНОСТЬЮ
КОЛЕЦ С РАЗЛИЧНЫМИ ЭЛЕКТРИЧЕСКИМИ И МАГНИТНЫМИ СВОЙСТВАМИ

Д.Ю. Копейченко, И.Н. Онищенко, Г.В. Сотников, С.С. Пушкарев,
Ю.В. Прокопенко, П.Т. Чупиков, Д.В. Медведев 

Проведен электродинамический расчет топографии постоянных магнитных полей, создаваемых в про-
странственно-периодической системе, представляющей собой соленоид, внутри которого периодически раз-
мещаются кольца из материалов с различными электрическими и магнитными свойствами.

ФОРМУВАННЯ ПЕРІОДИЧНИХ МАГНІТНИХ ПОЛІВ ПОСЛІДОВНІСТЮ КІЛЕЦЬ З РІЗНИМИ 
ЕЛЕКТРИЧНИМИ ТА МАГНІТНИМИ ВЛАСТИВОСТЯМИ

Д.Ю. Копійченко, І.М. Онищенко, Г.В. Сотніков, С.С. Пушкарьов,
Ю.В. Прокопенко, П.Т. Чупиков, Д.В. Медведев 
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У роботі проведено електродинамічний розрахунок топографії постійних магнітних полів, що виникають 
у просторово-періодичній системі, яка являє собою соленоїд, періодично навантажений кільцями з різними 
електричними та магнітними властивостями.
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