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To solve ill-posed problems Az = f is used the Fakeev-Lardy regulariza-
tion, using an adaptive discretization strategy. It is shown that for some
classes of finitely smoothing operators proposed algorithm achieves the op-
timal order of accuracy and is more economical in the sense of amount of
discrete information then standard methods.
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1. INTRODUCTION. STATEMENT OF THE PROBLEM
In a Hilbert space X with inner product (-,-) and norm
[zl = (2, x)
we consider the operator equation of the first kind
(1) Az = f,

where A is a compact linear operator in X and f € Range(A).
Suppose that instead of the exact right-hand side of (1) some its
perturbation fs: ||f — fs]| <, § > 0 is available only.
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We will construct approximations to minimal-norm solution z'
of (1) that satisfies the Holder-type source condition, i.e.

(2) 2 € Myp(A) = {u:u=|A]"y,|lv] < p},
Al = (A2 p=1,

where A* is the adjoint of A and the parameter v > 0 is unknown.
Consider a class H", r = 1,2,..., of compact linear operators
A, ||A]| <1, such that for any m = 1,2, ... the conditions

(3) I =Pu)All<m™,  [[A(I = Bp) [[<m™"

are satisfied, where P,, is the orthoprojector onto linear span of
the first m elements of some orthonormal basis £ = {e;}°; in
space X.

As an example of equation (1) with operator A € H" in the
space X = L3(0,1) one can take Fredholm integral equation of
the first kind

1
Az(t) = /0 k(t, ) (r)dr = F(8),

where JHax |k(t,7)|] < 1, operators A and A* act from Ly(0,1)
sT

into the Sobolev space W3[0,1] and as basis E is selected the
orthonormal system of Legendre polynomials or (if » = 1) the
orthonormal system of Haar functions.

It is known (see [11, p. 14]) that the best accuracy of recovering
minimal-norm solutions of (1) that fill up set M, ,(A) can be lower
estimated by

Pt/ A v/ (wt1)

This is because every method guaranteeing approximation accu-
racy O(8*/*1)) on the set of solutions (2) is referred to as order-
optimal approximate method for solving (1).

In this paper we investigate projection methods of solving (1)
that using Galerkin information as discrete information about (1).



526 Solodky S.G., Volynets E.A.

Remind that by Galerkin information about equation (1) one usu-
ally mean a set of inner products

(4) (Aej,e),  (fs,ed).

The volume of inner products (4) used to approximate solve
(1) characterizes economical properties of corresponding projec-
tion methods.

Obviously that to construct economical projection method spe-
cial attention must be put to effective choice of set €2 of indices
(i,7) for inner products (Aej, e;) which form discrete operator Ag.

In the first time the problem of constructing economical projec-
tion methods for solving (1) was studied in [3] in the framework of
traditional Galerkin discretization scheme with Q = [1,m] x [1,n].
From [3] it is follows that to guarantee the optimal order of ac-
curacy we need to choose n =< m = O(6~Y/7), i.e. to compute at
least O(6~2/") inner products (4).

Statement of the problem. Our aim is to construct an al-
gorithm of solving (1) on class of operators H" such that, firstly,
guarantees the optimal order of accuracy for solutions zf of the
form (2) and, secondly, is more economical in the sense of using
Galerkin information compare with methods considered in [3].

To construct such algorithm we will use an adaptive approach to
discretization that earlier was studied in [1]. To reduce the volume
of Galerkin information for this approach it will apply so-called
hyperbolic cross (see Section 4) as the area {2 and the discretization
level will be selected during computations as following

() | A"A = AgAq ||= O(Vad),

where « is a regularization parameter.

For the first time such adaptive discretization scheme was stud-
ied in [1] for the standard Tikhonov method. In [6], [8] it was
investigated the optimality of the adaptive approach for the sta-
tionary iterated Tikhonov method, in [4] for the nonstationary
iterated Tikhonov method, in [10] for the generalized Tikhonov
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method, in [8], [9] for the Landweber method and in [7] for the
method of asymptotical regularization.

