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ÓÄÊ 517.526 
 
О. М. Сусь 
 
ПРО ОЦІНКУ ШВИДКОСТІ ЗБІЖНОСТІ ДВОВИМІРНИХ НЕПЕРЕРВНИХ 
ДРОБІВ З КОМПЛЕКСНИМИ ЕЛЕМЕНТАМИ 
 

Ðîçãëÿäàþòüñÿ äâîâèì³ðí³ íåïåðåðâí³ äðîáè, åëåìåíòè ÿêèõ ëåæàòü ó êóòî-
â³é îáëàñò³ ïðàâî¿ ï³âïëîùèíè. Âñòàíîâëåíî äîñòàòí³ óìîâè çá³æíîñò³ òà 
ô³ãóðíî¿ çá³æíîñò³. Îäåðæàíî îö³íêó ïîõèáêè íàáëèæåííÿ.  

 
Â àíàë³òè÷í³é òåîð³¿ íåïåðåðâíèõ äðîá³â ïîðÿä ç êðóãîâèìè, ïàðíèìè, 

ïàðàáîë³÷íèìè îáëàñòÿìè çá³æíîñò³ âèâ÷àþòüñÿ é êóòîâ³ îáëàñò³ çá³æíîñò³ 
[9]. Îäí³ºþ ç ïåðøèõ òåîðåì, ÿêà ðîçãëÿäàº çá³æí³ñòü íåïåðåðâíèõ äðîá³â ó 
êóòîâ³é îáëàñò³, º òåîðåìà Âàí Ôëåêà (áåç îö³íêè øâèäêîñò³ çá³æíîñò³), 
âñòàíîâëåíà â 1901 ðîö³ [14]. 

Íåïåðåðâíèé äð³á 
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Ó 1909 ðîö³ J. L. W. V. Jensen [13] äëÿ ïðàâèëüíèõ äðîá³â Âàí Ôëåêà 
âñòàíîâèâ îö³íêó ïîõèáêè íàáëèæåííÿ íåïåðåðâíîãî äðîáó éîãî n -ì ï³äõ³ä-
íèì äðîáîì. Ó ðîáîò³ [12] áóëà çàïðîïîíîâàíà ìåòîäèêà âñòàíîâëåííÿ îö³í-

êè øâèäêîñò³ çá³æíîñò³ äëÿ äðîá³â çàãàëüíîãî âèãëÿäó 
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Äëÿ áàãàòîâèì³ðíèõ óçàãàëüíåíü íåïåðåðâíèõ äðîá³â, çîêðåìà, ã³ëëÿñ-
òèõ ëàíöþãîâèõ äðîá³â (ÃËÄ), ÃËÄ ñïåö³àëüíîãî âèãëÿäó òà äâîâèì³ðíèõ íå-
ïåðåðâíèõ äðîá³â (ÄÍÄ), àíàëîãè òåîðåìè Âàí Ôëåêà âñòàíîâëåíî â ðîáîòàõ 
[3, 6, 8, 10] (áåç îö³íêè øâèäêîñò³ çá³æíîñò³). Ó ðîáîòàõ Ò. Ì Àíòîíîâî¿ [1, 2] 
çà äîïîìîãîþ âñòàíîâëåíèõ íåþ ôîðìóë äëÿ ä³éñíèõ òà óÿâíèõ ÷àñòèí çà-
ëèøê³â ÃËÄ çíàéäåíî îö³íêè çíà÷åíü çàëèøê³â ïðàâèëüíèõ ÃËÄ Âàí Ôëåêà 
³ ìåòîäîì ôóíäàìåíòàëüíèõ íåð³âíîñòåé âñòàíîâëåíî îö³íêó ïîõèáêè íà-
áëèæåííÿ òàêèõ ÃËÄ éîãî n -ìè ï³äõ³äíèìè äðîáàìè. 

