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In this paper the theoretical analysis of the behaviour of the stream function, tempera-
ture, and local solid fraction for the model of ideal mushy layer is presented. In the case
of steady free mush convection, explicit lower and upper estimates for the main charac-
teristics of the process are found for the large values of the Rayleigh number. For the
unsteady regime the one of explicit forms of these characteristicsis obtained.
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Hocnioaceno noedinky @yHkyitl nomoxky, memnepamypu ma J10KaIbHoi meepooi gpaxyii
071 i0eanvHoi moodeni miuanoeo wapy. Y eunaoky cmitikoi iibHOI KOH8eKYil 3HAllOeHO
MOYHT HUJICHI MA 8ePXHI OYIHKU 36ePXy Ma 3HU3Y OJisk OCHOSHUX QYHKYIN, SIKI Xapakmepu-
3yl0mb npoyec, Wo Mae micye npu 8eauKux sHaueHusax yucia Penes. /[na wecmayionap-
HO20 pedcumy OMpPUMAaHO MaKoic A6HULL 810 OCHOBHUX XAPAKMEPUCHUK.

Kuro4oBi cjioBa: minranuii map, cTifika Ta HeCTilika KOHBEKI[is, (GYHKIISI TOTOKY, TEM-
nepatypa, JJOKaJbHi TBepAa Ta pinka ppakuii

1. Introduction

A mushy layer, a two-phase medium of coexisting liquid and solid phases,
arises as a result of morphological instability of solidification front, see [5,6]. It
can be considered as a porous medium through which the residual liquid can flow
[7,13]. Therefore, the permeability structure of the mushy layer has to be calcu-
lated simultaneously with solving the coupled equations of heat, mass, and mo-
mentum transport [13].

Most theoretical studies of mushy layers consider the process of solidification
at horizontal boundaries, see [12] and references therein. However, in many cases
the process of solidification takes place at vertical boundaries. For example, in
magma chambers various aqueous solutions are cooled and solidified from a
sidewall in confined spaces[10,9,8,4].
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The problem of the lateral solidification of a semi-infinite mushy region
influenced by the vertical interstitial melt was investigated in [3]. The authors
considered a binary alloy releasing a buoyant residual fluid in the solidification
process. The fluid was assumed to be pulled horizontally at the constant speed V
past the heat exchanger maintaining the eutectic temperature Tg at the fixed
vertical plane x = 0, see Figure. The material supplied at x = +o0 had the solute
composition Cp, and the temperature equals to its liquid temperature T, (Cp). A
mushy region was considered in the semi-infinite region x >0 and z> 0.

Thermal
boundary g l

layer !
Solid i Fig. A semi-infinite mushy region of far-
;' Mush field temperature T| (Cg) solidifies laterally
! a fixed speed V to form a solid at the
V7 1;‘ I.(C _ eutectic temperature Tg. The release of a
~—— S Vv 1(Co) L buoyant residual is confined to a thermal

boundary layer adjacent to the interface.

1 L\ Illustrative streamlines are shown relative

\ \ to the (moving) solid phase, see [2]

X_

8]

In [3] assuming that the mushy region is ideal, Worster’s model from [13] for
description of the evolution of the dimensionless temperature 6 and the local solid
fraction ¢ in the domain x>0z > 0 is applied:

(Q—QJO+U-V6:V29+Y(£—QJ¢, «y
ot ox ot ox
0
(E_a_)[(l $)0+do]+u-Vo =0, (2)
1 00
\Y% W_ﬁw VH——RaH& ©)]

where t is dimensionless time, u is the volume flux (or Darcy velocity), v is the
stream function defined by u = (=, yy), and IT is the permeability. In this model
the dimensionless constants are the Stefan number Y = L/(c,AT), the composi-

tional ratio @ = (Cs— Cp)/AC, and the mush Rayleigh number Ra = BACQI1y/(VV),
where AC = Cy — Cg, Cy, istheinitial composition, Cg is the eutectic composition,
Cs is the composition of the SO|Id phase L |s the specific latent heat, ¢, is the spe-
cific heat capacity, p = B —Fa o and B being the thermal and solutal expan-
sion coefficients, g is the gravity acceleration, and v is the liquid kinematic vis-
cosity.
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Equations (1)—(3) are supplemented with the following boundary and initial
conditions

d=¢oatt=0, ¢=0¢axX=0, ¢ —> P BSX—> 0, (4)
0=-latx=0, 6 >0asx— o (5)

for z> 0, t > 0, where the function ¢g = ¢po(X, 2) matches with ¢, a x = 0 and X — oo.
Without loss of generality, we will assume that ¢, = 0.