It turn out that discretization strategy (1.5) allows to solve the
problem formulated for all mentioned above regularization meth-
ods. Let us continue these investigations and verify efficiency of
adaptive discretization for the Fakeev-Lardy regularizator.

In conclusion we want mention one more adaptive discretiza-
tion scheme proposed in [2]. In the framework of this scheme the
discretization level is chosen as | A — Aq ||= O(y/aV/3d), and as
area () is selected rectangle. It turn out that such approach is not
order-optimal and is less economical with compare both nonadap-
tive scheme in [3] and adaptive scheme in the present paper.

2. FAKEEV-LARDY METHOD
The Fakeev-Lardy method is an iterative procedure of the fol-
lowing type:
(6) wo=0; pay+ A"Axy = pay_1 + A" f5,
l=1,2,...,u=const >2/p.

For generating function of this method

1 " 1 -1 ,LL]

A)=—[1-[—— = —— A#£0

the following estimates (see [11, p. 22])

sup gi(A) =1/p;  sup Agi(A) < 1

0<A<o00 0<A<o0
(1) sup A2g(A) = (1/w)"?  sup N(1—Ag(N) < rpl s
0< <00 0<A<o0

0<p<I, ko=1, ’%p:(:up)pv p>0.

are true.
Let A are singular values of operator A and ¢y, ¥ are cor-
responding singular elements. Then operator A can be written
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as

A= Medl- v)
k
and following relations

ot = [A["v = (A" A)"Po =" | e P (v, 0),
k

(8)
fi= At = AlAv = MMl br (P, ).
k

hold.
Then the elements x; and Ax; can be written as

a1 = g AT A) AP0 = g (ATA) Y Il (e, v) =
k

=" a(MP) N 2, ),
k

Az = Z/\kéf)k <¢k7Zgl(\)\m\Zﬂ/\mI”H@bm(dzm,v)) -
k m
= Z )\kgbk Z |)\m‘y+2(1/)ma’U)gl(p‘m‘?)(ﬂ)kawm) =
k m

= Z Ml A" 2 (| Ak ?) bk (v, v).
%

As it follows from (5) in our approximate method discretized
operator can be changed in every step of iterations. Denote as
A, I = 1,2,..., discretized operator corresponding [-th step of
iterative process. More detailed this discretization scheme will be
considered in Section 4.
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Thus a finite-dimensional version of the method (6) has the form

i1 = (uI + AJA) AL S5,
o = (u + A3A) ' (w(pl + AJAL) AT + AS) fs,

-1 k
i =Y pf T+ A7 A ) | Ay fs.
k=0 Jj=0

To prove the optimality of the method we have to estimate error
of approximation of minimal-norm solution z by elements ;. So
in [-th step of iterative process it’s holds

ol — & = (AT ) A (f = f5)+
+ (af — g (AT A) A" f) + (gu(A*A)A* f5 — &)
and hence the error can be upper estimated:
9) b =&l < lar(A*A)A*(f = f5)]|+
+ 2T — ]l + g (AT A)A* f5 — 2.

Let us estimate now the right-hand side of (9) term by term. Due
to conditions (7) on generating function it is immediately follows
that for the first term

(10)  lgi(A"A)A*(f = fs)ll < Nlgu(A*A)A*[f = foll <

1\ 1/2
< dsupA%g(N) <6 <—> .
A H
The second term can be represented by (8) as
(11)
l
o == (= a4 A0 = 3 (L ) o)
A\ AL
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Thus,
[ 21
ot —ay)? = (—) Dl (0, 0)2,
5 e
or
(12) ot — 2i]]? = lena()PI,

2
where [, (0)[? = 1" 30y (557 ) 1wl (0, 002
1 p,+)\k
To estimate (11) we need to estimate ||Az; — f|| too. Taking
into account (8) and relation

1—A29z(/\2)=< . >l7

p+ A2
we have
(,ank)Q
HAJ?'Z o fH2 _ #2l ‘)\k|2(y+1)7-
zk: (1 + AR
and hence
(13) |Az; — f11* = |dy ()21

3 v ) 2 v
with [dy.g(0)[2 1= 2 3 |Arf20D (S 1,

To estimate ||zt — ;| we need the following auxiliary statement.