Ó ö³é ðîáîò³ âèâ÷àþòüñÿ ïðàâèëüí³ äâîâèì³ðí³ íåïåðåðâí³ äðîáè Âàí 
Ôëåêà, òîáòî ÄÍÄ, åëåìåíòè ÿêèõ çàäîâîëüíÿþòü óìîâè òåîðåìè Âàí Ôëå-
êà, òà çà äîïîìîãîþ ìåòîäèêè, çàïðîïîíîâàíî¿ â ðîáîòàõ [4, 7], äîñë³äæóºòü-
ñÿ øâèäê³ñòü ¿õ çá³æíîñò³. 

Ðîçãëÿíåìî íåñê³í÷åííèé äâîâèì³ðíèé íåïåðåðâíèé äð³á (ÄÍÄ) âèãëÿäó 
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Îçíà÷åííÿ 1 [10]. Ñê³í÷åíí³ ÄÍÄ 
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íàçèâàþòüñÿ çâè÷àéíèìè n -ìè íàáëèæåííÿì ÄÍÄ (1) . 



116 О. М. Сусь 

Îçíà÷åííÿ 2 [10]. Íàçâåìî n -ìè ô³ãóðíèìè íàáëèæåííÿìè àáî n -ìè 
ô³ãóðíèìè ï³äõ³äíèìè äðîáàìè ÄÍÄ (1) ñê³í÷åíí³ ÄÍÄ âèãëÿäó  
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äå ( )
  , 0,1, , 1,2,p

k k pΦ = =  , âèçíà÷àþòüñÿ çà ôîðìóëàìè (3).  

 Îçíà÷åííÿ 3 [10]. ÄÍÄ (1) íàçèâàþòü çá³æíèì (ô³ãóðíî çá³æíèì), ÿê-

ùî ³ñíóº ñê³í÷åííà ãðàíèöÿ ïîñë³äîâíîñò³ éîãî íàáëèæåíü nf{ }  ( nf
{ } ). Âå-

ëè÷èíó ö³º¿ ãðàíèö³ íàçèâàþòü çíà÷åííÿì íåñê³í÷åííîãî ÄÍÄ (1). 
 Âèðàçè âèãëÿäó 
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íàçèâàþòü äâîâèì³ðíèìè çàëèøêàìè çâè÷àéíèõ íàáëèæåíü (2) ³ ô³ãóðíèõ 
íàáëèæåíü (4) â³äïîâ³äíî, à íåïåðåðâí³ äðîáè 
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íàçèâàþòü ¿õ îäíîâèì³ðíèìè çàëèøêàìè. 
Âðàõîâóþ÷è ôîðìóëè (3) òà ïîçíà÷åííÿ (7), ìàºìî 
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 Äëÿ äîñë³äæåííÿ âëàñòèâîñòåé ïîñë³äîâíîñòåé ï³äõ³äíèõ äðîá³â ÄÍÄ 
(1) âèêîðèñòîâóþòüñÿ ôîðìóëè ð³çíèö³ (äâîõ çâè÷àéíèõ àáî äâîõ ô³ãóðíèõ), 
çîêðåìà, äëÿ 1n m> + : 
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 Ó [5] ç âèêîðèñòàííÿì ìåòîäèêè âñòàíîâëåííÿ ôîðìóëè (9) îäåðæàíî 
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Òåîðåìà. Íåõàé åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü íåð³âíîñò³ 

 , , ,Re 0,    Re 0,    Re 0,   0,1, ,   1,2,i i i j i i i jb b b i j+ +> > > = =  , (11) 
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ßêùî ³ñíóþòü òàê³ ïîñë³äîâíîñò³ ,  ,  2,3, ,  j
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³ âèêîíóþòüñÿ óìîâè  

 
2 2

1 11 1

1 1 1 1lim 0,         lim 0
cos cos1 1

r rr r

r r

   
   
   
   →∞ →∞+ += =

= =′ ′′θ θ+ µ + µ∏ ∏
  

, 

 
3

1

1 1lim 0
cos 1

rr

r jj

 
 
 
 →∞ =

=
θ + µ∏ , (13) 

