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In this work we propose a model of description of a superfluid Fermi liquid with a spiral ordering by spins. The
method of description is similar to that of description of spiral magnetics. Self-consistency equations for the order
parameter are obtained. The transition temperature and order parameter in case of interaction similar to the Skyrme
interaction are numerically calculated. The transition temperature and the order parameter, are proved to reach their

maximal value under spirality distinct from zero.
PACS: 67.57. z, 71.10.Ay

The term “spiral ordering” means that the state of a
system remains invariant after an arbitrary spatial shift
on a vector a and a simultaneous rotation of spins on an
angle aq, with ¢ the spirality vector, i. e. the state of the
system is invariant relatively the unitary transformation

V= expia(p- q03): (1

ViVt =t (2)
where

A: Hf g~H

f Hg+ - 71 (3)

03— Pauli matrix and p— operator of momentum,
generalized on a superfluid Fermi liquid:
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Here f and g stand for normal and anomal
distribution functions of quasi-particles in the superfluid
Fermi liquid.

Such states of the superfluid Fermi liquid are
analogous to the spiral ordering of magnetics [1] and
can be presumably realized in liquid *He or in neutron
stars.

Generally, such a state must be spatially unhomo-
geneous. It is a superposition of singlet and triplet spin
states of the superfluid Fermi liquid.

In construction of the theory of spiral ordering for
the superfluid Fermi liquid we followed the works [2,3],
where the distribution function of the normal and
superfluid components is presented in the form of

defined above supermatrix £ ; the quasi-particle energy
¢ and the operators of physical values g read as

O R ©

f,= 070", (6)

where U = exp(- iqx0 3) , preserves the structure of the

supermatrix f, analogical to the matrix fA :

. B4 gqNH
S @

and transfers the system into a homogeneous state:
[fq>P1=0. ®

Normal and anomalous distribution functions f,
and g, that define the supermatrix fq in (7) are
expressed through f'and g in the following way:

fq e igxo 3feiqx0 3, )

- iq;O' 3

g, e " 3ge (10)
The general structure of the ‘“homogeneous”
anomalous distribution function g, and the order

parameters A, for case of one kind of fermions is:

gq(p):(go(p)+ g(py oy, (11)

(12)

This describes a superposition of singlet and triplet
states of the system. On the other hand, the quantity
2,(p) can be expanded into components g;and g that is
convenient for further calculations:

Ay (p)= [Ag(p)* ApYY o5

gq= gt &, (13)
where

g (g0 + &30 3)0 2, (14)
and

g7 201+ 8202)05. (15)

The order parameter A,(p) can be expanded in the same
way:
bg=by+bo,

where

(16)
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Ay={bg+hs0s)0,
and
A =(0y0,+8,0,)0,.

a7

(18)

By means of these matrices, it will be easy to
reconstruct the unhomogeneous distribution functions f
and g, the order parameter A and to calculate the
spatially unhomogeneous characteristics of the system.

In fact, the matrix elements of the distribution

functions f, g, f, and g, between the impulse states <p|
and |p') have form:

fw:zlw“&@wm“yﬂ
(e ., (19
x0(p-p'-@-x)q)
Epp 7 ) 1+’7203gq(p-f7q)1+203x
Y (20)
x0(p+ p'- (0 +K)q)

The matrix elements of the order parameter A;, and
the energy ¢, are of analogous form. They are defined
through “homogeneous” order parameters A,(p);. and
g/p)i2, which are diagonal matrices in the impulse
space.

The energy of the system can be represented in the
following form:

E(f): EO(f) Emt( ) (21)

In this work we do not take into account influence of
the normal amplitudes of interaction on the superfluid
properties.

The energy Eo(f) of the free Fermi liquid quasi-
particles possesses the following form:

Eols)= 3 weplfp

L (22)

2 / 2m . Note, that the energy g, (p) and
g,(p) have dlagonal form in the impulse space:

where ¢ ( )

e p)=elp)s(p-p). (23)

Then

(p)- (p+2q;3)2

(24)

£ :50(1’)+0353(1’)'

q

The term 0 3¢ 3 ( p) in the energy g, (p) is not equal to
zero and substantially influences the process of

diagonalization of the distribution function j}q ( p) .