Lemma 1. For functions c,;(v) and d,;(v) the bounds

v/(v+1)
|CV71(U)| < PRw41) /20 |du,l(v)| < pliu-gl

hold.
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Using Holder’s inequality we have

levi(0)* =

lu+1'u21)\i('/+1) T MQZ 7T
P ) (—ww?) <
zk: ( (A0 (14 A0

v

lu—f—l'u2l)\2('/+1) v+l e
<> <—k(’v,¢k)2 [of 1 =
k

(1 + A

For the second inequality we obtain

|dya(0)|* < 17+ Sup AP ( [+ A?) > (wyy)?
k

< ”%u+1)/2“”” = 02“%y+1)/2'

Substitution of this estimate into previous inequality completes
the proof of Lemma.
Thus due to (12) and to the first estimate in Lemma 1 we have

(14) e — | < o/

To estimate the last term in (9) we consider the auxiliary oper-

ator
-1

Bi=Y (Mk(/ﬂ + AT AU 47 — Gk,lAZlk>
k=0
with Gy = pP TT5o(ul + Af_A;_;) 7!
Then for the third item in the right-hand side of (9) we obtain
(15) g(A"A)A™ fs — & = By fs.

To estimate norm of the element B f5 we write down B; in more
suitable form that will be shown in next statement.
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Lemma 2. For anyl = 2,3,... it holds

(16)  By=Y_ p(ul + A" A)"FD (AT — A )~ ZFk,

k=0
where
(17)
-k '
Fp=) (u +A*A) Tk, k=1,....1;
=0

j=0,....01—k, k>2;

Dj = (uI+AZ‘ A THATA = A AL, §=0,...1-1;

Tj1 =D Z” (I + A A =D Az 0 G=0,...,01—1
i=7+1

To reduct computation we introduce into consideration some
denotations:

Lo=pl + A% A, Jy=100
Uj:=A"A—Af jA_;;  Hj:=DjJ, = (I, - U;)"'UjJ.
Quite easy to check that
(ul + Af jA_;) " =J, + H;

and I, J,, U;, H; € L(X), where £(X) is the space of linear
continuous operators in X.

Further we need to introduce a special operation of substitut-
ing operators. Thus suppose that we have sequence of operators



On the efficient method of solving ill-posed problems 533

{®;},i=1,2,..., ¢, € L(X), and operator ¥ € L£(X). The oper-
ation of substitution we will note as

M
b @ p ()
N

where M > N > 1, p < M — N + 1. This operation affects on
product of M — N + 1 operators ®n,Pny1,...,Pp. The main
point of the operation consists in replacement of all possible com-
binations from p distinct operators ®; of initial product by the
operator U with preserved order of remained (M — N —p + 1)
multipliers ®;. Thus, as result of described operation we obtain a

% (distinct!) replacement in such way opera-
tors, every of it is the product of p operators ¥ and (M — N —p+1)
operators ®;.

The above operation has some properties that will be used in

further reasoning. Namely,

(I)é‘l/(MN+l) — H \IJ],
N ;

sum of

M M-N /q—1 M-N
@@W(Mfm = Z <H ‘I’iJrN) PN tq H Vein |
N

g=0 \i=0 s=q+1

M — M
(I)GB\I;(P) — Z (H Z+N> Dy, | ® GB p(P—a)
N

q=0 N+q+1
p<M-—N.
Let’s note operator G, ; in new form with help of above operation:

k k
Gk,l:MkH(IH_ = HH +J

J=0 J=0
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k+1

_Msz@Jk ZJrl

kt1 k1
<Jk+1 +ZH@Jk z+1> gy <J5+1 +25k,z‘)

i=1

k .
with Sp; = H@ JF Y.
0
Then

-1 k1
Bii=) <#k=75+114* —pF I Y Sk,i)A7k)) =
k=0 i=1
1 -1 k41

PEITHAT = A7) =) e ZSIH Al )=
k=0

l

Il
-
Tl ‘
Lo

l

=PI AT - AT =) Z 1Sk AL

j=1lk=j5-1

W
o

Denote

-1

F= Y0 S A,

j=lk=j-1

and establish that F; = E e
At first we consider the case j =1

-1

Bo= ) (WFSAr, = ZM( @ ))Af—k =
0

k=0
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-1
=> ik ZJqH JETAf —ZJ‘ZHQZM’“J’“ A7, =
k=0

