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The theory of time-nonlocal random processes formulated in terms of non-Markovian Fokker-Planck equation
is used to describe the results of numerical simulations of particle diffusion in the random longitudinal field
with prescribed statistical properties.

Introduction

Studies of particle and heat transport in turbulent
fields remains one of the key issues of plasma physics
during the last decades. A noticeable progress in this
field stimulates much interest to the specific aspects
of this problem. In particular this concerns the study
of time-nonlocal (memory) effects in transport phe-
nomena in turbulent plasmas.

To outline the problem let us consider a model non-
Markovian equation for distribution function f(x, t)
which describes the diffusion in x space

∂

∂t
f(x, t) =

∂

∂x

t∫
0

h(x, t− t′) ∂
∂x
f(x, t′)dt′. (1)

In such type of equation, which could be obtained
under rather general assumption, the diffusion coef-
ficient h(x, τ) tends to zero at τ > τcor, where τcor

denotes the correlation time of random field.
In many problems diffusion processes are consid-

ered on time scales which much exceeds τcor, when
the variation of f(x, t) within the current time inter-
val (t − τcor, t) become negligible, and transition to
Markovian (time-local) description is substantiated

∂

∂t
f(x, t) =

∂

∂x
D(x)

∂

∂x
f(x, t),

D(x) =

∞∫
0

h(x, τ)dτ. (2)

However, if we are interested in diffusion on small
time scales, which are less, or of the order of τcor

and/or if the variation of f(x, t) on such scales is not
small the transition to Markovian description is not
valid.

The experiments on fast recovery of the gaussian
shape of electron temperature profile after the pellet

injection (on time scale one order smaller than elec-
tron energy confinement time) indicate the existence
of two classes of transport [1]. Fast and slow trans-
port in this example seems very likely corresponds
to fast and slow variation of distribution function on
time interval of the order of τcor, the first of which
needs non-Markovian description.

Other example, where non-Markovian effects are
important, concerns saturation of instabilities due
to trajectory diffusion, like it was considered in the
Dupree-Weinstock renormalization approach [2, 3].
Usually, the diffusion is supposed to be classical one
and is determined by the time asymptotic of the dif-
fusion coefficient. However, more precisely, the un-
stable wave dissipation depends on the rate of di-
vergence of trajectories starting in the same point of
phase space. The initial stage of this process, for
which time non-local effects are strong, could not be
ignored.

Recently much attention has been also paid to the
turbulent diffusion which considerably deviate from
classical one. In many cases such deviations are as-
sociated with the non-Markoviety [4–8].

Statistical derivation of the non-Markovian diffu-
sion equation was done in [6]. Here we present the
basic points of the statistical approach to the descrip-
tion of time-nonlocal effects, and apply it to calcula-
tion of particle diffusion in velocity space in the case
of the Langmuir-type turbulence. The analytical es-
timates will be compared with the results obtained in
numerical simulation.

Non-Markovian Fokker-Planck equation

Evolution equation for particle distribution function
f(x, v, t) in random (turbulent) field can be written
in the form of the Fokker-Planck-type equation with



time-nonlocal collision term{ ∂
∂t

+ v
∂

∂x

}
f(x, v, t) =

=
∂

∂v

t∫
0

dt′h(v, t− t′) ∂
∂v
f(x, v, t′), (3)

where x and v are coordinate and velocity, t – time,
h(v, τ) is the time-nonlocal diffusion coefficient in
the velocity space which depends on turbulent elec-
tric field spectrum. Eq. (3) is obtained from the
Klimontovich-Vlasov equation by its averaging over
the ensemble of random electric field. Splitting of
the distribution function on averaged and fluctuating
parts is also used. The collision term which appear
in course of such derivation is usually approximated
by the time-local value, however we retain the time
dependence as non-local.

Introducing the transition probability which is gov-
erned by the same equation and the initial condition

W (x− x′, v, v′; τ = 0) = δ(x− x′)δ(v − v′), (4)

we can express time-nonlocal diffusion coefficient in
terms of transition probability and correlation func-
tion of the potential of turbulent electric field 〈Φ2〉kτ

h(v, τ) =
( e
m

)2
∫
dv′
∫
dk

2π
k2〈Φ2〉kτWk(v, v′; τ).

(5)
Eqs. (3)–(5) are the close set of equations which de-

termine the distribution function in turbulent electric
field with regard to the trajectory diffusion (Dupree-
Weinstock renormalization) as well as time non-local
effects.

Simplified well-known versions of these equations
could be obtained under three following assumption:
1. Time-local description, mentioned in introduction,
is obtained if the variation of f(x, v, t′) is slow, so in
right-hand side of Eq. (3) it could be replaced by
f(r, v, t) and further integration is fulfilled

t∫
0

h(v, τ)f(t− τ)dτ → f(t)

∞∫
0

h(v, τ)dτ = D(v)f(t).

2. Reduction to quasilinear theory (where trajecto-
ries are unperturbed) is obtained when right-hand
side of Eq. (3) for the transition probability is ne-
glected. Putting the such transition probability
(which does not depend in this case on h) in Eq. (5)
we obtain the diffusion coefficient in the explicit form.