We choose the term of (21) that is responsible for
the superfluidity in the form which is quadratic in the
distribution function:
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Einlg) = 51;4V(1234)g51g34 ) (25)

We choose the interaction between the Fermi liquid
quasi-particles being translationally invariant and
invariant under rotations in the spin space:

v PLP2P3Pa) 1234 =_>V0(_l'€,k')5135 24t

' - (26)
+ vy (kK 0130 54 =
= u()(k’k’)513524 + ul(k,k')PJ 1234 5
where
By ¢ (6130 24 + 0130 24)/2 (27)
and
k- PP Pz k= P3~ P4
2 2 (28)

Pt pPy=p3tpg.

We suppose that the interaction between quasi-
particles does not depend on the total momentum of the
interacting particles. As a model of interaction we
consider the effective Skyrme force that depends on
angles between momenta of the interacting quasi-
particles and quadratically — on absolute values of their
momenta. Under such a choice of interaction one can
say formally that one examines the proton-neutron
pairing in a symmetric nuclear matter, unless the
interaction is considered as an example of enough
simple force between quasi-particles.

As is known from the works [2,3], the order
parameter A;; and anomalous distribution function are
connected by the following equation:

b=y v(1234)g34 .
3,4

By expressing g through A, one can obtain a self-
consistency equation for the order parameter.

In the case of spiral ordering the order parameter
App- and the anomalous distribution function g, express
through A,(p) and g,(p) accordingly, and the
“homogeneous” normal distribution function g,(p) was
obtained in the work [4] as a function of the singlet and
triplet order parameters 4 g and A .

For the order parameter (Ao A;) we have the
following equation:

(29)

bo(p)ths(p)e= —2 O (pitg,prt
Vb, , (30)

(20(p2)t g3(p2)

where
o (p,p)=volp.p)-vilp.P)- 2nlpp), (3D
holp)ta Ej
alple olsl=- 0T o



2

2
Ej = H(l’* ‘I) (33)

2kl o5l

For the order parameter A,+A, we have the
equation:

bo(p)tidy(p)): in Y (propa) .
P2

x(g2(po)tigi(py))

where
Y (p.p)= volp.p)+ wilp.p), (35)
olp)t () - L2l mile) B2 o
2k 2T
N A 7 2 ()12
e /JH tpalp)e (Pl G

Equations (30, 34) describe two particular cases. For
description of general spiral ordering of superfluid
Fermi liquid we have to obtain a system of 4 nonlinear
integral self-consistency equations for the singlet (A)
and triplet (A ) order parameters. Nevertheless, the true
spirality is possible only in the case when all 4
components A;, where j=0,....3 do not vanish. Then the
systems of equations are closely coupled between them-
selves. However, in the present work we do not investi-
gate this case.

It is easy to see that the spirality parameter ¢ defines
directly the equations for A; and A, only, so we will
examine this unhomogeneous case. Note that equation
(34) does not depend on the sign “+”, hence A;=0.
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Fig. 1

The equation (30) for A, has been numerically
solved for the Skyrme SKP force. For this force we
have

L . U 2 V2

uo(P,P)- apt app * az(P tp )

’ 2) (3%)

N . 2
u1(P,P)- Xodo t Xy pp * Xa\p”t p

The constants a; and x; (i=0,....,3) are defined by
parametrisation of the potential.

Under such a choice of potential we should seek for
the order parameter in the form A,(p)=9. p z, where z is
the cosine of angle between the vectors p and ¢.

The order parameter A, has been calculated at 7=0
as a function of the spirality vector ¢ and is presented on
the Fig.1. At the same figure we present the transition
temperature versus ¢q. At ¢ ~0,75 the superfluidity
disappears (6,=0, 7.=0).
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The transition temperature (and d, as well) reaches
its maximal value at ¢~0,1. It means that the most stable
state should be under ¢ distinct from zero, unless the
maximum of Tt is very tiny. Similarly behaves the order
parameter &, at 7=0. The area of extremum of the
transition temperature is shown on the Fig.2. Whether
the appearance of the extermum is model-dependent,
remains an open question.
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