-1
ZJ]H Z ,UZ ljz j— lAl 1=
Jj=0 i= J+1

-1

JiH; T, Z P ITIAL = ZJ Tj1.
7=0 i=j+1

Let now j > 2. Then

F = Z K SkJAl k—ZMpﬂ Sptj— lel (p+ji—-1) —
k=j—1

l=j ptj—1
1 *
DV (H D ) 410 -

p=0
l—j ptj—1
p+j—1 q (p— q) * _
z ZJ Hy(H @ I | Al pejor) =
p=0 q+1
l—j l—j pt+i—1
_ +i-1 - *
=D _JiHy Y T H D T | AL
q=0 p=q q+1
l—j
o
= JM k,]?
k=0

p=k q+1
We need to prove that Ty ; = Tk,j if j > 2. For j =2k =
., 1 —2, it holds

where Ty ; = Hy Z pr <H EB J(p q)> Al pjr
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-2 p+1
Tho = szlup—l—l (H@J;(Lp_k)> A?Ffpfl =
p=k

k+1
-2 p—Fk
1 —q—k *
=Hp > P Tl Hpq PR | AF =
p=k q=0
I—k—2 -2
1 —q—k *
Y en | X @ | A, =
q=0 p=q+k
-1 -2
i—(k+1 1 —i+1
=Hy Y S WUH Y (WAL, =
i=k+1 p=i—1
-1 l
-1 i—k —1 ym—i—1 gx
=HJ, 0 Y JiRE YD g Ay, =
i=k+1 m=t+1

-1
=D Y ST

j=k+1
Finally, for j > 3, k=0,...,l — j, we have:
P = i—1 P -h)
Tyj=Hy > p?™~ ' (H @ Jy Al 1 =
p=k k+1
=g +4—1 pk Pyl (p—k—q) *
:Hk Z /j‘p J Z JngJqurl H @ JP« AlfpfjJrl =
p=k q=0 k+14q+1

ik = IR (0 o A e ) B
=Hy > JiHpyq1 > w7 H @ J Al =
4=0 p=k+q k-+q+2

I—j+1 1= pricl
i— — i— —i+1 *
S S ST (T W ) FT
i=ht1 i1 it1
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gt gt o (™2
it S g S e (1@ ) A -
i=k+1 m=1 1+1
-G-1
=Dy Y JFHix
i=k+1
I—(j—-1) I m+(j—1)—1 (m—1)
% Z; pmtU-D-1 (g % Ju A?—m—(j—1)+1:
gt
=Dy, E JﬁikTi’jfl.
i=k+1

The lemma is proved completely.

3. ERROR BOUND

Concrete representation of discrete operator A;, [ = 1,2,...,
will shown in (23). To prove further statements we restrict our-
selves some additional conditions to A;. Namely, we will consider
discretization which satisfies the following conditions:

1A A— A A <2 lA—4) < <i)1/2-
(18) B T
[(A—ADA*|| < —= (A" — AP)A] < —=.

Pk pV1

It is not difficult to notice that first of inequalities (18) corre-
sponds to requirement of adaptive discretization strategy (5) with
a=1/l

Without lost of generality we will consider that number L of
steps of iterative process satisfies to the condition:

(19) VL < 1.

Remind that to estimate error || zf — #; || we have to estimate
the last term in (9). To do this we estimate right-hand side of
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expansion (16) term by term. It’s easy to see that for the first
item

-1
17 il + A*A)~ED (A — A7 5] =
k=0
1 -1
= =Sl + A A) (AT - A7) fill <
K k=0
1L 95
< — .
7! o -k

Next statement gives bound for second term in the right-hand
side of (16).