Otherwise, when the transition probability is depen-
dent on h, Eq. (5) is the integral equation for h.
3. Even under previous two assumptions the solution
of Eq. (3) could not be obtained in analytical form.
Chandrasekhar [9] found the solution of such type
equation rewritten in the Fokker-Planck form

{
∂

∂t
+ v

∂

∂x
− ∂

∂v

(
βv + η

∂

∂v

)}
f(x, v, t) = 0

under the assumption that coefficients β, γ do not
depend on v. This means D(v) is approximated by
two terms of Taylor expansion

β = − ∂

∂v
D(v)|v=v0

, η = D(v)|v=v0
,

where v0 corresponds to the phase velocity of the cen-
tral harmonic in the spectrum of turbulent field.

It is interesting to note, that in the description
of time-nonlocal effects we made only third assump-
tion. The right-hand side of Eq. (3) is the convolu-
tion of two functions, so making Fourier transforma-
tion we obtain the product hωfω. This means the
Chandrasekhar solution for the transition probabil-
ity can be generalized to the case of time-nonlocal
diffusion coefficient. Namely, instead of β and η we
should substitute βω and ηω into ω-representation of
the Chaudrasekhar’s solution. Here,

βω = − ∂

∂v
hω(v)|v=v0

, ηω = hω(v)|v=v0
.

Such formal solution, in fact, gives the integral equa-
tions for the transition probability βω and ηω. They
could be solved by retaining the finite number of har-
monics.

Particle diffusion in the set of Langmuir
waves with random phases: non-Markovian

effects

The approach presented above was used to describe
particle diffusion in velocity space. To check its va-
lidity numerical simulations were made. Temporal
dependence of mean-square velocity deviations cal-
culated from the non-Markovian Fokker-Planck equa-
tion is compared with the results of numerical simu-
lations.

Turbulent field Φ was taken as superposition of N
Langmuir type waves with eigenfrequency ω0 = const
and random phases α

Φ(x, t) =
N∑
n=1

Φn cos(ω0t− knx+ αn).
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a) k0v0/ω0 = 1 b) k0v0/ω0 = 1.2

Figure 1: δk = 0.4, σ = 10−4
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Figure 2: δk = 0.4, σ = 10−3
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a) k0v0/ω0 = 0.8 b) k0v0/ω0 = 1
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Figure 3: δk = 0.04, σ = 10−4



The amplitude of potential Φn is nonzero in the in-
terval (kmin, kmax) and depends on current wave num-
ber kn as the following

Φ2
n = Φ2

0

dk√
π∆k

exp

[
−
(
kn − k0

∆k

)2
]

dk = (kmax − kmin)/N,
kn = kmin + ndk,

n = 1, . . . , N.

Here k0 corresponds to the central harmonic, ∆k is
the width of the spectrum, and Φ0 characterized the
total field intensity.

The analytical (dashed line) and numerical (solid
line) temporal dependencies of velocity dispersion are
shown in Figs. 1–3 for various field intensities, spec-
trum widths and particle initial velocities v0. The
velocity dispersion is normalized on bounce velocity
vosc = (eΦ0/m)1/2, time is measured in units of pe-
riod 2π/ω0. The quantities σ ≡ (k0/ω0)2(eΦ0/m)
and δk ≡ ∆k/k0 are used as the dimensionless pa-
rameters of field intensity and spectrum width.

In the case of weak field (σ = 10−4, 10−3) and
rather wide spectrum (δk ∼ 0.4) the meansquare ve-
locity displacement of resonant (nearly-resonant) par-
ticles is proportional to time interval (Figs. 1, 2), as
it is predicted by quasilinear theory.

However, further increase of the field intensity at
the same spectral width leads to the saturation of the
meansquare velocity displacements; the value of the
field intensity required for saturation of 〈∆v2〉τ is de-
pendent on the spectral width. For narrow spectrum
δk ∼ 0.04 the smaller field σ = 10−4 provides the
saturation of the meansquare velocity displacement
of resonant particles (Figs. 3b).

The evolution of meansquare velocity displacement
of non-resonant particles is accompanied by oscilla-
tions (Figs. 3a,d ).

Conclusions

The conventional quasilinear theory in the approx-
imation disregarding the time and velocity depen-
dence of the diffusion coefficient in the velocity space
can be used only in the case of small intensity and
large width of turbulent field spectrum. The increase
of the intensity as well as the decrease of the spectral
width lead to considerable deviation of the results of
simulations (such as saturation and frequent oscilla-
tion of the meansquare velocity displacement) from
the predictions of the quasilinear theory.

The proposed non-Markovian (time non-local) de-
scription of particle diffusion in turbulent field gives a
good agreement with results of numerical simulation

for a moderate field intensities σ ≤ 10−3. It repro-
duce not only linear dependence of velocity mean-
square deviation on time (Fig. 1,2), but also its sat-
uration (Fig. 3b) as well as oscillations (Figs. 3a,d).
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