In the case of steady free mush convection, the boundary condition for v can
be written as

y=0ax=0, 2—W—>0 asX — o, (6)

X

in the case of unsteady free mush convection, it can be given by

y=0atz=0, a—W—>O asz— o @)
OX
forx>0,t>0.

In this paper, we study the processes in a mushy region cooled from one side. In
this model the flow occurs in a narrow thermal layer within the mushy region. The
main aim of this paper is to study the qualitative asymptotic behaviour of self-
similar solutions of the laminar boundary-layer flows in the steady case, describing
essential physical properties of the process. We consider the behaviour of the
stream function, temperature, and local solid fraction for unsteady situation too.

The present paper is organized as follows. In Section 2 we study the situation
of steady free mush convection and obtain the explicit lower and upper estimates
for a solution of this problem at t = O(Ra_l) In the unsteady case, we find one of
the set of explicit solutions of the problem for al t > 0. This result is contained in
Section 3. Appendix contains some auxiliary routine calculations connected with
Section 2.

2. Steady free mush convection

In this section, we consider a particular asymptotic regime where the thermal
and flow are steady. This model was considered in [3], where the numerical
approach was applied. We use the analytical methods for studying the asymptotic
behaviour of the appropriate functions. Using scaling analysis of (1)—3) (similar
to [3]), we consider Y, @, X, T, ¥ defined by

Y=Ra'?Y, ®=Ra¥®, x=Ra "X, t=Ra Y*T, y=Ra"2p. (8)

Here Y, @, X, T and ¥ are assumed to be O(1) as Ra — . Substituting (8)
into (1)—(3), taking the limit Ra — oo and rearranging, we find that

oF 00 OV a0 _ 0%
ot [T 9)
oz 6X X 0z) ox?2
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2 2 10
oT oX QD px 2 (10)
2
a_\P:_@’ (11)
ox2  oX

where Q=1+ Y/® . In [3] the boundary-value problem represented by(9), (11),

(5) and (6) was considered by using two different approaches. numerical and
approximate one.
We look for asimilarity solution in the form of

¥ =22t myQ?, 8=6(m), ¢=0o(m), (12)

wheren = OY2xi7".
Then from (11) and (5), 6 isgiven by

6(n) =~ '(n), (13)

and from (9) and (6), f satisfies
f%m+§foofmn=o, (14)
f(0)=0, f(0)=1, f'(n)—0 asn— . (15)

The problem similar to (14), (15) appeared in papers by [2], where it was solved
numerically only. Further, we study the behaviour of a solution of the problem
(14), (15) and obtain the following proposition (see Appendix for proof):

Proposition 1. A solution of the problem (14), (15) satisfies the following
estimates:

1.568 < f,.; = f(o0) < 2, (16)
16(a*)3 tanh (ij < f(n)< min{n, 2tanh (ﬂﬂ (17)
8a 2

for al n >0, where a ~0.461.

From Proposition 1 it follows the qualified estimations of the main parameters
of theinitial problem (the stream function y(X, z, t), the temperature 6(x, z, t), and
local solid fraction ¢(X, z, t)) at the small timet = O(Ra_l) only (see Appendix for
details).

Proposition 2. A solution of the system (9)—(11) with the boundary conditions
(4), (5) and (6) satisfiesthe following estimates:

12 12
Wmin ::16(a*)3(%aj tanh{ X (Ran ]s

8a’ V4
12 12
zRa X RaQ
< =2 —— | tanh|—= , 18
W max [ 0 j {2( 5 j } (18)
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12
Opmin := -1+ 2atanh{§( Ral2 j }S 0 <0 =

z
12
'=-1+64(a )3atanh {2( RiQ j } (19)
12 12
Orin -= [%) %{1—tanh2 B( RiQ ] }HI)OO <¢ <
Ra V2 RaCy 2 2
< Oax = (Q—j %{tanh2 B( i j }1} +0s, (20)

at= O(Ra_l) foral x>0,z>0. Here0O<a< a*, a isfrom Proposition 1.