òî ÄÍÄ (1) º çá³æíèì ³ ô³ãóðíî çá³æíèì, ïðè÷îìó lim limn n
n n

f f
→∞ →∞

=   ³ ñïðàâ-

äæóºòüñÿ íåð³âí³ñòü  

 
2 2 2 24 2

4 1
0,0 1 11 1

1 1 1 1 1
1 cos Re cos 1 1

p pp

pf f
b

 
   
       

 

+ ++

+
+ += =

− ≤ ⋅ + +′ ′′− θ θ + µ + µ∏ ∏ 
  

 

 
13 1

0,0 1

1 1 1 12
Re 1 cos cos 1

pp

jj
b

 
 
 
 

++

=

+ ⋅ +
− θ θ + µ∏  

 
22 1

0,0 1

1 1 1
Re cos 1

pp

jj
b

 
 
 
 

+

=

+
θ + µ∏ . (13′) 

Ä î â å ä å í í ÿ. Ó ðîáîò³ [11] äîâåäåíî ëåìó, â ÿê³é äëÿ îäíîâèì³ðíèõ çà-
ëèøê³â (7) ÄÍÄ (1) çà óìîâ (11), (12) äëÿ 0,1, ,  1,2, ,  0,1,i k p= = =    âñòà-
íîâëåíî íåð³âíîñò³ 
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Äâîâèì³ðí³ çàëèøêè (5) ÄÍÄ (1) çà óìîâ òåîðåìè (11), (12) çàäîâîëüíÿ-
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 Âèêîðèñòîâóþ÷è ñõåìó âñòàíîâëåííÿ íåð³âíîñò³ (16), íåâàæêî ïîêàçàòè, 
ùî äëÿ äâîâèì³ðíèõ çàëèøê³â (6) ô³ãóðíèõ íàáëèæåíü (4) ÄÍÄ (1) ñïðàâä-
æóþòüñÿ îö³íêè 
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ÿêà ñïðàâäæóºòüñÿ äëÿ ïðàâèëüíèõ äðîá³â Âàí Ôëåêà [12], óìîâè òåîðåìè 
(11), (12) òà íåð³âíîñò³ (14), îäåðæèìî äëÿ 0,1, ,  2,3, ,  1i s= = ≥  : 
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 1, ,cos 1 Rei i i ib b+ − +≥ θ +( )  .  

   Íåõàé 1, ,Re ,  2,3,i i i ib b+ − +
′µ ≤ =     . Òîä³  

 
4 2 1 4 2( 2 2)

( 2 1) (4 2 )1,
, ,

2 1

1 1
p i p in i

n i p ii i
i i i i

Q
Q Q

− + −− −
− − − − −+

+ +
= =

≤

∏ ∏ 
 

 

 

 
4 2

( 2 2)
111,

1 1 1
cos 1

p i

n i
i iQ

−

− −
+=+

≤ ⋅ ′θ + µ∏


.  

Àíàëîã³÷íî îö³íþºìî ³ äðóãèé äîäàíîê. Íåõàé , 1 ,Rei i i ib b+ − +
′′µ ≤   , 

2,3,=  . Òîä³ 

 
4 2 1 4 2( 2 2)

( 2 1) (4 2 ), 1
, ,

2 1

1 1
p i p in i

n i p ii i
i i i i

Q
Q Q

− + −− −
− − − − −+
+ +

= =

≤

∏ ∏ 
 

 

 

 
4 2

( 2 2)
11, 1

1 1 1
cos 1

p i

n i
i iQ

−

− −
+=+

≤ ⋅ ′′θ + µ∏


.  