Lemma 3. For any |l = 1,2,...,L there is a constant ¢ < o0
such that

1
D IE S5l < ersvi.
k=1
First of all by (18) we can write inequality

| (A* = A}V f5 I<Il (A" = AD)AaT || + || (A* = AD)(f = f5) II<
PR L)
IRV R/

Due to (17) obviously equality

! I -k
SOIFSI =D 1D T Tw ksl
=1

k=1 j=0
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is true. Now let us estimate norm of T} . fs and J,,. Firstly we find
a bound of element T} 1 f5:

l
Tinfs=D; Y p ' TIAL 1 fs =
i=j+1

l l
=D; Y pmUTIAY s =Dy Y p NI (AT = AL ) fs.
i=j+1 i=j+1

Remind that

(n+ A+
Change order of summation in the last equality
I—j—1

gi-j(A™A) = P =

i

I
=)

l
= uOJﬁ + ...+ ,ul*jflJf[j = Z ,ul*iijiH.
i=j+1

Hence

l
S WU = R =
i=7+1
l . . . . l . . .
— Z MH—]—’LJL—Z-I—l — Iuj Z /-LZ_ZJL_Z—i—l — /.L]glfj(A*A)
1=j+1 1=j+1
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By this relation T} ;1 fs can be written as

Ti1fs =
. l . . .
= Djp gi—j (A" A) A fs = D; Y w (A = AL ) fs =
i=j+1

DjujQZ—j(A*A)A*Al’T - Dj/ijgl—j(A*A)A*(f — f5)—

I
—Dj Z MZ_IJL_J (A" = A1) s
i=j+1

Taking into account estimations (cf. (7))

[—J
_(ATAATA|l <1 _(AFAAY|| < 4| —=
(20) g1 (AT A)A*A <1, [lg—j(ATA)A™|| < L

I TN < W

we have

j ) i
1T fsll < 1Dj I (p \/——\/l— —j>
!

+ | Djllpi 120 >
i=j+1

1
Vi—i+1

Using the last relation and estimation

! 1 =i dg =
- <« = =2/1—7,
Z\/l—i—irl_/o NG J

i=j+1
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we find
ITj1f5l < w2 ID; Ml (mp + 6/1y/1 — j + 461/1— j) <
1 . -
< ———— N+ (4 + V)51 —j) <

T oppvl—j
0 j—2 0 i
(4 + i+ pp) = T
pVE—] Vi Vi—j
where ca = p+1/\/+4/p.
Now we have
-1 -
I Tiafsll = 1D; D (ul + A" A)" I )| <
i=j+1
w7 HIDjle26 Z
1=7+1
; 2cy )
-1 . 2 —92
W Dj||ea20/1 —j — 1 < —p? ™F ——.
D226/ 2y
In a like manner for every kK = 1,2,... one can find

2 k—1 . 5
1Tk fsll < <—> cop? T ———.
p =7

Thus we have

—k . 2\ 1 9¢,
1Efsll = | Z pl + A AT fs ] < (5) 2253
7=0

2625\/_ < )k 1 202(5\/_
Z\|ka5||< p Z o STy

2co
: _ H=2/p o
Next statement contains finally estimation of third item in the

right-hand side of (9).

We obtain assertion of Lemma for ¢; =
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Lemma 4. For everyl < L it holds
(21) IBufsll < (4/p + c1)dV1.

Taking into account Lemmas 2 and 3 we find

-1 l
IBufsll < (1Y pF I A" = A ) fs = Fufsl <
k=0 k=1
-1 1
<Y NWFTET AT = AT ) Bl + DD IESs <
k=0 k=1

-1
<D IR IHAT = AT ) fs]l + ead VL
k=0

Using (18) and (20) we estimate first item:

-1
DI IE AT = AT foll =
k=0

1 l

-1 925
=2 DA = A ) sl <
=0

| —

M i

o

1 1
p 0

b
Il

As a result we have:

-1

20 1 4

| Bifs]] < m g N +e10VI < <; + c1> V1.
k=0

The lemma is proved.

