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The electrodynamics analysis of topography of magnetic fields originating in spatially periodic system is carried
out. The system under investigation is the solenoid inside which rings made from materials differ in electric and
magnetic properties are periodically placed. The system of equations connecting amplitudes of spatial harmonics of
the field is obtained. This system is parsed numerically. Requirements are determined when in the spatial structure
of a magnetic field the dominating role is played by the main harmonic. The amplitudes of longitudinal and trans-
verse components of the modulated magnetic field as a function of the ring sizes, current frequency, magnetic and
electric properties of rings materials are investigated. The amplitudes of the fields obtained in the full electrodynam-
ics consideration are compared with the amplitudes of a periodic magnetic field, obtained in an impedance approxi-

mation.
PACS: 41.85.L¢c

I. INTRODUCTION

Spatially periodic media are widely applied as slow-
ing down structures in the accelerating technique [1,2],
in the high-current electron beams focusing schemes
[3], in powerful UHF electron devices [4]. One of new
applications of periodic magnetic media is the spatial
modulation of an electronic beam in a collective ion ac-
celerator [5]. For these purposes the rings from materi-
als with different magnetic properties, located in the ho-
mogeneous magnetic field, can be used. Magnitude and
modulation of the magnetic field, created by such a sys-
tem, in practice is defined by experimental measuring
results [6]. The theoretical analysis is restricted to im-
pedance approximation [4] by the assignment of tangen-
tial value of magnetic induction at ring surfaces. In this
case magnitude and modulation law of the magnetic
field in drift chamber aren’t interlinked neither to value
of a magnetic field of the solenoid nor with magnetic
and electrical properties of rings. In the present work
exact electrodynamics calculation of a cylindrical wig-
gler on the basis of the solenoid loaded with rings hav-
ing different magnetic properties is carried out

II. THE SET OF EQUATIONS

We shall conventionally divide the investigated vol-
ume into three areas in a cross-section: area I - the vacu-
um drift channel, area II - rings, III - exterior vacuum
area. On the boundary of areas II and III the azimuth
current slowly varying with frequency @ and creating
in absence of rings the magnetic field with the strength
amplitude equal to H, is given. For simplification of the
analysis we shall neglect the thickness of solenoid
walls. We shall divide area II into two parts: A and B,
differing by values of permittivity and permeability.

The magnetic field originating in such a system, can
be found by the method of partial areas when solving
Maxwell equations for H - wave in each of the men-
tioned areas and matching the solutions at conjoint

boundaries. The longitudinal component of the induc-
tion density vector B. and transversal component of the
magnetic intensity vector H, in each of partial regions I,
II and III are defined from the equations
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where: k2= w?/c®.IntheareasTand I ¢ =1, § =1
and in the ITA area (0) z) a) € =¢,, Il = [, and in
thelIBarea (-bJ) z] 0)E =¢€,, [l = [I,.

Due to the periodicity of the structure we shall
search for solutions in the one period L, = atb. As
equation (1) supposes variables separation we search for

the solution in the form: B- = € R.(MYZ,(2) Erom (1)

we have obtained the equations for the functions R, (7)
and Z,(2):
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where transverse k, and longitudinal k. wave numbers

are connected with ratio k> + k.. € k*¢jl .
In areas I and III we search for the solution as:

n=+l

Bz’ = e ‘ CanO (K rnr)exp(ikznz)’

n=+l

B;’” = e ' C311Hé (K rnr)exp(iklnz)’
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where k,, = 2n1n/L+ k; satisfies Floque’s relation and

[SREINI SRR S

In the area II we shall search for solutions of set of
equations by the separately in each of region constancy
¢ and # in form traveling forward and backward

waves:
+
14 -
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Jkeu, - k2 and
k,., = \k’¢,i,- k> are defined from the boundary

conditions
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, Yexp(- ik, L),
H™| = Hj’3| _, Yexp(- ik, L).

Substituting (5) in boundary conditions (6) and (7)
we obtain the characteristic equation
cosk,L = cosk,_,acosk, b-

lzn 2zn
( klznlu 2 )

byl )
2klznk22nlj lu 2

It is necessary to note, that the characteristic equa-

tion in the form (8) coincides with the equation received

in [1] for waveguide, loaded with continuous dielectric

disks. Essential difference of our case is that transverse

wave number £, is not the given, and should be defined

itself from the solution of this equation. Thus we fix fre-
quency of a wave.