Îòæå,  

 
4 2

( 2 1) (4 2 )
( 2 2)

111,

1 1 1
cos 1

p i
n i p i
i i n i

i iQ

−
− − −

− −
+=+

Φ − Φ ≤ ⋅ +′θ + µ∏


 

 
4 2

( 2 2)
11, 1

1 1 1
cos 1

p i

n i
i iQ

−

− −
+=+

+ ⋅ ′′θ + µ∏


.  (20) 

Îö³íèìî 
( 2 1) (4 2 )

0

1
i

n j p j
j j jQ Q− − −
=

∏   . Íåõàé 2 ,  1,2,i = =   . Òîä³ 

 
2 2 1 2

( 2 1) (4 2 ) (4 ) ( 4 1) ( 2 1) (4 2 )
0 0 10 2

1 1 1 1 1
n j p j p n n j p j

j j jj j j jQ Q Q Q Q Q

−

− − − − − − − −
= = =

= ⋅ =∏ ∏ ∏     
  




 

 
1

(4 ) ( 4 1) ( 4 1) ( 4 3) (4 4 2) (4 4 )
0 10 2 2 2 1 2 1 2

1 1 1 1
p n n j n j p j p j

j jj j j jQ Q Q Q Q Q

−

− − − − − − − + −
= =+ −

= ⋅ ∏ ∏     
 




. 

ßêùî 2 1,  1,2,i = − =   , òî 

 
2 1 2 2 2 1

( 2 1) (4 2 ) ( 1) ( 4 1) ( 2 1) (4 2 )
0 1 00 2 1

1 1 1 1 1
n j p j n n n j p j

j j jj j j jQ Q Q Q Q Q

− − −

− − − − − + − − −
= = =−

= ⋅ =∏ ∏ ∏     
  




 

 
1 1

( 1) ( 4 1) ( 4 1) ( 4 1) (4 4 ) (4 4 2)
1 00 2 1 2 1 2 2 2 1

1 1 1 1
n n n j n j p j p j

j jj j j jQ Q Q Q Q Q

− −

− − + − + − − − − −
= =− − +

= ⋅ ∏ ∏     
 




. 

Âèêîðèñòîâóþ÷è íåð³âíîñò³ (17), (19), îö³íèìî 
( ) ( 2)

1

1
s s

j jQ Q −
−
   äëÿ 1,2,j =  , 

2,3,s =  : 

 
( ) ( 2) ( ) ( 2)

1 1

1 1
Res s s s

j j j jQ Q Q Q− −
− −

≤ ≤     
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( 2)

1, 1 ( 1) ( 1) ( 2)
, 1 1,

1
cos cos cosRe s

j j js s s
j j j j j

b Q
Q Q Q

−
− − − − −

− −

≤ ≤
θ θ θ + + + 

 



 

 
( 2)

1, 1 1, 1 ,

1 1 1
cosRe cos 1 Res

j j j j j j jb Q b b−
− − − −

≤ ≤ ⋅
θ+ θ + . 

 Îòæå, 

 
( ) ( 2)

1

1 1 1
cos 1s s

jj jQ Q −
−

≤ ⋅
θ + µ  ,  

äå 1, 1 ,Re ,  1,2,j j j j jb b j− −µ ≤ =  . Òàêèì ÷èíîì, 

  
( 2 1) (4 2 ) ( 2 1)

0,00 1

1 1 1 1 1
Re cos 1

i i

n j p j n i
jj jj j i

bQ Q Q− − − − −
= =

≤ ⋅ ⋅
θ + µ∏ ∏   . (21)  

Àíàëîã³÷íî, ç âèêîðèñòàííÿì ñõåìè äîâåäåííÿ íåð³âíîñò³ (21), ìîæíà 
ïîêàçàòè, ùî 

 
( 1) (4 2 ) ( 1)

0,00 1

1 1 1 1 1
Re cos 1

i i

n j p j n i
jj jj j i

bQ Q Q− − − − −
= =

≤ ⋅ ⋅
θ + µ∏ ∏ .  (21′)  

Ðîçãëÿíåìî âèðàç  

 
( 4 1)
2

2 2 2 2 1
(4 2 ) ( 2 1) (4 2 ) ( 2 1)

0 0 0 0

1
n p
p

p p p p
p j n j p j n j

j j j j
j j j j

Q Q Q Q

− −

+
− − − − − −

= = = =

Φ
+

∏ ∏ ∏ ∏   
 

³ ïîäàìî éîãî ó âèãëÿä³ 

 ( 4 1)
2 2 2( 4 3)