In comparison with the paper [3], our results describe completely the
asymptotic behaviour of solution of system (9)—(11), which has the explicit (not
numerical) representation. Thisis very important for concrete physical interests. It
Is significant that y..(2) isincluded in estimates (18), (19) and (20). That is, y.(2)
has an influence on the estimation from below of the temperature 6(x, z, t) and the
estimations from above of the local solid fraction ¢(X, z, t) and the stream function
y(X, z t). Thus, thisinfluence is essential and cannot be ignored.

3. Unsteady free mush convection

In this section, we look for solutions of unsteady equations (1)—(3) for any Ra
and t. Asfar as we concerned, this interesting situation was not considered before.
We are succeeded in finding the explicit solution of system (1)—3) (perhaps not
unique). However, this solution characterizes the real physical behaviour of the
mushy layer. In fact, there is obtained a family of solutions of the problem.

Since the convection into the mushy region is directed along the axis x then it
seems very natural to seek for solution of system (1)—3) in the form of atravelling
wave. Let & = x + t. We will seek this solution of the problem in the view 6 = 0(§, 2),
v =y(§, 2 and ¢ = §(§, 2). Then we arrive at the following system:

Ag,ze == O, (20)
w0 avoe 21)

0z 0¢ 0O 0z

00
A =-Ra—, 22
g2V o (22)
with boundary conditions on the flow and thermal fields:

0(&,z)=-latg=1 6(&2z)>0asE—> w220, (23)
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y(,2)=0az=0,&>0, %2”2)—)03555—)00,220. (24)

Proposition 3. System (1)—(3) with the boundary conditions (4), (5) and (7) has
the explicit solution:

e=—1+3arctan(fj, (25)
T VA
y=8s, flzz—@zln(z%xz), (26)

n ZZ+x° 2n
0% z,t) =g (x+t,2) (27)

for al x, z, t such that z2+ x*> =C2, where ¢(x, 2 0) = do(x,z) due to condition
(4), and C, € R, Here, (27) means that the solid fraction is transmitted to the

solid state.

The Proposition 3 has clear physical meaning, namely, the local solid fraction
into a mushy region decreases in time under the temperature and the stream func-
tion which do not change in time. Below we show that Proposition 3 holds. In-
deed, it is easy to check that the function

T V4

0(&,2)= —1+Earctan(E] (28)

isan explicit solution of the boundary problem (20), (23).
First we derive an equation for the function y(§, 2). Let

E=rcosp+t, z=rsineg,
then from equation (22) with (§,2) — (r,¢) we get

2 .
li(ra_W}LG YV __ga228n¢
ror_ or) 2 o¢ T

We are looking for solutions of this equation in the following form
v(r.9)=x(r)sine.
After ssimple computation we obtain the equation for function f(r):

r2<"(r)+re'(r) —«(r) = _2Ra
T

Solving this equation we find
K(r):élr+&—ﬁrlnr vC eR!.
ro =«

Then )
C,z Ra
-—1zIn

V6 D=0z =

(z2+(a—t)2) vC eRY,  (29)

40



du3nKa U TeXHUKa BhICOKUX aaBjenuit 2014, tom 24, Ne 1

and the conditions (24) were satisfied. Substituting (28) and (29) i. e.
. ~1)°-z22 Ra Ra 72
=G +G, (f ) Zz—zln(zh(g—t)z)——
(Z+E-v°)

n 22+ (E-t)%
= 2z(&-t) Ra  z(&-t)

V2

=-C ,
" 2(22+(§—t)2)2 m 2+ (e-t)°
:_EL 0 :E;
n2+(E-10)2 C 2+ (E-t)2
into (21), we obtain
< C, _Ra 2 o 2\_Ra
o ST In(2+(&-1)?) = (30)
Choosing C’l:E,wefindfrom (30) that
T
AT
—CZR—az(zz+(g—t)2)|n(zz+(g-t)2). (31)

As the function ®(v) = vinv is monotone then there exists an inverse function (D_l(.).
Using this fact, we obtain from (31) that

2 2 -1 27IC2 2
ZZ+(6-t) =0 ( - J—C , (32)
where C is an arbitrary constant. Thus, the equality (16) is valid if the variables &
and z are sdtisfied to the relation (32). Using changing of variables
(&,2) — (x,z1) in(28), (29) and (32) we obtain the following explicit solution of
system (1)—3) with conditions (4), (5) and (6). Thus, Proposition 3 is proved
completely.