Final bound for method’s accuracy (6) is contained in next
statement.

Lemma 5. For every !l < L there exists a constant c3 > 0 such
that

(22) ||:L‘T — ] < p/<agl_”/2 + e30V1.
2
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Taking into account (10), (14) and (21) from relation (9) we
have

y Vi
e —331||<Pffﬁi}l 2+ 5ﬁ+(4/ﬂ+01)5ﬂ:

= mei}l V12 4 sVl

We obtain assertion of Lemma for c3 = 1/\/1t +4/p + c1.

4. ALGORITHM OF SOLVING

First of all we describe adaptive discretization scheme used in
this paper for solving (1) with operators A € H". Let the dis-
cretization level n depends on step of iteration process: n = n(l).

Denote as I';, area

r, = UQn(l)(Qk 1 Qk] [ 22n(l )U {1} x [ 2271(1)]'

of coordinate plane corresponding to the basis F that appear in
the definition of class H".

Operators A;, I = 1,2,..., will be constructed in the following
way:

2n(1)
(23) n Z Py — Por—1)APyony—k + P1APyanq).
k=1

Next statement characterizes some approximation properties of
the operator A, ).

Lemma 6. If parameter n = n(l) is chosen by relation
(24)
)

en2™ = — ¢y = max{l + 233 %2 9" 4 Lﬂ} ,
p\/i 22r _ 1

then for operator A,y = Ay (23) and any operator A € H" it
holds estimates (18).
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This lemma can be proved in the same way as Lemma 1 [1].
Denote

1 1 1 24+ (1+ 7k
C51:1+—+—<4+——|—27m1/2)+ 22+ (1 ¥ mrjz)
N/ p w—2/p

Now we describe algorithm that consists of Fakeev-Lardy regu-
larization method and proposed adaptive discretization strategy.

(1) Given data: A € H", fs, 9, p.
(2) Initialization: &g =0, b > c5 + 2.
(3) Tteration by [ =1,2,...
(a) choosing of discretization level n = n(l,0):

5 .
m,
(b) computation of Galerkin functionals:
(fs,e), i€ (207,270
(Aej,er), (1,9) € Ty \ Tng—1);
(c) solving equation

(27) pEr+ ALy Any@e = pdi—1 + Aj gy fo;

(25) cym27 2 =

(d) stop rule by discrepancy principle
(28) | ApryZr — Pazncey f5 || < b9,
|| An(l)i'l — P22n(z)f5 ||> bo, [ < L.

(4) Approximate solution: Zj,.
To establish optimality of the algorithm we need two assertions.

Lemma 7. For any | < L the inequality
[Azy — fIl < [| Az — fll + es6
18 true.

Denote expression Ax; — f as:

(29) Ax;— fi=Ag(A"AA f — f=Z1+Zo+ Z3+ Zy + Zs,
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where

Zy = Agi(ATA)A*(f — [fs);
Zy = (A—A)A g (AA") fs;
—(A—A)(q(ATA) A" fs — &1);
Zy = A(gi(ATA)A" fs — &1);
Zs = Ay — f.
Let’s estimate all elements Z; — Z4. By (7) we obtain
121 < [[AA" g (A" A = fsll < 6.
Taking into account (7) and (18) we find

1Z2]] < (A = ADA*||(llgi (A" A) A || + | gu (A" AN f = f5 ]|
o l l 1 1
ron) <o),
p\f ( \/7 u) VI pp
Using Lemma 4 and (18) we have

5\ /2
12| < (W) (4 + e)VI < (4/p + e10).

To estimate Z4 we use Lemma 2 and (17)
-1

Zy=ABifs =Y ApFITI (AT - AF ) ZAka5
k=0

By inequality
. A 1
I A + A4 ED) < sup X1 = Mg (V) <

< 2Lk g1y,
1

we have

012

1Z4]| <Z +Z||AF fsll.