(4 2 ) ( 2 1)2 1

0 0

1 1n p
p p pn p

p j n jp
j j

j j

Q
Q Q

− −
− −

− − −+

= =

 
Φ + = 

  ∏ ∏
  

 

 ( 4 1)
2 ( 4 3) ( 4 1) (4 )

2 1 2 0

1 1 1n p
p n p n p p

p pQ Q Q
− −

− − − −
+

 
= Φ + ⋅ ⋅ × 

     

 
2 1 2

( 2 1) (4 2 )
0 1

1 1
p p

n j p j
j jj jQ Q

−

− − −
= =

× ∏ ∏  . 

Âèêîðèñòîâóþ÷è ôîðìóëè (8), íåð³âíîñò³ (17), (19), îäåðæèìî 

 

( 4 1)
2 ( 4 3)

2 1

( 4 1)
2

1n p
p n p

p

n p
p

Q

Q

− −
− −
+

− −

Φ +

≤


  

 
( 4 2) ( 4 2) ( 4 3)
2 1,2 2 ,2 1 2 1

2 ,2 ( 4 2) ( 4 2) ( 4 3)
2 1,2 2 ,2 1 2 1

1 1 1

1 1 1Re cos

n p n p n p
p p p p p

p p n p n p n p
p p p p p

Q Q Q

b
Q Q Q

− − − − − −
+ + +

− − − − − −
+ + +

+ +

≤ ≤
 

+ θ ⋅ + +  
 





 

 
( 4 2) ( 4 2) ( 4 3)
2 1,2 2 ,2 1 2 1

2 ,2 ( 4 2) ( 4 2) ( 4 3)
2 1,2 2 ,2 1 2 1

1 1 1

1 1
cos 1 1 1 cos

n p n p n p
p p p p p

p p n p n p n p
p p p p p

Q Q Q

b
Q Q Q

− − − − − −
+ + +

− − − − − −
+ + +

+ +

≤ ⋅ ≤
θ θ+ + +




. 
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Âðàõîâóþ÷è íåð³âí³ñòü (21) äëÿ 2 , 1,2i p p= =  , îäåðæèìî 

 
2 1 2

( 4 1)
2 ( 4 3) ( 4 1) (4 ) ( 2 1) (4 2 )

0 12 1 2 0

1 1 1 1 1
p p

n p
p n p n p p n j p j

j jp p j jQ Q Q Q Q

−
− −

− − − − − − −
= =+

 
 Φ + ⋅ ⋅ ≤
 
 

∏ ∏      

 
2

0,0 1

1 1 1 1
cos Re cos 1

p

jj
b

=

≤ ⋅ ⋅
θ θ + µ∏ . (22) 

 Àíàëîã³÷íî ìîæíà ïîêàçàòè, ùî 

 
2 1 2

( 2 1)
2 ( 2 2) ( 2 1) (4 ) ( 1) (4 2 )

0 12 1 2 0

1 1 1 1 1
p p

n p
p n p n p p n j p j

j jp p j jQ Q Q Q Q

−
− −

− − − − − − −
= =+

 
 Φ + ⋅ ⋅ ≤
 
 

∏ ∏   

 
2

0,0 1

1 1 1 1
cos Re cos 1

p

jj
b

=

≤ ⋅ ⋅
θ θ + µ∏ . (22′) 

Äàë³ ðîçãëÿíåìî 
( 2 1) ( 2 2)

1,

1 1 ,  0,1,
n i n i

i i i

i
Q Q− − − −

+

⋅ =  , ³ îö³íèìî öåé äîáóòîê, 

âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (6) ³ íåð³âíîñò³ (17″): 

 
( 2 1)( 2 1) ( 2 2) ( 2 2)

1, 1,

1 1 1 1
Re n in i n i n i

ii i i i iQQ Q Q− −− − − − − −
+ +

⋅ ≤ ⋅ ≤  

 
( 2 2)