4. Convergenceto thetravelling wave

Assumethat IT=11in (3), and ¢ = ¢ is a positive constant. Changing variables
(%x,z,t) — (§,z1) in(1)—3), where & = x + t, we obtain the following system

Bt +U-Vé729=Aé,29, (33)
(1-¢g)6; +u -Vglze =0, (34)
—Ag’z\lf = Raeg , (35)

where u = (—y,,y;) . We can reduce the system (33)—35) to the one
0oby = A 0, (36)
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—A(tmz\ll = Rae& (37)

in the half-space R, :={£>0,z>0}. Note that if the solid fraction is absent, i.e.

do = 0, then we obtain that the solution (25), (26) is unique.
Let us denote by v:=0-64. Then from (36) and (20) we obtain for v the

following equation
PVt = Ag vV, V(E,2,0) =Vp(E,2) = 6(E,2,0)-04(E, 2) - (38)
Problem (38) has the solution
@927
V(& Z,1) :%?t £ £ e 4 Vo(E,Z)dEdZ —> 0 ast — +oo. (39)

From (39) it follows that 6 — 64 ast — +o. Hence, it follows from this and (37)
that v — yg ast — +oo.

Conclusion

In this paper we consider situations of steady and unsteady free mush
convection. For the steady regime the qualified estimates for the stream function,
temperature, and local solid fraction are found for large values of the Rayleigh
number and small time. For the unsteady case the precise behavior of these main
characteristics is established. At that the behaviour of the temperature and stream
function depend on the measured vertical upwards. The local solid fraction
decreases under stationary behaviour of the temperature and the stream function.

We use the non-similar solution technique giving us possibility to establish the
qualified estimates of the main characteristics of the process. A detailed analysis
of solidification in mushy region is provided under the assumption that the
permeability of the mush isuniform.

Appendix
Proof of Proposition 1

We consider the following auxiliary Cauchy problem for the problem (14), (15):
e 1 "
) +5 T () =0, (40)

f(0)=0, f'(0)=1, f"(0)=-a, (41)

where a > 0. Now we show that there exists a parameter a such that the solution of
problem (40), (41) satisfy the conditions

f'(n) >0 asn — «; f(n)=0 isuniformly bounded. (42)
By (40) and (41) we deduce that
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n
£(n) = aexp{% [t (z)dz} , (43)
0
n 1y
f'(n) =1-a[ exp —Ejf(z)dz dy, (44)
0 0
f(m)=n- aj | exp{—— | f(z)dz}dvdy (45)
00

From (43) it follows that f' decreases and f is concave. Hence, in view of

f""(m) = —% f(n)f"(m)=0, wearriveat

f'(n) isconvex and 0< f'(n) <1 vn=>0. (46)
It follows from (45) that f (1) <n, whence
ny V2
f(n) <n-af[exp| —— |dwdy, (47)
4
00
and
n ly n y2
f'(n)=1-ajexp ——jf(z)dz dysl—ajexp -2 ldy. (48)
0 2O 0 4

In view of (48), we find that
00 y2
0= f'(c0) <1- aJ' exp(——] dy,
5 4

whence it follows that

1 -1 05641895, (49)

e
0

4

O<a<g =

The last inequality guarantees that conditions (42) is valid for any a satisfying
(49). Moreover, using (47), from (45) we deduce

ny V2 aVZ W2
f(n)én—a”exp ——+—”exp —— |dwdz ; dvdy . (50)
4 2 4
00 00
Anaogously to (49), we find from

Of()lT { Y ” [WZJdd}d
=’oo£—aexp——+ exp| ——— |dwdz;dy,
0 4 2 4

that
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0<a<a, = 0.45342952. (51)

Continuing the same iteration procedure, we can find the sharp upper bound a,,
for thedesireda, i.e. a<a,.

Now we show the estimate from below of the solution to problem (40), (41). It
follows from (45) that

ny a ,
f(n) = n-a fdvdy =n-n?.
00 2

We denote by f; the function on the right-hand side of the last inequality:

a - 2
f =n-—m°, 0<x<=.
1) =n i 2

Taking into account that (f1);, =1-an =0 for Ny, = 1, we see that
a

Hence,

f(n)Zn—%nz, 0<x<

Q|-

From the decreasing of f' it follows that f(n)zzi: A for le. Using (45)
a a

we obtain that

ny n
f(m)= n—a”exp(—?vj dvdy =n - aj%{l— exp(—g yj}dy =
00 0

S |

where 1—2—:20. Then A> 2a, a2 s%,whence 0< as%. L et us denote by f, the

following function

fo(m) = 16a° [1— exp(—lﬂ :