Solving (8) with respect to k,, we obtain two set of

sink,_,asink,_,b.

2zn

solutions k,, and k,,,. The general solution quantity
equals to 2N + 1, where N = maxn. Worth to note that
getting equation (9) we turned down two solutions cor-
responded k., = 0 and £,., = 0, because these solu-
tions lead to values of the constants
A4}, By, 4),,B;, The general solution in the second area

ZE€ro

is defined as:
N
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where F,

The constants figuring in solutions (4) and (8) are
determined from the radial boundary conditions

1 - i 1 - 1
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Having substituted (4), (5) in (11) we shall obtain
the infinite system of the linear inhomogeneous equa-
tions concerning constants. Because of awkwardness we
do not give it here. Having solved it and having done re-
turn substitutions, we shall obtain expressions for a
magnetic field in each of partial regions.

ITI. ANALYTICAL SOLUTION
OF THE CHARACTERISTIC EQUATION

In the practically important case, when i,/ << 1,

characteristic equation (8) allows approximate analyti-
cal solution. In this case more convenient to solve this

equation concerning k., instead of £, .
Looking for the first series
klzn = (’T}’l+ 51n)/a ’Where 5
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- N R

solutions as
1 <<'1, we obtain
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Looking for the second series solutions as
mntd
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At constant values concerning experimental installa-
tion parameters these expressions become notable sim-

pleras 1>> 8,2 i, /i, >> kL,

‘k\/(51ﬂ1 - 52:“2)

mn/L

>>1,n<100:

5, = 2i(-1)a (k) orb2ld s 0
mH W
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where (klzn) = k]znﬂz /kzznul .

It is easily seen that equation (9) has no solution close to

klzn = 0
When k., =@ntd,) a, and
‘k./ €M, - E,)|>>nf/L,  n<100 (this means

Im(kmb)<< -1)) correlations between constants be-

come lot simpler too by decomposition on ™% :

FBl(krn): - e (klzn) * 0(1) s

1+a (k)
- 2a (klzn)
Fatk) = eyt ell),
F (k ): 2(_ 1)” (a (klzn) * i(sl”) elm["z:mb) + O(elm(khnb))
B2 \"Vrn 1+a(kl;,”) .

It is seen that only Fy,(k,,) essentially depends on 0,
(as @ (klz,,) weakly changes with changing of 0,,).

IV.NUMERICAL CALCULATIONS

We carried out numerical calculations for parame-
ters of experimental installation "Agate" [7] in two vari-
ants with iron and aluminum rings and only with iron

rings: a=2cm, b=2cm, R =25cm R,=33cm,

Hy=1kOe, 125000, p,=1, g, =1,0540"s",
. . 2

0,23,60407s", €,=1+4ni0 /0 w=

T
1 =15ms, ky =100k . In the case of only iron rings

€, = 1. In the next analysis’s we shall take these para-
meters for the base and shall investigate the changing of
magnetic induction as variation of one of these.

In Fig.1 and Fig.2 the two-dimensional structures of
the magnetic field created by a periodic system of iron
and aluminum rings and of iron rings and vacuum (in
this case 0, = 0) are shown. The quantitative pattern of
the magnetic field topography corresponds to the quali-
tative ideas about the magnetic field behavior depending
on a selected view point that confirms correctness of the
carried out analytical and numerical calculations.

The infinite sums in the field expressions were sub-
stituted for finite sums (- NJ n] N) in calculations.

In Fig.3 the longitudinal topography of axial component
of the magnetic induction vector on the axis of the sys-
tem and on the radius 7 = 1.6cm for both variants are

shown. As results from graphs, apart 1,6 cm from the
waveguide axis (at the surface of the thin electron beam
which is going into the second section of the accelerat-
ing installation "Agate" [7]) the depth of modulation is
about 56%.

The base contribution to magnetic field modulation
is given with a harmonicz = 1. On the axis of the sys-
tem the modulation depth is about 33%.