, 1,( 2 2)
1,

1

cosRe n i
i i i in i

i i

b Q
Q

− −
+− −

+

≤ ≤
 θ+  
 

 

 
, 1,

1 1 1
cos cos1 Rei i i ib b +

≤ ⋅ ≤
θ θ+

. (23) 

  Ç ïîçíà÷åíü (6) ³ íåð³âíîñòåé (17″′) âèïëèâàº, ùî 

 
( 2 1) ( 2 2)

, 1

1 1 1
cosn i n i

i i iQ Q− − − −
+

⋅ ≤
θ .  (24) 

Àíàëîã³÷íî, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (5), íåð³âíîñò³ (16) ³ ñõåìó 
äîâåäåííÿ îö³íîê (23), (24), âñòàíîâëþºìî íåð³âíîñò³ 

 
( 1) ( 2) ( 1) ( 2)

1, , 1

1 1 1 1 1 1,     
cos cosn i n i n i n i

i i i i i iQ Q Q Q− − − − − − − −
+ +

⋅ ≤ ⋅ ≤
θ θ

. (24′) 

Ï³äñòàâëÿþ÷è îäåðæàí³ íåð³âíîñò³ (20)–(24) ó ôîðìóëó ð³çíèö³ (18), 
îäåðæèìî 

 
2 1

4 1
0,0 10 0

1 1 1 1
cos Re cos 1

p k

n p
jk j

f f
b

−

+
+= =

− ≤ ⋅ ⋅ ×
θ θ + µ∑ ∏   

 
4 2 4 2

1 11 1

1 1 1 1
cos cos1 1

p k p k− −

+ += =

 
× ⋅ + ⋅ + ′ ′′θ θ+ µ + µ 

∏ ∏
  

 

 
2

0,0 1

1 1 1 1
cos Re cos 1

p

jj
b

=

+ ⋅ ⋅ =
θ θ + µ∏  

 
1 4 2

0,0 1 10 0 1

1 1 1 1 1 1
cos Re cos 1 cos 1

p p kk

jk j
b

− −

+ += = =

= ⋅ ⋅ ⋅ + ′θ θ + µ θ + µ
∑ ∏ ∏


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4 2 2 1

0,0 111 0

1 1 1 1 1 1
cos cos Re cos 11

p k p k

jk p j
b

− −

++= = =

+ ⋅ + ⋅ ⋅ ×′′θ θ θ + µ+ µ 
∏ ∑ ∏


 

 
4 2 4 2

1 11 1

1 1 1 1
cos cos1 1

p k p k− −

+ += =

 
× ⋅ + ⋅ + ′ ′′θ θ+ µ + µ 

∏ ∏
  

 

 
2

0,0 1

1 1 1 1
cos Re cos 1

p

jj
b

=

+ ⋅ ⋅ ≤
θ θ + µ∏  

 
1 2 2 2 24 1

0,0 1 10 1 1

1 1 1 1 1
cos Re cos 1 1

p p pp k

k
b

 
 
 
 

− + ++ −

+ += = =

 
≤ ⋅ + + ′ ′′θ θ + µ + µ 

∑ ∏ ∏
  

 

 
2 1 24 1

0,0 10 1

2 1 1 1 1 1
cos Re cos 1 cos 1

p p pp k

j jk p j j
b

 
 
 
 

− + −

+= = =

+ + ⋅ ≤
θ θ + µ θ + µ∑ ∏ ∏  

 
2 2 2 24 2

0,0 1 11 1

1 1 1 1 1
Re 1 cos cos 1 1

p pp

b
 
 
 
 

+ ++

+ += =

 
≤ ⋅ + + ′ ′′− θ θ + µ + µ 

∏ ∏
  

 

 
13 1

0,0 1

1 1 1 12
Re 1 cos cos 1

pp

jj
b

 
 
 
 

++

=

+ ⋅ +
− θ θ + µ∏  

 
22 1

0,0 1

1 1 1
Re cos 1

pp

jj
b

 
 
 
 

+

=

+
θ + µ∏ . (25) 

Ïåðåõîäÿ÷è äî ãðàíèö³ ïðè → ∞p  â íåð³âíîñò³ (25) ³ âðàõîâóþ÷è óìî-
âè (13) òåîðåìè, äîõîäèìî âèñíîâêó ïðî ô³ãóðíó çá³æí³ñòü ÄÍÄ (1).  