4a
Then
f (n) >16a° {1— exp(—lﬂ N> e
4a a
o 1 1
For the continuity we suppose that f; (Ej =f, (EJ :
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1 3 1
—=16a"|1-exp| ———~ | |,
2a { p( 4azﬂ

exp(_%j =1- 14 S0mat> = a>254,
4a 32a 32

—5/4

Thenfor 2 7 " = 0.42045< a < 1/2 we have

4

4a%1In (1—
32a

1 ]+1: 0= a' = 0.46106906.
Finally, we derive

*

n-212, 0<n<-5
a
*.3 T] 1
16(a) {1—exp(— ﬂ n—,
4a a

wherea = 0.46106906. This means that

f(n)=

f () >16(a")3 {1— exp(— 4’;* ﬂ > f . (n):=16(a )3 tanh (éj v¥n=0, (52)

where frin(e0) ~ 1.568259. Due to the estimate (52), we need that 0 < a < a.Asa >
> a,, then (52) isthe lower estimate.
Coming back to equation (40) and using (48), we have

1., .} 1 2 1
f’ = f ==(f' <=,
( )+ (n)j S(F)" =<3
Integrating thisinequality with (41), we deduce that

, ) Tl2
f +=f <——an+1.
() 7 () PRl

2
As %—aﬂ +1<1 for 0 < n < 4athen, solving f'(n)+% f 2(n) <1 with f(0) = 0,

f(0) =1, wefind that
F ()< fr () 1= 2tanh (gj (53)

for al n:0 < n < 4a. Asthe graph of the right-hand side of (50) lies under the one
of 2tanh (g] and f, (0)=0, then choosing a < a,, we obtain that the estimate

(53) isvalid for al n > 0.
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Thus, there is the the parameter point a € (O, a*) such that the problem (14),
(15) has an unique solution, and the following estimates hold:

frin < T < frooe

Moreover 1.568 < f(x0) < 2. These estimates provide reliable analytical informa-
tion about the behaviour of solution.

Proof of Proposition 2

The estimates (18) isasimple corollary from (17) that is,

Raz V2 Raz V2
16(a") ( j tanh(i*jgwsz(—) tanh(nj. (54)
Q 8a Q 2

From the equalities (44) and (13), in view of estimate (17), we deduce

-1+ 2atanh (gj <0(n) <-1+ 64(a’ )3atanh [%j . (55)
L et us obtain estimations of function ¢(n). From (10) we have
__ (M)

o(m) = e +0y, (56)

where ¢, is defined by (4). Then, taking into account (43), we obtain from (56)
that
1/2 n
a( Ra y
—|— | exp|-—|tanh| = |dy |+ ¢, < <
@(zQJ p( (I) (2} y] b0 < (M)

1/2
< E(EJ exp(8(a*)3]]tanh( y*jdy]+¢oo. (57)
0 8a

ysiQ)

Inequalities (19) and (20) follow from estimates (55), (57).
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TEOPETUYECKNE NCCIEQOBAHNA VI,EI,EAJ'II:)HOVI MOLOETA
«MUSHY REGION»

B nannOl pabote ucciemyercsl moBeAcHHE (HYHKIMM TOTOKA, TEMIIEpaTyphl U JIO-
KaJbHOW TBEpJOH (pakUuy AJ HIeaTbHONH MOJENHN CMEIIaHHoTo ciosl. B cimydae ycroii-
YUBOW CBOOOJHON KOHBEKIIMHM HAWJEHBI TOUHBIC HI)KHHUE W BEPXHHUE OLIEHKA OCHOBHBIX
(hyHKIHHA, XapaKTepU3YIOMINX MPOIIecC, TP OOJIBITUX 3HAUYCHUIX unciia Pames. s He-
CTallMOHAPHOTO PeKHMMa TaK)Ke HallieH SIBHBIA BUJ 9TUX OCHOBHBIX XapaKTEPUCTHK.

KiroueBsble c10Ba: CMEIIaHHBINA CJIOH, YCTOWYHMBAsE U HEYCTOWYMBAsT KOHBEKIHS, (PyHK-
1Usl TOTOKA, TeMIIEPaTypa, JTOKAJIbHbIE TBEPIbIC U KUIKUE (Ppakiun
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