Fig. 1. Structure of the cylindrical wiggler magnetic
field in area I (drift chamber) for sequence of iron-
aluminum rings
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Fig.2. The same in Fig.1 for sequence of iron rings

with vacuum gaps
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Fig.3. Axial component of the magnetic induction
on the axis of our system r=0 (1) and on beam sur-
face r=ry=1,6 cm (2) for one structure period for
sequence of iron-aluminum rings (upper picture)
and for sequence of iron rings with vacuum gaps
(lower picture)
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Fig. 4. Axial component of the magnetic induction

vector on the axis of experimental installation

"Agate" in case of iron-aluminum rings (upper pic-

ture) and in case of iron rings with vacuum gaps
(lower picture)

In Fig.4 the experimentally measured longitudinal
distributions of axial component of the magnetic induc-
tion in drift chamber of experimental installation
"Agate" in case of iron-aluminum rings and in case of
iron rings with vacuum gaps. Measurings were carried
out with the help of magnetic probes in diameter
30 mm. The average values of the magnetic induction
are in well agreement with experimental results for both
cases.

We have carried out calculations for dependence of
average values of the magnetic induction and for modu-
lation depth on spatial and time period, rings thickness
and width. The results of calculations are shown in
Fig.5-10.

1000

0,0 0,4 0,8 1,2 1,6 2,0
Ry -Rq, cm

Fig.5. Average value axial component of the magnet-

ic induction versus rings thickness (R, = 2.5cm ) for

the sequence of iron-aluminum rings (1) and for se-
quence of iron rings with vacuum gaps (2)
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Fig.6. Modulation depth of the magnetic induction ver-
sus rings thickness (R, = 2.5cm ) at the structure axis
r= 0 (1) and at the beam surface v = 1, (2) for se-

quence of iron-aluminum rings (solid lines) and for se-
quence of iron rings with vacuum gaps (dashed lines)

In order to understand better the results of a numeri-
cal analysis we shall find expression for longitudinal
component of magnetic induction in impedance approx-
imation. For this purpose we shall set on boundary of

the drift channel a field B! as

WBY, - 1/2) z10,
= H

GBZB, 0) z) L/2.

As well as above we shall look for the longitudinal mag-
netic field in form . If not to take into account wave pro-

cesses (w /c, k3) << k, (k,=2nn/L) for distribution

Bl

z

B! we shall obtain the following expression

(Bl B 4B BT Lk ) sin(hy,, DU
2 5 m BB Lk, R) 2nt
As follows from expression the average value of
magnetic induction inside drift chamber

B” = (B'+ B%)/2

B[

depends from values of magnetic induction on inner sur-
faces of one and other ring. Whereas the modulation of
magnetic induction

a = iBZA_ BZB ne:r 10(k2n+lr) ¢ Bzmax_ B:ﬁn
m B'+ B® Y. I (k. R)(2n+1) 25"

depends in an explicit form from structure period and
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Fig.7. Average value axial component of the mag-
netic induction versus rings width for the sequence
of iron-aluminum rings (1) and for sequence of iron

rings with vacuum gaps (2)
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Fig.8. Modulation depth of the magnetic induction
versus rings width the structure axis r = 0 (1) and

at the beam surface 1 = 1, (2) for the sequence of

iron-aluminum rings (solid lines) and for sequence
of iron rings with vacuum gaps (dashed lines)

from values of magnetic induction on inner surfaces of
one and other rings. In comparisons results of numerical
calculations with analytic expressions , we keep in

mind that values B! and B’ depend from ring sizes,
permeability and permittivity of ring materials by im-
plicit way. Let for the sake of definiteness that B.' cor-
responds to nonmagnetic material and B’ corresponds

to magnetic material. At thickness of iron rings there is
vastly greater than a skin layer depth in iron ring

(Rz - Rl) >> c/1/2ﬂ0 LH L@ it is possible to count ap-

proximately B” = 0. Then
4= Ik
B&=B!/2, a=—¢ (A7) :
Moo Lo (ky R)(20 1)

That is average value of magnetic induction is dictated
by value of magnetic induction on inner surfaces of ring
of nonmagnetic material only. The modulation value de-
pends from ring width (structure period L ) only.
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Fig.9. Average value axial component of the magnet-
ic induction versus time period for the sequence of
iron-aluminum rings (1) and for sequence of iron
rings with vacuum gaps (2)
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Fig. 10. Modulation depth of the magnetic induction
versus rings width the structure axis v = 0 (1) and at

the beam surface v = 1, (2) for the sequence of iron-

aluminum rings (solid lines) and for sequence of iron
rings with vacuum gaps (dashed lines)