Z\/k—i—l—
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We estimate both items in the right-hand side of last relation.
So

-1
dzx

N N
ko\/k+1 321\/ </0 2(N — )

Now

= .

1—j
IAF; f5ll < > NA(uI + A*A)~'T 5] <
1=0

1-j
<D uT Al + AT A)TIT sl <
1=0

w — \[ill =) pi
where cg = (Hﬂ)#
Then
. .
2\’ _ (1+m)caryym
IAE; f5]| < cd ( ) <M,
jz | < co Z P w—2/p

Finally we obtain

27 (1+7r)02>
Zy|| <k +——"=10
1210 < mpe (224 S0

By combining received estimates we obtain the statement of
Lemma.

Lemma 8. Let L satisfy to discrepancy principle (28), where
b>2+cs5, AeH" and discretization parameter is chosen as (24).
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Then there are constants by, bs > 0 exist such that
b0 < [|[Axp — f|| < bad.
According to (24) for any [ < L it holds
1= P)fI <6,
Using (28) we have
lALtr — fIl < |Azér — Pofs| + [1PL(f = fo)ll + | = Pr) fIl <
< (b+2)o.
Then by Lemma 7 we find
[(AzL = f) < b20

with by = b+c5+2. On the other hand, in (L—1)-th step according
o (28)

HAL—li'L—l — PL—lchH > bd.
Using triangle inequality and Lemma 7 we find from (29) with
l=L-1

lAzr—1 — fll > |A—1&1—1 — Pr—1fs|| — (¢5 + 2)6.

Let’s estimate

Iy, — 7 = 2t 3 gy (O
% (1 + )‘k)ZL

_ 2 ,2(L-1 2(v+1 (v, ¥x)? 2\—2
It (M( )Zp\k\( )WUH'%) >

v (v, ¥x)?
2(/1‘;:72) < (= Z|/\ ‘2( ) +/\2)k2(L 1))

Consequently
1w
Axp — f|| > ——||Axp_1 — f]|-
Az, f“*/,wrlu zr-1— f

Finally we have
Az — fI| = b1d,
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where by = (b —2 — ¢5). Thus Lemma is completely proved.

_u
IES
5. OPTIMALITY OF THE ALGORITHM. AMOUNT OF GALERKIN
INFORMATION

In the following statement we will show that described algo-
rithm (23)-(28) guarantees the optimal order of accuracy O(d++1)
on the whole class of the considered equations.

Theorem 1. Algorithm (23)-(28) achieves the optimal order of

accuracy O((5V+r1) on the class of equations with operator A € H"
and minimal-norm solutions x' € M,, ,(A), v > 0.

From Lemmas 1, 8 and relation (13) it follows that

1 1
|dy.r(v)] | 7T PEw1)/2 ) 7T
— 5 L < ¢ | Elrr/E <
(30) 6VL 5<||Au_f” <6 b <

1
<<£>u+1 /_,L(Z/—i—l)(syil
by

L — 1o (AT = £l
lev.L (V)L = fen,1( )|< |y, (V)]

Substituting the estimates into (22), we have

|t — 21 || < €ovF,

[\

VLH 1 v
> < prit (b25) S

1 _v_ __1_
where & = pvii <b2”+l + c3by V! —“(V;D).
The theorem is proved.
Corollary. To achieve the optimal order of the accuracy on

the considered class of equations in the framework of algorithm

(23)-(28) it is enough to calculate
(31) O(6~ T Logt*1/r 51

of Galerkin functionals (26).
To proof this statement it is sufficiently to estimate volume of
the inner products that is equivalent to square of figure I';,, which
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is equal to (n + 1)2%". Using (24) and (30) in this expression we
have estimate (31).

Remind (see Section 1) that to achieve the optimal order of ac-
curacy in traditional Galerkin discretization scheme it is necessary
to calculate O(6~2/") inner products (26). Thus for any v > 0 al-
gorithm (23)-(28) is more economical then methods using in [3]
with traditional Galerkin discretization scheme.
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