Íåð³âí³ñòü (13′) òåîðåìè îäåðæèìî, ïåðåõîäÿ÷è â íåð³âíîñò³ (25) äî ãðà-
íèö³ ïðè → ∞n .  

Ïîêàæåìî ùî lim limn n
n n

f f
→∞ →∞

=  . Äëÿ öüîãî ðîçãëÿíåìî ð³çíèöþ (10) äëÿ 

4 1, 0,1,m p p= + =   ³ îö³íèìî ¿¿ çà ìîäóëåì. Îòæå,  

  
( 1) (4 2 ) ( 2 1)2 1

2
4 1 2 2

(4 2 ) ( 1) (4 2 ) ( 1)0

0 0 0

n k p k n pp
k k p

n p k p p
p j n j p j n jk

j j j j
j j j

f f

Q Q Q Q

− − − − −−

+
− − − − − −=

= = =

Φ − Φ Φ
− ≤ + +∑

∏ ∏ ∏


 
 

 
2 2 1

( 2 1) ( 1)

1 1

1 ,           4 1
p p

m j n j
j j

j j

n p

Q Q
+

− − − −

= =

+ > +

∏ ∏
, 

ï³äñòàâëÿþ÷è â ÿêó íåð³âíîñò³ (20), (21′), (22′) ³ (24′), îäåðæèìî 

 4 1n pf f +− ≤  

 
2 2 2 24 2

0,0 1 11 1

1 1 1 1 1
Re 1 cos cos 1 1

p pp

b
 
 
 
 

+ ++

+ += =

 
≤ ⋅ ⋅ + + ′ ′′− θ θ + µ + µ 

∏ ∏
  

 

 
13 1

0,0 1

1 1 1 12
Re 1 cos cos 1

pp

jj
b

 
 
 
 

++

=

+ ⋅ +
− θ θ + µ∏  

 
22 1

0,0 1

1 1 1
Re cos 1

pp

jj
b

 
 
 
 

+

=

+
θ + µ∏ .  



Про оцінку швидкості збіжності двовимірних неперервних дробів … 123 

 Òàêèì ÷èíîì, çà óìîâ òåîðåìè (11)–(13) ³ç ô³ãóðíî¿ çá³æíîñò³ ÄÍÄ (1) 
âèïëèâàº çâè÷àéíà çá³æí³ñòü ÄÍÄ (1) ³ çá³ãàþòüñÿ âîíè äî îäí³º¿ ãðàíèö³, 

òîáòî lim limn n
n n

f f
→∞ →∞

=  .  
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ОБ ОЦЕНКЕ СКОРОСТИ СХОДИМОСТИ ДВУМЕРНЫХ НЕПРЕРЫВНЫХ ДРОБЕЙ 
С КОМПЛЕКСНЫМИ ЭЛЕМЕНТАМИ 
 
Ðàññìàòðèâàþòñÿ äâóìåðíûå íåïðåðûâíûå äðîáè, ýëåìåíòû êîòîðûõ ïðèíàäëå-
æàò óãëîâîé îáëàñòè ïðàâîé ïîëóïëîñêîñòè. Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ 
ñõîäèìîñòè è ôèãóðíîé ñõîäèìîñòè. Ïîëó÷åíà îöåíêà ïîãðåøíîñòè ïðèáëèæå-
íèÿ. 
 
ON TRUNCATION ERROR OF TWO-DIMENSIONAL CONTINUED FRACTIONS 
WITH COMPLEX ELEMENTS  
 
The paper deals with two-dimensional continued fractions whose elements are belonging 
to angular region of right half-plane. Sufficient conditions of the convergence and of 
the figured convergence for these two-dimensional continued fractions are established. 
Estimate of truncation error is obtained. 
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