As follows from Fig.5, Fig.7 and Fig.9 average val-
ue of longitudinal component of magnetic induction has
very weak dependence from on rings thickness, ring
width and time period for sequence of iron rings with
vacuum gaps and approximately equals to external mag-
netic field induction. In contrast to this case average val-
ue of longitudinal component of magnetic induction for
sequence of iron-aluminum rings is strongly decreases
when increasing of rings thickness and when increasing
of a frequency of external magnetic field changing.
Such behavior easily speaks from expression (16) and
given there explanations. In case for sequence of iron
rings with vacuum gaps the magnetic induction does not
decay (0, = 0) through cross section of gaps, and so it
doesn’t depend from structure parameters. Because of
presence iron rings the value of magnetic induction on
inner surfaces of iron ring approximately twice there is
more than induction of an exterior magnetic field. The
behavior average value of of magnetic induction in case
of iron-aluminum ring sequence also it is possible to ex-
plain from change of skin depth in aluminum rings.

Fig.6, Fig.8 and Fig.10 show modulation depth inde-
pendence from rings material. The modulation value de-
pends mainly from structure period.

V.SUMMARIES

1.The set of equations describing the magnetic field
of the solenoid with rings made from materials with
different electric and magnetic properties is ob-
tained. The current in solenoid varies under the
monochromatic law, generally, with the arbitrary
frequency.

2.At the low-frequency, period of the structure and
rings thickness exerts the essential influence on the
magnitude of the magnetic field modulation in con-
trast to materials of the rings and time period. Modu-
lation depth grows with the axial period increase,
and with the rings thickness increase.

3.For parameters of the collective ion accelerator [7]
the magnitude of longitudinal magnetic field modu-
lation on the axis of the drift chamber is about 33%,
and on the beam radius is about 56%.

The work is carried out with the partial support of

the STCU grant #1569.
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®OPMHUPOBAHUE MEPHOJINYECKAX MATHUTHBIX ITOJENA TOCJEJIOBATEJIBHOCTBIO
KOJIEL C PA3JIMYHBIMHA SJIEKTPUYECKUMHUA U MATHUTHBIMUA CBOMCTBAMHU

JI.IO. Koneiiuenko, H.H. Onuwenko, I.B. Comnuxkos, C.C. Ilywkapes,
10.B. Ilpoxonenxo, I1.T. Yynuxkos, /I.B. Meoeedes

[IpoBeneH 37EKTPOAMHAMUYIECKHN pacdeT TOmorpaduu MOCTOSHHBIX MAarHUTHBIX IOJIEH, CO3MaBaeMBIX B IIPO-
CTPAaHCTBEHHO-TICPUOUYECKON CUCTEME, TIPEICTABIIIONICH CO0O0M CONICHONA, BHYTPH KOTOPOTO MEPUOIUICCKU Pa3-
MEIMIAIOTCS KOJIbIIA U3 MAaTEPHAJIOB C PAa3IMYHBIMH ANEKTPHUSCKUMHA U MATHUTHBIMU CBOHCTBAMHU.

®OPMYBAHHJ NEPIOJUYHUX MATHITHHUX ITOJIIB HOCJIILIOBHICTIO KIVIELIb 3 PI3HUMH
EJIEKTPUYHUMU TA MATHITHUMU BJIACTUBOCTSIIMH

/.1O. Koniituenxo, I. M. Onuwenxo, I'.B. Comnikos, C.C. Ilyukapbos,
10.B. Ilpoxonenxo, I1.T. Yynuxkos, /I.B. Meoeedes
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Y poGoTi MpoBeeHo eIeKTPOANHAMIYHUI PO3paxyHOK Tornorpadii MOCTIHHUX MarHITHUX TOJIB, [0 BUHUKAIOTh
y MIPOCTOPOBO-NIEPIOINIHIN CHCTEMI, sIKa SBJISIE COOOI0 COJICHOI/, IEPiOTUIHO HABAHTAXKCHUH KUTBISIMH 3 Pi3HUMH
SJIEKTPUYHUMH T4 MarHITHUMU BJIACTUBOCTSIMH.
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